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Abstract

We develop semi- and non-parametric methods for estimation and inference in
nonlinear predictive regressions with persistent predictors. We first consider a semi-
parametric method, that we term Chronologically Trimmed LS (CTLS), for inference in
regressions where the nature and extent of persistence in the data is uncertain. CTLS
attains a sub-OLS convergence rate and has (mixed) Gaussian limit distribution in
situations where the data may be weakly or strongly persistent. In particular, we
allow for nonlinear predictive type of regressions where the regressor can be stationary
short /long memory as well as nonstationary long memory process or a nearly integrated
array. The resultant t-tests have conventional limit distributions (i.e. IN(0,1)) free of
(near to unity and long memory) nuisance parameters. In the case where the regressor
is a fractional process, no preliminary estimator for the memory parameter is required.
Therefore, the practitioner can conduct inference while being agnostic about the exact
dependence structure in the data. The CTLS estimator is obtained by applying certain
chronological trimming to the OLS instrument via the utilisation of appropriate kernel
functions of time trend variables. A specific version of CTLS also yields consistent
non-parametric estimates of time varying parameters (TVPs). The resultant non-
parametric estimator can be utilised for the development of non-parametric t-tests
with conventional limit distributions when predictors are stationary. In particular, we
allow for general stationary processes that can be of long memory, ARCH(oc) and
in some cases heavy tailed. The finite sample performance of CTLS based t-tests is

investigated with the aid of a simulation experiment.
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The proposed methods are employed for investigating the predictability of SP500
returns. We consider four widely used predictors (i.e. dividend yield, earning-to-price
and book-to-market ratios, and realised variance) in the context of fixed parameter
(FP) and TVP regressions. In the case of FP specifications, we find stronger pre-
dictability evidence when nonlinear regressions of reduced growth are employed with
dividend yield and book-to-market ratio as predictors. Further, we find evidence of
time variability in the intercept as well as episodic predictability when realised variance

is utilised as a predictor in TVP specifications.

1 Introduction

Estimation and inference under temporal dependence is a challenging task. An enormous
literature in time series econometrics and statistical time series is dedicated to this topic.
Despite major advances in this area, relatively little progress has been made towards the
development of a comprehensive framework for inference in general models that allow for
flexible functional forms and regressors that may exhibit a wide range of persistence.

A major obstacle for a development of this kind has to do with the fact that parametric
estimators, under nonstastionarity and mild endogeneity, exhibit drastically different limit
distributions than those under stationarity. As a consequence, inferential procedures devel-
oped for stationary data are not applicable under nonstationarity and vice versa. A number
of early studies in the area of nonstationary econometrics (e.g. Phillips and Hansen, 1990;
Johansen, 1995; Phillips, 1995) develop inferential procedures suitable for nonstationary
models with I(1) covariates, however these methods not only there are not valid under
stationarity, they are also non robust to local deviations from the unit root paradigm. In
particular, when there are local or larger deviations from a unit root, nuisance parameters
such as memory and near-to-unity feature in estimators’ limit distributions, making infer-
ence challenging. Near-to-unity parameters are not estimable, rendering various statistical
tests non pivotal. On the other hand memory parameters can be estimated in general,
however more complicated procedures are required for valid inference.

Despite progress in recent years towards methodologies that partially robustify inference
to the persistence properties of the data, a unifying framework for inference that allows for
a wide range of persistence in the data and a wide range of model specifications remains
elusive. Certain studies in this area develop procedures that provide robust inference in
the presence of nearly integrated (NI) processes, in the context of reduced form type of
regressions i.e. regressions where the covariate is predetermined with respect to the regres-
sion error. For example, Cavanaght, Elliot and Stock (1995), Campbell and Yogo (2006),
Janson and Moreira (2006), Elliott, Miiller and Watson (2015), develop procedures suitable
for parametric models with a NI covariate. The aforementioned papers propose test statis-

tics with limit distributions free of the nuisance near-to-unity parameter. This is achieved



mainly! via conservative inferential methods e.g. Bonferroni methods or by considering test
statistics averaged over a prespecified range for the nuisance parameter space -for a review
see Mikusheva (2007) and Phillips (2014, 2015). Although these procedures provide valid
inference under local deviations from a unit root, their emphasis is on nearly integrated
(NI) models and may not be valid under large deviations from unity (see Phillips 2014).
Further, their implementation is more involved than that of conventional tests based on
studentised regression estimators (i.e. t-/F-tests). This is due to the fact that the related
test statistics can be more complex, but more importantly because limit distributions are
not conventional (e.g. IN(0,1), x?). Therefore, critical values are not readily available from
commonly used statistical tables. The implementation of these methods becomes even more
difficult in situations where the dimensionality of the nuisance parameter space increases
e.g. when the model involves multiple near unit roots and/or memory parameters (fractional
data), tail parameters (heavy tailed data), time varying parameters (TVPs), different types
of nonlinearity in the regression function etc.

Another related literature focuses on valid inference in fractionally cointegrated systems
e.g. Robinson and Hualde (2003), Christensen and Nielsen (2006), Hualde and Robinson
(2010), Andersen and Varneskov (2020). The specifications under consideration are in gen-
eral structural (i.e. covariates may not be predetermined) and in some cases (e.g. Hualde
and Robinson, 2010; Andersen and Varneskov, 2020) both stationary and nonstationary
long memory is allowed. These methods are mainly semi-parametric with respect to the
short memory components of the system, and may attain sub-OLS convergence rates due
to bandwidth parameters. Regression estimators have mixed Gaussian or Gaussian limit
distributions and therefore inference is conventional in this framework, nevertheless, prelim-
inary memory estimators are required that makes implementation somewhat more involved.
Further, although the specifications are quite general, nonlinearities and nearly integrated
arrays are not ruled out. For instance, similarly to FMLS (e.g. Phillips, 1995), the spectral
LS method of Robinson and Hualde (2003) relies on (fractionally) differencing the data. It
is well known that this approach results in severe size distortions when there are near-unity-
parameters.

Nonlinearities can complicate inference in the presence of persistent data further. Park
and Phillips (1999, 2001), Chan and Wang (2015) and Hu, Phillips and Wang (2021) study
nonstationary regressions with nonlinear regressions of known form, while Wang and Phillips
(2009a,b) and Kasparis, Andreou and Phillips (2015), Lin, Tu and Yao (2020) consider
fully non-parametric models with regression functions of unknown form. Nonlinearities in
the regressions parameters are considered by Phillips, Li and Gao (2017) and Demetrescu,

Georgiev, Rodrigues and Taylor (2020). In particular, the latter two studies consider infer-

1Janson and Moreira (2006) consider coditional inference rather than conservative tests.



ence in nonstationary regressions with time varying parameters (TVP). Although inference
in kernel regressions is conventional (e.g. Wang and Phillips 2009a,b; Kasparis et al. 2015),
for parametric models (e.g. Park and Phillips, 2001) and TVP models (Phillips et al., 2017)
limit distributions involve nuisance parameters. For instance, Phillips et al. (2017) show
that the limit distributions of non-paramertic estimators for TVP parameters in I(1) regres-
sions closely resemble that of OLS, and they propose a FMLS type of method (e.g. Phillips
and Hansen, 1990). It is well known that although this approach yields mixed normality
when data are exactly (1), tests exhibit severe size distortions under local deviations from
unity. Implementation of inferential procedures in parametric nonlinear regressions can be
complicated even if the functional form and the integration order of the data are known.
Strong smoothness assumptions may be required for the validity of tests, and limit distribu-
tions may depend on the shape of the regression function (see for example Kasparis, 2008;
Choi and Saikkonen, 2010). The relevance of nonlinear regression functions in predictive
regressions has been emphasised in the recent work of Phillps (2015), among others, who
points out that nonlinear regressions may alleviate misbalancing issues between persistent
predictors and less persistent returns series. Further, economic theory models (e.g. Let-
tau and Ludvigson 2001; Menzly, Santos and Veronesi, 2004) suggest that the relationship
between returns and predictors such as dividend yield involve time varying parameters. Ne-
glecting nonlinearities in regression with persistent data may lead to substantial adverse
effects in inference. For example, misspecifing functional form in regressions with nonsta-
tionary data typically leads to diverging or vanishing estimators (see e.g. Kasparis, 2011;
Phillips, 2015). In this work we demonstrate that neglecting time variation in “nuisance”
regression parameters (e.g. the regression intercept) leads to diverging t-statistics under the
null hypothesis when regressors are long memory of order 0 < d < 1/2.

The current paper develops estimation methods that yield conventional inference in
predictive regressions that are nonlinear in variables, with nonlinearities of known form.
In this respect we built on the work of Park and Phillps (1999, 2001). In particular, we
consider two types of models: a) Models with fixed parameters that allow for a wide range
of dependence in the data including stationary or nonstaionary long memory as well as
fractionally nearly integrated arrays (e.g. Buchmann and Chan, 2007); b) models with
TVPs and a general stationary covariate that can be a long memory linear process, a
stationary ARCH (00), and in some cases a heavy tailed linear process. Although these two
types of specifications are substantially different with respect to the regression parameters,
the proposed estimation procedures involve similar instrumentation methods. In fact, the
proposed estimation method for TVP models is a special case of the instrumental variables
method considered for FP models. For TVP models, the instrumentation methods entail
the same type of kernel functionals utilised by Phillips et al. (2017) for nonparametric

estimation of TVP functionals in the (1) case. To some extent, our results for TVP



regressions are complementary to those of Phillips et al. (2017) who focus on a different
area of the regressor space. Interestingly, although the instrumentation of Phillips et al.
(2017) does not lead to conventional free of nuisance parameters inference for TVPs in the
nonstationary case, certain generalisation of these instruments does lead to conventional
inference for fixed parameter models. The particular instruments are of attenuated signal
relative to OLS. This reduction in persistence leads to vanishing asymptotic endogeneity.
As a result, estimators for fixed slope parameters have mixed Gaussian limit distributions
and therefore conventional inference applies (see e.g. Phillips, 1991).

The proposed methods, that we term Chronologically Trimmed LS (CTLS hereafter), in
the FP case share the same underlying principle with the IVX method of Magdalinos and
Phillips (2009; MP hereafter). Both CTLS and IVX achieve mixed normal limit distributions
via a reduction in the persistence of the instruments. Recent advancements in generalised
martingale CLTs reveal that under certain conditions, a reduction in the persistence of
instruments may result in vanishing asymptotic endogeneity in large samples.? This in turn
induces mixed asymptotic normality. The key feature of IVX methods is the utilisation of
instruments based on certain linear filtering of the regressors. The so called TVX instruments
can be constructed to have arbitrarily weaker signal than that of the OLS instruments,
and this is sufficient for martingale CLT to operate. As a result, contrary to the OLS
estimator, in the presence of nonstationary data the IVX estimator has mixed Gaussian limit
distribution and studentised IVX estimators either N(0,1) (t-tests) or x? (F-tests) limit
distributions. Therefore, conventional and nuisance parameter free inference is achieved
for a wide range of persistence in the data at the expense of a slight reduction in the
convergence rate. In particular, the IVX estimator attains a sub-OLS convergence rate.®> MP
consider multivariate regressions with mildly and nearly integrated data. The subsequent
work of Kostakis, Magdalinos and Stamotogiannis (2015; KMS) extends MP to stationary
short memory regressors, and also provides finite sample improvement methods relating to
intercept demeaning. Demetrescu et al. (2020) develop predictability tests that allow for
TVPs under the alternative hypothesis that utilise IVX and other IV methods. Magdalinos
(2020) provides an explicit theory for the properties of IVX methods in predictive regressions
with GARCH(p,q) regression errors.

Similarly to IVX, CTLS achieve a reduction in the instruments signal by certain lin-
ear filtering of the OLS instruments. In particular, this method entails OLS instruments
weighted by integrable kernel functionals of time trend variables. It is well known that
kernel methods are local (i.e. they extract information locally), and as a result they are
typically associated with slower convergence rates. This is the case for instance in density

estimation, kernel regression, long-run variance estimation. Similarly to IVX, CTLS in-

2Cf. Jeganathan (2008) and Wang (2014).

3By sub-OLS we mean the OLS rate less an arbitrary slow regularly varying rate.



struments can be chosen to yield sub-OLS convergence rates. Both methods can be seen as
semi-parametric (for FP models) in terms of generality and convergence rates. In particular,
for the implementation of inferential procedures based on CTLS no prior information about
the near-to-unity or memory parameters, is required. On the other hand convergence rates
are sub-parametric (e.g. slower than OLS) but faster than non-parametric regression (e.g.
Nadaraya-Watson estimator; see e.g. Wang and Phillips 2009a,b).

To illustrate how CTLS instrumentation achieves a signal reduction consider the follow-

ing FP predictive regression

Y =+ Bf(zr_1) +ex, k=1,....mn (1)

where e together with some filtration F is a martingale difference error term, and zy, is Fy-
measurable. Further, for convenience suppose that u = 0. In this case CTLS instruments

for the estimation of 3 are arrays Zj, of the form
Zin = K [ca (k/n = 7)] f(zk-1), (2)

where K > 0 is an integrable kernel function, 0 < 7 < 1 and ¢, is a reciprocal bandwidth*
term such that ¢, ' + ¢,n~! — 0. It can be readily seen that 7y, above utilises the OLS
instrument f(zx_;) weighted by certain kernel function. The weight function attenuates the
signal of the OLS instrument. In particular, due to the integrability of the kernel function,
less weight is given to the OLS instrument f(zy_1) when the argument of K(.) is away from
zero. For example set 7 = 1/2 and K (0) = 1. In this case the kernel function fully extracts
information from the OLS instrument for observations near the middle of the sample i.e.
Zin = f(xr_1), when k ~ n/2. Moreover, Z, ~ 0 when k is far from n/2. In other words
certain chronological trimming applies around the “chronological point 7°. By allowing the
¢, sequence to diverge at an arbitrarily slow rate (i.e. ¢, — 00), the resultant IV (CTLS)
estimator attains an arbitrarily slower convergence rate relative to the OLS estimator. To
see this note that for f linear and z; ~ I(1) the CTLS instrument is (using the convention
xo = 0)

YK [e (k/n =) x| = Op(n*2e), (3)

while the OLS instrument

n

S il = 0,(n*?). (1)

k=1

1 Alternatively we can write

k/n—T1

an:K{ I

}f(xk_l), with h,, = c;'.



The reduction in persistence in (3) relative to (4) is due to the fact that for integrable K,
K (z) — 0 as |x| — oo. This reduction in the signal of the CTLS instruments, translates
into vanishing endogeneity and therefore to mixed Gaussian limit distributions. Table 1
provides a comparison between the instrumentation of OLS and other methods that yield
mixed Gaussian limit distributions via signal reduction.

As mentioned above, instruments similar to those shown in (2) have been also considered
in the recent work of Phillips et al. (2017) who study estimation and inference in linear
regressions with TVPs and (1) regressors. In the context of (1), TVPs can be formulated
as B(k/n), with g : (0,1] — R. Indeed, due to the presence of the kernel functionals in
the instrument of (2), the functional form of S(k/n) can be consistently estimated for each
chronological point T i.e. B(T) —p B(7), 7 € (0,1]. Nevertheless, in models with multiple
parameters and non stationary covariates, the utilisation of kernel functionals with a single
chronological point T (cf. (2)) yields estimators with a singular limit variance matrix®. Due
to this degeneracy, estimators have limit distributions determined by stochastic integrals i.e.
limit theory is similar to that of the OLS estimator. Therefore, limit distributions depend
on nuisance parameters (e.g. near to unity), and statistical tests are not pivotal. Phillips
et al. (2017) propose a FMLS type of modification to get usable statistical tests, which
is known to lack robustness under local deviations from unity. Here we demonstrate that
this degeneracy does not occur when regressors are stationary (e.g. I(d), with |d| < 1/2).
Therefore, CTLS based TVP estimators can be used for inference in the stationary case
without complications. Nevertheless, CTLS estimators that utilise a single chronological
point do not yield pivotal tests for |d| > 1/2 or in situations where data are NI arrays.

For consistent nonparametric estimation of TVPs, utilising a single chronological point
7 is crucial and cannot be avoided. Nevertheless, for the estimation of FP models, multiple
chronological points can be employed. In fact, in the context of FP models, we resolve the
degeneracy in limit variance matrix mentioned above by considering a more general class
of instruments that involve multiple chronological points (cps hereafter). In principle, it is
possible to extract information around multiple cps of the form 0 < 74 < ... <7, < 1,
where [,, is either fixed or [,, — oo such that [,, = o(c,). In this case the relevant instrument
is

Zin = 32 K [en (B = )] £ ) )

An instrument that utilises multiple cps extracts information more evenly over the sample
period, locally to each cp, in a piecewise fashion (see Figure 1). To see the effects of

additional cps on the instruments’ signal suppose that x; ~ I(1). In this case the order

5See Phillips et al. (2017) and Remark 12 below.



of magnitude of > }_, |Zy,| in (5) for linear f is O,(c,'l,n).% If the number of ¢ps is too
large, i.e. 1, = O(c,), CTLS is asymptotically equivalent to OLS. However, under the
requirement ¢, — 00, I, = o(¢,), Zg, exhibits a weaker signal than the OLS instrument
f(xk_1), and as a result asymptotic mixed Gaussianity applies. Figure 1 provides plots of
the weights/trimming functionals Zé.”zl K [¢, (k/n — 7;)] against k/n with k =1, ...,n. Note
that the weight function in OLS instrumentation in unity. From Figure 1 we can deduce
the information utilised by various CTLS instruments relative to that by OLS. The total
information extracted by CTLS instrumentation over the whole sample period corresponds
to the dark area whilst the total information conveyed by OLS instrumentation is unity (i.e.
the sum of the dark and grey area).

It should be emphasised that utilising multiple cps, in the estimation of FP models,
is crucial for avoiding a singular limit variance matrix in situations where data are non
stationary and multiple parameters need to be estimated. In particular, the number of cps
needs to be at least the same as the number of the regression parameters. A non singular
variance matrix in turn ensures the limit distribution is mixed Gaussian. In the current
work we consider models with a single predictor and an intercept, therefore at least two cps
will be required (i.e. I, > 2). To ensure that the CTLS estimator has mixed Gaussian limit
distribution, the number of ¢ps must be sufficient to avoid a singularity in the limit variance
matrix, but not too many in order to allow for a martingale CLT to operate i.e. I, = o(cy,).

Overall, the following requirement is imposed on ¢,, [,
(L+1) e, +en™t =0, (6)

with the additional restriction [, > # regression parameters, for FP models. This re-
quirement is similar to Assumption T of Andersen and Varneskov (2020) how also consider
semi-parametric methods with dual bandwidth terms. It is readily obvious from (6) that
the sequences ¢, and [, are independent of the regression covariates.

In general, there is trade-off between size and power when it comes to the choice of ¢, and
l,. Tt follows from the above that smaller ¢, (and larger [,,) leads to CTLS estimators that
resemble the asymptotic behaviour of the OLS estimator which attains better convergence
rates but has non conventional limit distribution. Better size control is achieved when ¢, is
large and [, small at the expense of slower convergence rate and less powerful tests. This
trade-off is illustrated diagrammatically in Figure 1. Note for smaller values of ¢,, more

information is extracted i.e. CTLS instruments exhibit stronger signal. More information

6In view of (3), it can be readily seen that if multiple cps are utilised,

" k - k .
];K {cn (n — 71)} Tr + ...+ ZK [cn <n — Tln):| T =1, - OP(nS/QC;I).

k=1



Figure 1: Signal of CTLS Instruments Vs OLS
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The total signal of the CTLS instruments equals the dark area;
The total signal of the OLS instruments equals the dark + grey area;

cn =ni, ¢=1{0.25,0.35,0.45}; 1=41,2,3}; ! = number of equispaced cps.

can be also extracted by utilising additional ¢ps. In situations where the dark area is large
CTLS estimators attain faster convergence rates at the expense of worse size control and
vice versa.

It can be readily seen from Figure 1, that the same information (in terms of area)
can be extracted by different combinations of ¢, and [,. Developing methods that yield
optimal bandwidth selection for inferential purposes is very challenging from a technical
point of view. For instance Sun, Phillips and Sainan (2008) develop optimal bandwidth
choice methods for HAC studentisation of t-statistics, where the optimality criterion is
based on type I and type II errors. Despite the fact that the aforementioned work considers
only simple location problems, i.e. regressions that involve a single unknown parameter
corresponding to an intercept, the technical exposition is substantial. Developing similar

techniques for optimally choosing ¢,, and [, is even more difficult given the complexity of our



theoretical framework. Instead we recommend values for ¢, and [,, based on simulations.
Simulations results show that a better size-power trade-off is achieved when [, — oco. Note
that in general, a larger number of cps leads to a more even extraction of information over

the sample period -see for instance Figure 1(d)-(f).
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Table 1: Strength of various instruments and convergence rates for eq. (1) (I(1) data; g = 0, known).

Estimation Parameter Instrument Z, > o1 | Zkn| Order Mixed Estimator’s
Method of Interest (x ~ I1(1)) of Magnitude Normality Convergence Rate
. 3/2 n
OLS B (f linear)  xp_q O, (n°?) No (parametric)
. Zté (1 + T%)J (Tp—1-j — Tp—2—j), 14b/2 nl/2ro/2
IVX B (f linear) . J< 0.be (0.1) O,(n ) Yes (semi-parametric)
Tp_1—T . 1/2 1/4
Nadaraya-Watson - f(.) K < i > , I integrable, O, (h,n'/?) Yes " ,
hn + hiin=Y2 =0 (non-parametric)
. k/n—1 . 1/2
CTFLS.(smglci 8 (f linear) K <—hn )xk,l, K integrable, O, (hun®?) Yos I, n .
trimming point) hp + bt =0, 7 € (0,1) (semi-parametric)
. ln k/n—7; . 1/2
CTLS.(muthlple 3 (f linear) ijl K ( Fim ) Tr—1, I integrable, O, (Ihan?’2) Yos (lnhn.) n _
trimming points) (1+ 1) b + b0t =0, {7;} € (0,1) (semi-parametric)

h, =c

n



In Section 3 we explore the properties of the CTLS estimator and related t-tests in
nonlinear regressions like the one given in eq. (1) with e; being a martingale difference error
possibly conditionally heteroscedastic e.g. ARCH (c0), and (u, 5) either FP or TVPs of the
form (u, B) : (0,1]*> — R2. In particular, for fixed slope parameters, we consider CTLS based
inference with multiple ¢eps (I, > 2) and the predictive variable can either be a stationary
or nonstationary fractional processes (e.g. I(d), —1/2 < d < 3/2) or a NI fractional array.
For TVP models we consider CTLS with a single ¢p and stationary predictors. In all cases
the CTLS estimator attains a sub-OLS convergence rate and has a (mixed) Gaussian limit
distribution. To summarise the limit properties of CTLS suppose for the sake of simplicity
that f is linear and p = 0 (known). In this case the CTLS estimator is of the form
B = Y vt Zink/ > ey Zinxr—1 for both FP and TVP models. For the former first suppose
that zy, is a nonstationary process such that for ¢ € [0, 1] and some d,, — o0, d;leJ = X,
in D[0, 1] where X, is a continuous process (i.e. an FCLT holds). For example, X, can be
a fractional BM or a fractional Ornstein-Uhlenbeck process, depending on some memory
and/or some near-to-unity nuisance parameter that are unknown. Then for ¢, and [, as in
(6), the CTLS estimator for 3 satisfies

— B(e}) Jy K*(x)da
g2 (35) i (0’ (o K(@)da)* £ 50, X%) |

with - Z;":l X2 = fol XZ2dt, if I,, is not fixed and diverging. Because ¢, — oo, ¢, = o(n)

and [, = o(c,), the convergence rate of the CTLS is slower than that of the OLS estimator

(d,+/n). Nuisance parameters (e.g. the near-to-unity, fractional parameters) affect the
-1

limit distribution only via the mixing variate [i Zé.”zl XZJ} and as a consequence the

studentised CTLS estimator has a N(0, 1) limit distribution. Note that the limit process

X, is allowed to be a fractional Ornstein—Uhlenbeck process that depends on dual nuisance

parameters i.e.

t
Xt:/ e AWy (r),
0

with ¢ € R being a near to unity parameter, and Wy(r), d > 1/2, a fractional Brownian

motion (see e.g. Bunchmann and Chan, 2007). For stationary zy (e.g. I(d), |d| < 1/2) and

nly (5 E (x1e3) [p K*(z)dx
\/: <ﬁ ﬁ) —aN (0’ (Jo K(x)dx)2 [E (x%)]2> 7

It should be emphasised that the restrictions on sequences ¢, and [, of eq. (6) are inde-

FP models we have

pendent of x; and therefore practitioners can implement the method while being agnostic

about the persistence level in the data.
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For TVP models we consider estimators and related nonparametric t-statistics for TVPs
and their derivatives. Derivative estimators are useful for testing time invariance hypotheses
of the form Hy : Ou(7)/01 = 0 and Hy : 96(7)/0r = 0. To illustrate the limit theory for
TVP models, suppose that (1) holds with x4 = 0 (known) and slope parameter 5(k/n). The

for a stationary regressor the TVP estimator (single ¢p 7) is

n

2 (8(r) - 8(r)) >N (o,

Cn

E (x3€3) [u K*(x)dax )
(fo K (2)dx)’ [E3)]*)

for each 7 € (0,1]. Further, the TVP estimator for the derivative of the slope parameter

satisfies a limit result of the form

(352252

for some ¥ > 0 that can be consistently estimated. Both estimators can be utilised for

construction of non parametric tests. The derivative estimator attains a slower convergence
rate”, and therefore yields less powerful tests, nevertheless, the implementation of time
invariance tests is very easy and can be done in conjunction with tests for the predictability
hypothesis.

Before proceeding to the next section, we provide some further discussion about the
CTLS, for FP models, relative to IVX. First, as explained earlier, both estimators enjoy
(mixed) Gaussian distribution by utilising instruments of reduced signal, and in this sense
they belong to the same class of estimators. The treatment of the regression intercept
is however different and this has some practical consequences in the implementation of
tests. IVX is utilising conventional demeaning for the intercept but requires additional
studentisation based on long run variance estimators (see Kostakis et al., 2015 for more
details). One the other hand CTLS requires CTLS-type of instrumentation for the intercept
as well. MP show that IVX can accommodate NI, MI covariates while the most recent
work of Kostakis et al. (2015) extends the method to stationary short memory processes.
Further, some preliminary theoretical results suggest® that IVX, probably after some minor
modification, is also valid for fractional processes. For FP models we only consider univariate
regressions. From this point of view our framework is less general than Kostakis et al. (2015).
Nevertheless, our theoretical framework readily allows for fractional predictors and nonlinear
regression functions. The current results could be generalised to multivariate regressions but
this would require more complicated limit theory. We leave an extension to this direction for

future work.? In terms of implementation, both methods appear to be of similar complexity.

"This result is standard in for non-parametric derivative estimators see e.g. Li and Racine (2006).
8See Theorem 3.2 in Duffy and Kasparis (2018).
9An extention of TVP methods to multi-covariate regressions is provided in the Appendix.
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Both procedures employ studentised estimators. CTLS involves an additional bandwidth
type of parameter (I,,) that determines the number ¢ps, however it does not require long-run
variance estimators that also involve bandwidth terms.

The remaining of this work is organised as follows. Section 2 provides basic limit theory
for chronologically trimmed functionals of stationary and nonstationary processes. This
limit theory is utilised in Section 3 for the development of estimation and inferential proce-
dures for predictive regressions with persistent predictors. In particular, Section 3.1 consid-
ers nonlinear predictive regressions with fixed parameters and general predictors that can
be either stationary or nonstationary, whilst Section 3.2 focuses on nonlinear TVP predic-
tive regressions with stationary predictors. Section 3.3 provides some discussion about the
consequences of ignoring time variation in regression parameters. A simulation study for
the methods of Section 3.1 and 3.2. is reported in Section 4. Finally, empirical applications
to the predictability of stock returns is the subject of Section 5. All proofs are provided in
the Appendix (Sections 6-8).

Throughout this paper, we make use of the following notation. For two deterministic
sequences a, and b,, a, ~ b, denotes lim, , a,/b, = 1. 1{A} is the indicator function
on set A. We may write the integral [, f(z)dz as [ f. = denotes weak convergence in
the space D[0,1]. For a vector x, ||z|| is its inner product norm and z’ its transpose. By
[z] we denote the integer part of a positive number z. Finally, diag{ai,...,a,} denotes
a p x p diagonal matrix with elements {as,...,a,} on the main diagonal, —, denotes the
convergence in distribution and Y := MN(0, ) denotes a Gaussian variate (mixing normal)

with characteristic function ¢ (t) = EeY = Ee t'>/2,

2 Asymptotics for Chronologically Trimmed Sample Func-

tionals

This section develops basic limit theory for chronologically trimmed (CT hereafter) sample
functionals of stationary and nonstationary processes. Let {z}}, ..., be a scalar time series
process and { X, }1<k<nn>1 be some scalar random array. Furtﬁelr_, let K be an integrable
kernel function and g(.) = [g1(.), ..., g(.)], where, for each i = 1,....,p, g; is a measurable

function. For l e N, 0<7m <..<7n <1land m=0,1or 2, set
Cn 1<
Simi = gnzg(m—l)az"{YZK[cn(k/n—Tj)}},
k=1 =
Cn
Miny = \/ Zg (Th-1 {\/—ZK Cn(k/n — )]}Ukuk,
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n l
m Cn 1
sl = S e {@m =l

J
Cp
Mot — ,/ Sy { S K fen b/ - n}akuk,
k=1 ]:1

where ¢,, is a sequence of positive constants, [ either fixed or [ — oo as n — oo, and uy
together with an appropriate filtration {F;} forms a martingale difference sequence so that
Xk, T are Fp-measurable and oy is Fj_-measurable.

2
The asymptotics of {Sjn;, Mml} are utilised in Section 3 for the asymptotic anal-
=1

ysis of the CTLS estimators. In particular, limit theory for the functionals {SYE, Mln,l}
m)

n,l’

is relevant for stationary regressors whilst {Sé Mgn,l} for nonstationary. Indeed, it is
assumed that xj is a stationary random sequence, but X, satisfies some functional cen-
tral limit theorems (FCLT). oy is set to be strictly stationary so that the asymptotics of

2
{SJ(ZL?, Mjn,l} are applicable when the regression errors exhibit conditional heteroscedas-
b J:1

ticity (e.g. GARCH, ARCH(o0) etc). It should be mentioned that the term Sé?}l resembles
certain functionals considered by Phillips, Li and Gao (2017) who study the estimation
of cointegrated models with smooth time varying parameters (TVP). The aforementioned

work utilises statistics of the form
Z 2 Kleo(k/n—7)], 0<7 <1,

where X, is an I(1) process normalised by y/n. Under our assumptions, X, can be an
appropriately normalised I(d), d > 1/2, process or a NI array (possibly driven by fractional
errors). Therefore, the limit results provided in this section are also relevant to the esti-
mation of TVP models for the case where the covariate is either a stationary process or a

general nonstationary process satisfying some FCLT as set in Assumption A3 below.
To facilitate basic limit results, we make use of the following conditions.
A1l (innovations): {my, Fi};s,, where ny = (§,ux) and Fi = o(up, up—1, ..., u1; &5, § < k),
forms a 2-dimensional martingale difference satisfying the following conditions:
(a) supysy E(upl(lug| > M)|Fie1) = op(1), as M — oo;
(b) supysy E(EEI(|&e| = M)|Fi—1) = op(1), as M — oo;
(c) forall k > 1, B(uj|Fp_1) = 1.
A2 (stationary process): xy is a functional of &, &1, ... and oy is adapted to Fy_1, where

Fi is defined as in A1, so that g(zx_1)op* (m = 0,1 or 2, respectively) is an ergodic
(strictly) stationary random sequence with E{||g(z1)|| + 03 [1 + [|g(z1)]]*] } < oo.
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A3 (nonstationary process and invariance principle):

(a) X, = d; oy , where 0 < d2 = var(x,) — oo and zy, is a functional of &, &1, ...

(depending on n is allowed) so that, on Dgs|0, 1],

[rt] [nt]
1 1
_Zé-ka _Zg—ka Xn,[nt} = I:Blt7B2t7Xt} ) (7)
\/ﬁ k=1 \/ﬁ k=1

where By; and By are two independent (Gaussian process with mean zero and
stationary independent increments, and X; is a continuous process that depends

only on functionals of {By; o<i<1 and {Bay bo<t<1;

(b) oy is adapted to Fi_; and a sequence of ergodic (strictly) stationary variables

satisfying Fo] < oo, where F}, is defined as in A1.
A4 (kernel function and restrictions on 75,1, and ¢,):

(a) K(z) is a positive real function having a compact support with 0 < [ K < oo;
(b) 0 < ¢, — oo and ¢,/n — 0;

(¢) 75 = /(o + 1) where j = 1,... 1, with ¢;'l, + 17 = 0.

We remark that the innovation process {ny, Fi},~, used in A1l is standard in literature so
that both My, ; and My, ; have a martingale structu;e. The uniform integrability conditions
(a) and (b) are weak in comparison with the high moments used in previous works. See, for
instance, Wang (2014) and Wang and Phillips (2009a, b). In A1(c), we impose E(u2|Fy_1) =
1 for the convenience of notation. In fact, if 0%, := E(ui|Fr_1) # 1, it is routine to see
that our results still hold when oy, is replaced by o 1. Examples of processes that satisfy
A2 include short and long memory (fractional) processes. 1 Indeed, when z;, and oy are
(strictly) stationary relying on &, &g—1, ..., we also have g(x,_1)o}" is an ergodic (strictly)
stationary random sequence. Typical examples on nonstationary processes satisfying A3(a)
have the form:

Tk = PnTr—1 + Wk,

where p, = 14 k/n with £ € R and wy, being a stationary linear process, possibly of long
memory, with innovations & ). Under some additional regularity conditions, (7) holds with
X being a possibly fractional Ornstein-Uhlenbeck process e.g. Buchmann and Chan (2007),
Wang and Phillips (2009a, b) and Wang (2015). We assume strictly stationary for oy, of
A3(b) to avoid the complicity in notation. It is readily seen that A3(b) allows for strictly
stationary GARCH, ARCH(o0) models (e.g. Francq and Zakonian, 2010; Section 2.2). The

Weg xp =300 0ilk—i, & ~ 11d(0,0¢), Yoo 7 < 0.
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compact support requirement of A4, for the kernel function K (z), can be relaxed under

some additional conditions on [,, as follows:
A4" (kernel function and restrictions on 7;, [, and ¢,):

a ) 18 a bounded positive and eventually monotonic real function** wit <

(a) K(z) i b ded it d lly i | f ion'! with 0
[ K < oo;

(b) 0 < ¢, — o0 and ¢,/n — 0;

c) T; = n+1) where 3y =1,....(, with ¢_"l,logn 4+ (- — 0.

(¢) 75 =3/(ln+1) where j = 1,.... 1, with c; 'l logn + It — 0

We next present the limit theory for CT sample functionals. Limit results for stationary

and nonstationary functionals are given by Theorem 1 and Theorem 2 respectively.

Theorem 1. Suppose A2 and A4 or A4* hold. Then, as n — 0o, we have

S = Bloyg(a)] / K + op(1). (®)

If in addition A1 holds, then, as n — oo,

My, —a N (0, E [029(x1)g(1)] / K2> | (9)

Theorem 2. Suppose that A3 and A4 or A4* hold and g(.) is continuous. Then, as

n — oo, we have

1 1
e = B / (X )l / K + op(1) —q Eo™ / g(X,)dt / K. (10)
0 0

If in addition A1, jointly with (10), we have

1
Mani, —g MN (o, ey wesrery| Kz) . (11)
0

Remark 1. Theorem 1 can be trivially extended to the case where z; is a p-dimensional
process and g : R? — RP . We omit the details since this only involves some routine
calculations. Theorem 2 could be also generalised to multivariate nonstationary processes
at the expense of somewhat more involved exposition. We leave the latter extension for

future work.

Remark 2. If we are only interested in limit results for the functionals Sgﬁn and ng’;jgn,
conditions A2 and A3 can be reduced. For instance, the result (10) still holds if only (7)
is replaced by X, nq = X¢ on Dg[0,1]. A unified general result is presented in Lemma 1

Hj e., there exists an A; > 0 such that K () is monotonic on (—oo, —A;) and (A1, 00).
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of Section 4. Furthermore, if x) is a weakly nonstationary process (i.e., I(1/2) and mildly
integrated processes, where FCLTs do not apply) as considered in Phillips and Magdali-
nos (2007) and Duffy and Kasparis (2021), some preliminary calculations suggest (see also
Theorem 3.2 in Duffy and Kasparis, 2018) that

% Y g(dnlxk){%if{[cn(/@/”—ﬁﬂ}—>d/Rg(l’+X)wai(x)dx/fﬂ

where ¢,2 () is the density of a N (0,0%) variate (o2 > 0) and X~ ~ N (0,02) (02 > 0).
Discussions toward this kind of generalization are left for future work.

Remark 3. The continuity requirement on g(z) in Theorem 2 is not essential for (10) and
(11). These results can be extended to the case where g is locally Lebesgue integrable, if
we impose more smoothness conditions on X,;. This kind of generalisation involves more
complicated derivations and will not be pursued here in order to keep the paper under
reasonable length.

Remark 4. Following the proof of Theorem 1, it is easy to see that results (8) and (9) still
hold if A4 (c) or A4* (c) is replaced by 7; = j/(I4+1) where j = 1, ..., 1, i.e., if [, = [ is fixed.
As for (10) and (11), if A4 (c) or A4* (c) is replaced by 7; = j/(l + 1) where j = 1,...,1,

we have

[Sézl,?; M2n,li| —d

E(zj?ig(xﬁ)/fﬂ MN(0. ETU%ZQ(XTJ)‘](X”)//W)] |

Theorem 2 provides a limit theory for rescaled functionals of nonstationary processes
(i.e. X, = d; 'z as given in A3). For the purposes of regression analysis, limit theory for
non rescaled processes (i.e., X, is replaced by zj) is more relevant. Following Park and
Phillips (1999, 2001), we assume that the function g(.) = [¢1(.), ..., gp(.)]" is asymptotically

homogeneous, i.e. for large A

where 7; (positive real valued function) is the “asymptotic order” of g; and H; is the “asymp-
totic homogeneous function” of g; that is assumed continuous. Several specifications of
interest satisfy this conditions e.g. polynomial functions, logarithmic, indicator functions
and distribution type of functions e.g. see Park and Phillips (2001) for more details. Set
7 (.) :=diag{m (.),...,m, (.)} and H(.) = [Hi(.), ..., Hy(.)]". The following result is the coun-

terpart of Theorem 2 for additive transformations of non rescaled sequences.

Theorem 3. Suppose that:

(a) A1, A3 and A4 or A4* hold;
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(b) for each i = 1,..,p, there exist a continuous function H; on R and a real function
7 (0,00) = (0,00) so that

gi(A\x) = m(N) Hi(x) + R;(\, x),
where |Ri(\, x)] < a;(A\)(1+ |z|°) for some § > 0 and a;(\)/mi(\) — 0, as X — .

Then, as n — oo, we have

n

Zw(dn)f (Tgp_1 {ZK Cn k:/n—T])]} [;—Zla,?, ;_lnnakuk]

iH(Xn,k_ﬁ{ZK[Cn<k/n—Tj)]} [;—;ag \/::lnnakuk] +op(1) (12)
_y [Ea? / 1 H(X,)dt / K, MN(O, Eo? / 1 H(X,)H(X,)dt / K2>]. (13)

Remark 5. As in Remark 4, if A4 (¢) or A4* (c¢) is replaced by 7, = j/(Il + 1) where

7 =1,....1, we have

Furthermore, if K* is a real function satisfying A4 (a) or A4* (a), similar arguments as

in the proof of Theorems 2 and 3 show that, under the conditions of Theorem 3 with

9(.) = [91(.), g2 ()],
(/1 Hy (X, )dt, U, Ugn) y (/1 Hy(X,)dt, \/ Ea>MN (0, V)), (14)

where

Uln — \/aZﬂ'Q g2 Th— 1 {\/_ZK Cn k/n—T])]}uk,
U, = \/%Zak{\/_ZK cn(k/n — )]}uk,

[ JEHZ(X)dt [ K2 [ Hy (X)) dt fKK*]
Vo= |3 ; _
Jo H2(Xy)dt [ KK* J(K7)

The limit result of (14), together with Theorems 1-3, will be utilised in Section 3 next.
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3 CTLS Estimation and Inference in Predictive Regres-

sions with Persistent Data

This section utilises the limit theory presented in Section 2 for the asymptotic analysis of the
CTLS estimator and a related t-statistics in predictive regressions. We first develop methods
for a general CTLS estimator that is utilising multiple cps that is relevant for inference
in FP models with a general covariate (i.e. stationary or nonstationary). Subsequently,
we show that certain versions of this estimator that employ a single ¢p can be used for
non-parametric estimation and inference of TVP parameters. In particular, CTLS with a
single cp (CTLS;, hereafter) can provide a consistent estimation in predictive regression
with a general covariate, and conventional inference when the predictor is restricted to be
stationary process. While the later restriction on the regressor space is substantial, the
regressor space is general enough to accommodate a wide range of specifications that are
relevant for applied work. First, our framework allows for strictly stationary long memory
processes and transformations of such processes. Linear and nonlinear predictive regressions
with stationary long memory predictors have been considered by Christensen and Nielsen
(2006, 2007) and more recently by Bollerslev et al. (2013) among others. Further, we can
allow for transformations of heavy tailed predictors i.e. stationary covariates that may not
possess second or first moments. For a review of the relevance of heavy tailed processes in
finance and economics see for example Ibragimov, Ibragimov and Walden (2015). Moreover
it should be mentioned that some preliminary theoretical results show that the proposed
inferential methods for TVP models are also valid for weakly nonstationary processes i.e.
MI and fractional d = 1/2 predictors (see e.g. Phillips and Magalinos (2007), MP and
Duffy and Kasparis (2021). Finally, we conclude this section by providing some theoretical
considerations that are relevant to applied work with regard to the use of FP versus TVP

specifications.

3.1 FP models with a general covariate

Consider the following FP nonlinear model
Yr = p+ Bf(zp_1) + e with e = oy, k=1,...,n, (15)

where f is a known regression function (u,5) unknown parameters and the covariate zy
can be a nonstationary or a stationary stationary process amenable to the limit theory of
Theorem 1 or Theorem 2 respectively. The process uy together with some filtration Fy forms
a martingale difference sequence such that E (u? | ;) = 1 a.s., and xy, is Fp-measurable.
Finally, oy is a volatility process allowing for stationary GARCH effects (cf. Assumptions

A1-A3). oy is assumed to be Fj_j-measurable (i.e. predetermined w.r.t. to Fj). The exact
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properties of the these processes will be specified in detail later. Similar nonlinear models
with a predetermined covariate have been considered for example by Park and Phillips
(1999, 2001) and Chan and Wang (2015), in a parametric set up, and by Wang and Phillips
(2009a,b, 2011, 2012) in a nonparametric set-up.!? For recent related results, we refer to
Wang (2021) and Hu et al. (2021) and references therein.

This section considers CTLS estimation of (15) with multiple cps. Let K be a kernel
function satisfying A4(a) or A4*(a), and 7; = j/(l, +1),j = 1,...,1,, ¢, and [,, be deter-
ministic sequences satisfying A4(b,c) or A4*(b,c). The number [, of ¢ps is allowed to be
a fixed w.r.t. to n or [,, = oo. As explained in Section 1, a minimum of two ¢ps will be
required to ensure that the CTLS estimator of u, 5 has a full rank limit covariance matrix.
Set

Kin ::iK[cn (k/n—T1;)]. (16)

Our aim is to estimate the unknown parameter /3 in (15) by using the following instrument
for f(wk-1)
Zin = [uKin = f(2h-1) Kgn.-

A chronological trimming instrumentation is also utilised for demeaning {y}, i.e. taking
into account the unknown intercept pu. Let K , k = 1,...,n be additive functionals of

certain integrable kernel function defined by

l'n,

K = ZK* [cn (k/n — )], (17)

where K*(x) is a kernel function that is specified in later, whilst 7; = j/(1,+1),7 = 1,2, ..., I,

are given as above.'® For any sequence {a;},_,, let

— ZZ:l akKl:n
ZZ:I Klz:kn

12Here we consider nonlinear models in xj only. Our results can be generalised to models that are both
nonlinear in z; and the parameters along the lines of Chan and Wang (2015) for instance.

131t is also possible choosing K = K*. For purposes of generality and presentation we will assume a distinct
kernel functional for intercept estimation. For the latter issue, a distinct kernel functional formulation
provides better illustration of the consequences of intercept instrumentation to the limit theory.

a: and @ :=a, —a. (18)
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Define the CTLS estimator'# for 3 as

no. ZZzl angk’

= — . 19
B ZZzl anfk ( )

It should be mentioned that, when model (15) involves nonstationary components, the
employment of a chronologically trimmed sample mean (7, ) is crucial for obtaining mixed

Gaussian limit theory. To see the reason, we rewrite § as

A 1 . (ke FeEKhn) D iy K owus,
B=0+ <= feKinopuy, — ~=E=1 7 =l -
Zkzl anfk kz:; Ek’:l Kkn

The asymptotic behaviour of B is clearly determined by two martingale terms in the rep-
resentation above, i.e. Zzzl fruKpnoruy, and ZZ=1 K}, orup. When z; is nonstationary
(satisfying A3, say), and K* satisfies A4(a) or A4*(a), the two martingale terms converge
jointly to a bivariate mixed Gaussian limit (e.g. see the proof of Theorem 5), which in
turn ensures mixed Gaussian limit theory for the CTLS estimator B However, if instead
standard demeaning is employed (i.e. K* = 1), mixed Gaussian limit theory for § is not

applicable since it is not true that

Cn — 1 —
- W(dn>71ka1mO'kuk, — OrUE | —a MN (0, V) s
s S

for some random matrix V' (i.e. a joint mixed Gaussian limit does not exist), despite the
fact that each of the components on the Lh.s. above converges weakly to some (mixed)
Gaussian limit.

We next state the asymptotic properties of the CTLS estimator B . Theorem 4 considers

a stationary regressor while Theorem 5 provides limit theory for the nonstationary case.

Theorem 4. Suppose that:
(a) A1, A2 with g = f and A4 or A4* hold;
(b) K* satisfies A4(a) or A4*(a).

Then, as n — oo, we have

ln (- _ ,
Vot (B=8) N (0.6724V14Y )

14 An equivalent formulation of the CTLS estimator is

-1
ZZ B n 1 K*n / . n K*n

k=1
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where Cy := {Ef*(z1) — [Ef(21) }fK A= (1, —Ef(z1) [ K/ [K*) and

x1)? [K? o3f(x1) [ KK* ] '

V1 =F 2
o3 f(w) [ KE™ o3 [ (K7)

Remark 6. The limit result of Theorem 4 allows for conditional heteroscedasticity (e.g.

GARCH) in the regression error. Under conditional homoscedasticity (i.e. 02 = o2 for some

non random o2 € (0,00)), the matrix V; simplifies to

v, :UQE[ f? [ K2 o) [ KK ]
fla) J[EE" [(K7)

With a stationary regressor in model (15), Theorem 4 holds under nearly minimal as-
sumption on the regression function f (c.g. A2 with ¢ = f). It is well known however
that for nonstationary regressions (e.g. Park and Phillips, 1999, 2001), different regression
functions lead to different convergence rates and limit theory. Following Park and Phillips
(2001), for nonstationary regressions we focus on locally integrable regression functions
(that are not integrable) and exhibit asymptotic homogeneity. This family of functions is
the most relevant to empirical work allowing for polynomial, logarithmic, threshold and

smooth transition (distribution type) transformations.

Theorem 5. Suppose that

(a) A1, A3 and A4 or A4* hold with [, — oo;

(b) there exist a continuous function H on R satisfying |H(z)| < C (1 + |z|*) for some

a >0 and a real function 7 : (0,00) — (0,00) so that
fx) =7\ H () + R(A, @),

where |[R(\, z)| < a(N)(1 4+ |z]°) for some 6 > 0 and a(\)/m(A) — 0, as A — oo;

(¢) K* satisfies A4(a) or A4*(a).
Then, as n — oo,
) (B — B) 4\ Ee2MN (0,C5% AV, AY) |
where
Ch = {fol HA(X)dt — [ fy H(X)d] }fK g = [1, = 3 H(X)at [ K/ [ K],
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_ fol H*(Xy)dt [ K? fOIH(Xt)dthK*
2 — fOIH(Xt)dthK* I(K*)Q

Remark 7. Standard arguments (e.g. proof of Theorem 3.2 of Wang, 2021) yield that the

OLS estimator Bors is vn(Bors — B) = Op(1) and /nw(d,)(Bors — ) = Op(1), under
the conditions of Theorems 4 and 5, respectively '°. Therefore, convergence rate of CTLS

1/2

estimators for both stationary and nonstationary regressors is slower by a (,,/c,)"/* rate.

Remark 8. Theorem 5 holds under the assumption [, — oo. When [ := [, > 2 is
fixed, we have the same result with the limit terms fol H(X)dt, fol H?(X;)dt replaced by
%23:1 H (X,,) and %2321 H (XT].)2 respectively.

Remark 9. It can be readily seen from Theorem 5 that under nonstationarity, conditional
heteroscedasticity in the regression error does not affect the limit variance of the CTLS
estimator in a material way. In particular, the volatility term Eo? is scaled out. As a
result conventional estimators for the limit variance can be employed for the construction of
t-statistics (see also Remark 11 below). This result is comparable with the recent findings
of Magdalinos (2020) how demonstrates that conditional heteroscedasticity has a material

effect in the limit distribution of the IVX estimator only under stationarity.

Next, we consider the following t-statistics for the hypothesis Hy : 8 = [y (for some
50 - R)

f._o P bo
- JAYVA

(20)

where

n K n .
An = |:17 - Zkil—fk*kn] ) Cn = anfkv
Zk:l Kkn k=1

<212 £2 -9
ZL e K fi 22:1 e Kp Kion [ ]
)

V” = n « * n -« * \2
> 1 eiKanknfk k=1 e% (K5n)

with ék = Yk — ﬁOLS - EOLS fk7 and (ﬁOLSHBOLS) the OLS estimator of (LL, B) The limit

properties of T under the null hypothesis are demonstrated by following theorem.

Theorem 6. Suppose that Hy : [ = [y is true, either the conditions of Theorem J or
Theorem & hold, and supys, Eu} < oo. Then

T —4 N(0,1).

15 Asymptotic distribution can be explicitly obtained by using some additional notation (c.g. Theorem
3.2 of Wang, 2021). Since it is beyond the scope of this paper, we omit the details.
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Remark 10. The limit distribution of the test statistic under the null hypothesis is standard
normal for both stationary and nonstationary regressors. Under the alternative hypothesis,
the divergence rate of both t-statistics is determined by the convergence rate of the CTLS
estimator. In particular, for stationary z; it can be easily seen that 7' = Op(y/nl,/c,). On
the other hand in the nonstationary case we have T = Op(7(d,)\/nln/cy), Where d,, = \/n
for zx NI and d,, = n%, x;, for I(d), 1/2 < d < 3/2. Therefore, faster divergence rate is
attained for more persistence processes. This fact is also corroborated by our simulation
results (see Figure 3). In the nonstationary case, asymptotic power is affected by the
asymptotic order (i.e. growth rate) of f. Note that for logarithmic, or lower order polynomial
(e.g. f(x) = |z|", p < 1) regression functions, slower power rates are attained relative to

linear and higher order polynomial transformations.

Remark 11. Note that the normalising matrix V), allows for conditional heterscedasticity. If

however o7 = ¢ for all k then the following estimator can be used instead.

f} N 6_2 ZZ:I Klznfl? EZ:I Kl:nKknfk -2 -1 i é% (21)
k=1

n " N " . , 07 =n
Zk:l Kanknfk Zk:l (Kkn)2

In view of Remark 9, V,, provides also a consistent estimator under nonstationarity even if

the regression errors are conditionally heteroscedastic.

3.2 TVP models with a stationary covariate

We next focus on CTLS estimation of TVP predictive regressions of the form

yr = p(k/n)+ B (k/n)- flrg—1) +ex k=1,....,n, (22)

where p, 8 : (0,1] — R, the predictor xy is a strictly stationary process that may exhibit
long memory or could be heavy tailed. The error term e; is a martingale difference term as
n (15). Stochastic and deterministic TVP models have gained a lot of attention recently in
both econometrics and statistical time series due to their ability to accommodate structural
change e.g. see Dahlhaus (2000), Giraitis, Kapetanios and Yates (2014, 2018), Phillips,
Li and Gao (2017), Dahlhaus, Richter and Wu (2019), Demetrescu et al. (2020), among
others. A number of papers in this area consider (possibly vector) autoregressive type TVP
models with the autoregressive parameters’ modulus bounded below unity (e.g. Giraitis et
al., 2014; Dahlhaus et al. 2019). These models behave like stable autoregressive processes,
when it comes to estimation, and therefore conventional inference applies.

The theoretical framework of Phillips et al. (2017) is more closely related to the spec-
ification of (22). The aforementioned work considers estimation and inference in non au-

toregressive TVP models with deterministic parameters and multiple /(1) covariates. The
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estimation methods of Phillips et al. (2017) are also related to the current work. In par-
ticular, these authors propose certain CTLS type of estimation that utilises a single c¢p
(CTLS;y). As explained in the introduction, in multi-parameter regressions, CTLS; results
in a singular limit covariance matrix and this renders inference non conventional with limit
distributions comparable to those OLS in regressions with /(1) covariates. To get pivotal
statistical tests, Phillips et al. (2017) propose CTLS; regression of a “ fully modified” version
of the dependent variable y;, (cf. Phillips and Hansen 1990). A similar specification to that
of (22) has been also considered by Demetrescu et al. (2020) who develop predictability
tests for regressions with a deterministic and possibly time varying slope parameter under
the alternative hypothesis (predictability). These predictability tests are based on sup-
functionals of studentised IV estimators that utilise a combination of IVX and other time
trend instruments.

We consider CTLS; estimation and related t-tests in the context of (22). An advantage
of the CTLS approach in this framework is that it can be used for both estimation and
testing. In particular, this method provides direct non-parametric estimators of TVP func-
tionals. In addition, studentised estimators can form the basis of non-parametric t-tests.
Implementation of these tests is very simple since test statistics are not complex, limit distri-
butions are free of nuisance parameters, and critical values readily available from statistical
tables. In order to keep technical complexity simple, in this Section we consider models with
a single regressor. Nevertheless the results can be easily extended to multivariate models
(see Remark 1). A generalisation to the multivariate case is provided in the Appendix 8.

The limit properties of TVP estimators and related test statistics are based on the
asymptotic theory developed in Section 2 for CT functionals of strictly stationary processes.
CTLS; methods can provide consistent estimation of TVPs even for nonstationary covariates
however, as mentioned earlier, we need to restrict the regressors to be stationary processes
in order to ensure that the test statistics have conventional distributions free of nuisance
parameters. The regressor space under consideration is general enough to accommodate
several data generating processes relevant in empirical marcoeconomics and finance such as
long memory linear processes, and GARCH, ARCH(c0). Further, due the the fact that we
are considering models that are nonlinear in variables, in some cases it is possible to allow
for heavy tailed linear processes.'® For instance, we can allow stationary linear processes of

the form

Ty = Z Gik—i (23)
i=0

with either

16In situatations where the predictor xy, is heavy tailed, a nonlinear regression function of reduced growth
may ensure that f(zy) has sufficient moments for the validity of Theorem .
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FR: & ~id(0,07), > 2, ¢ < 00; or
HT: (a) & ~ iid in the domain of attraction of an a-stable law with a € (0, 2],
Yoico ;™™ < 00, o/ € (0,); and (b) Ef(x1)* < oo.

Condition FR, ) allows for stationary fractional process of memory parameter |d| < 1/2.
Condition HT'(a) ensures that xj is a well defined possibly heavy tailed process (e.g. As-
trauskas, 1983) that possesses a finite o/ moment. In the latter case, x; may not have a
finite mean or variance. Condition HT(b) is a technical requirement that is utilised for
obtaining the limit distribution of CTLS; estimators. In practice, f(x;)* may have a finite
moment even if the predictor is heavy tailed. For example, if f satisfies the reduced growth
requirement |f(x)] < C(1+ |z|"), C € (0,00), p € (0,1/4), HT holds for all « € (4p, 2].
Further, f(x) = In(z), satisfies the aforementioned requirement for all values of the tail
parameter « in (0,2].1” Logarithmic transformations and reduced polynomial growth re-
gression functions have been used a number of studies in the predictability of stock returns
(see Section 5 for more details). To some extent, our methods on TVP models are comple-
mentary to Phillips et al. (2017) who focus on different area of the regressor space. In fact
the regressor space under consideration is comparable to that of Christensen and Nielsen
(2006, 2007), Bandi and Perron (2008), Bollerslev et al. (2013), Bandi et al. (2018) among
others, who consider models with stationary fractional predictors.

The CTLS; estimator can be formulated as a local-level kernel regression estimator (cf.
Li and Racine, 2006; Section 2.1). In particular, for K = K* estimators for the TVPs of

(22) can be obtained from the minimisation of the objective function

[ [}(T) ] =: é(r)::arg minz (yr — a’fk)2 K e, (k/n—1)], (24)

2
acR k=1

where 7 € (0,1] and f] := [1, f(zg_1)]. This estimator is closely related to that considered by
Phillips et al. (2017).'® Set 8(7)" := [u(7), B(7)] and define the vector of derivatives (V) (7) :=
06(7)/0r. We also consider the following TVP estimator:

[ ?“(T ] = argmin zn: (y — a'f), — b,flk)zK [cn (k/n—T)], (25)

(a’,b’) eR® | —

where fy, = (k/n—7)f, and 6(7) and 60 (7) are CTLS; type estimators for 6(7) and

0 (1), respectively. The latter is a local-linear estimator (cf. Li and Racine, 2006; Section

"n(x)4 = max(In(x),0).

18Phillips et al. (2017) consider a local level estimator for mulivariate TVP (linear in variable) models,
and a fully modified version of the local level estimator that involves of modified version of the dependent
variable along the lines of Phillips (1995).
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2.5) that exhibits reduced asymptotic bias, relative to the local-level of (24). Write

1 Ef(z1)
Ef(x1) Ef(x1)?

Eo;  E{oif(x1)}

Q= E{o3f(x1)} E{o3f(x1)?}

] and Q=

The following theorem demonstrates the limit distribution of the local-level CTLS; es-

timator (LLev, hereafter).

Theorem 7. Suppose that:

(a) {Ur}ren 15 generated by (22);

(b) A1 holds and, in addition to A2 with g = f, P[f(x1) # Ef(z1)] #0;
(¢) K satisfies A4(a) or A4*(a);

(d) 6(.) is Holder continuous on (0,1] of order v € [0,1];*°

(e) cu/n+n/ctt™® — 0, where v is defined as in (d).

Then, for each fixed T € (0,1],

~

= (00 —0)) =N (0.0 2.0:). (26)

Cn

where Q1 = Q [ K and Q= [ K.

Remark 12. Note that P[f(z1) # Ef(z1)] # 0 implies that [Ef(xl)]z < Ef?(x), ie.
[Ef(:nl)}2 # Ef?(x;). The latter condition insures that @ (Q1) is of full rank under the
assumption that zj is a stationary process. Phillips et al. (2017) show that, if z; is an
I(1) process, a CTLS; (local level) estimator has necessarily a singular covariance matrix.
This degeneracy is manifest for all fractional d > 1/2, as well as nearly integrated arrays.
Indeed, under nonstationarity (zx ~ I(d), d > 1/2), it follows directly from Lemma 2 (see
also Remark 4) that the counterpart of the limit matrix @ is of the form

[ L f(Xr) ]/K with X, € D[0, 1],
F(X2) f(X,)?

which is necessarily singular.

Yie. ||0(z) — 0(y)|| < C|lz —yl”, for 2,3 € (0,1]? and C € (0,00). Note for constant 6(.), v = 0.
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Remark 13. Preliminary theoretical results suggest that CTLS; method is also valid in
situations where the the predictor is weakly non-stationary process (i.e. fractional d = 1/2
or MI). In this case (26) holds with Q4

= 1 Jo flz+X7) 02 (z)dz N
@ Je Fle+ X2 (w)da [ flo+ X~ ) Ui( )d:c]/RK( )dz,

where P02 (x) and X~ as in Remark 2. Note that ()1 here is in general non singular.

The limit properties of the local-linear estimator (LLin, hereafter) are given by the

following result.
Theorem 8. Suppose that:
(@) {yk}tren 15 generated by (22)
(b) A1 holds and, in addition to A2 with g = f, P[f(z1) # Ef(z1)] #0;
(¢) in addition to that K satisfies A4(a) or A4*(a), [2*K?* < oo;
(d) 0(.) has a uniformly bounded second derivative on (0,1];
(e) cn/n+n/c — 0;

Then, for each fixed T € (0, 1],
00(r) ] B [9(1)@ ]) —a N (0,Q;'2:057) , (27)

where D,, —dzag{\/c_,\/; \/E; \/EZ}

_|QJK QK _
QQ‘[QW Qfm] and =

QK Q[2K?
QfoQ Qfxzj{z

Remark 14. The smoothness assumptions on the TVP 6(.) of Theorems 7 and 8 are standard.
Note that for the LLin estimator more restrictive assumptions are required. Nevertheless,
LLin attains smaller ‘asymptotic bias’, relative to the LLev estimator. In general, kernel
regression type of estimators entail nonlinearity induced asymptotic ‘bias’. In the current

framework, this type of bias is due to increments of the form

2{9 —0(k/n)}.
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In particular, the Lh.s. of (26) entails an asymptotic bias term of order Op(y/n/c3), whilst
the corresponding bias term in (27) is Op(y/n/c3). Note that when the parameters are fixed,
with respect to time, the bias terms equal zero for all n. In can be readily seen that for both
estimators there is a trade-off between convergence rate and bias. An additional advantage
of the LLin is that entails estimates for the derivatives of the TVPs. These estimates can
be readily utilised for testing hypotheses about parameter constancy with respect to time

(see also Remark 19 below).

Remark 15. As noted in Remark 12, @ (@) is of full rank. This, together with (fo)2 =+
J K [2?K dueto0 < [ K < oo, implies that Qs is also of full rank, indicating the limitation
in (27) is well defined. If K is symmetric, i.e., [ 2K = 0 and [xK? = 0, we further have
that the limit distributions of 8(7) and 6 (7) are independent.

Remark 16. As mentioned above the limit results of Theorems 7 and 8 can be readily
generalised to additively separable multi-covariate models with stationary regressors of the

form
p—1

e = p(k/n) +> B (k/n) - fi(ziory) +ex, k=1,...m,

=1

with p > 2, @y ; ~ I(d;), |d;| < 1/2. More details on this generalisation are provided in the
Appendix (Section 8).

Remark 17. It can be readily seen from Theorems 7 and 8 that the limit variance of the TVP
estimators is independent of the regression point 7. This is in contrast to non-parametric
density and regression estimators where limit variance does depend on location, and as
a result there is a deterioration in estimation accuracy when functionals are estimated at
regression points away from the origin. For TVP estimates however confidence intervals are
not affected by the value of the chronological point 7 even if the latter assumes boundary
values. This theoretical result is also corroborated by our simulation study, that shows only

minor oversizing close to boundary values in large sample sizes.

We next consider t-tests, based on the LLev and LLin estimators. Before presenting the
test statistics under consideration, we introduce some notation. For a vector a let a; be
its i element, and for a square matrix A, [A] ;i denotes its i'" diagonal element. The test

hypothesis under consideration is of the form
Hy : 0;(1) = n(7), (28)

and
Hy - 0V () = n(7), (29)

for i = {1,2}, some prespecified n : (0,1] — R and 7 € (0,1]. In particular, (28) entails

a hypothesis for p(7) and f(7), whilst (29) concerns the derivatives of the aforementioned
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parameters. The proposed tests utilise the estimators of (26) and (27). Set

k=1 k=1

with é := é,(7) := yx — 0(7)'fs, and recall that in this Section, Ky, = K [c, (k/n —7)].
Further, we let
0. 0= {Satm. Sannn,]
k=1 k=1
where f}, = (f,;, f{k), with fip = (k/n — 7) £, and & := éx(7) := yp — 5(7’)’fk. The proposed

test statistics can be constructed as

bi(7) = n(7) -
e

.
o]
for the null hypothesis (28), and

~

tl(T) =

2

for the null hypothesis (29). The following theorems establish the limit properties of the

these test statistics.

Theorem 9. Suppose that, in addition to the conditions of Theorem 7, [2*K? < oo,
supys; Bul < 0o and E f*(z1) + E{o2[1+ f*(z1)]} < co. Under Hy : 0;(1) = n(7), we have

t;(1) =4 N(0,1). (30)

Theorem 10. Suppose that, in addition to the conditions of Theorem &, f:z:4K2 < 00,
supysy But < 0o and E f*(z1) + E{o}[1+ f?(z1)]} < co. Under Hy : 0;(1) = n(7), we have

() —a N(0, 1), (31)
and under Hy : «91(1)(7') =n(7),
£ () =4 N(0,1). (32)

Remark 18. The alternative hypothesis of all tests can be either two-sided or one-sided.

The asymptotic power rates of the test statistics under consideration are determined by the
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convergence rates of the CTLS; estimators involved. In particular, it can be easily checked
that #;(7),%(7) = Op («/n/cn) under H;p, whilst fgl)(r) = Op (\/n/c%). Therefore, tests
for the parameter derivatives are less powerful. These results are standard in the non

parametric literature (e.g. see Li and Racine, 2006).

Remark 19. Note that fz(-l)(T) can be used for testing parameter constancy with respect to
time i.e. Hy: 9(1)(7) =0, for each 7 € (0, 1].

7

3.3 Neglecting time variation in regression parameters: some the-

oretical considerations

We conclude this section with some brief discussion about the consequences of neglecting
time variation in regression parameters of predictive models. The issues pointed out here,
are useful for the interpretation of the empirical results of Section 5. For instance, in
our empirical application we find that in FP models realised variance does not provide
significant predictability, while in TVP models it does. A plausible explantation for these
conflicting results is provided by certain theoretical facts discussed next. Sketch proofs for
the subsequent theoretical results are provided in the Appendix (Section 9).

Although substantial progress has been made recently in the development statistical
methods for TVP models, time variation in parameters has attracted little attention in
the returns predictability literature. They key advantage of TVP models is that they can
accommodate structural change. It is reasonable to expect that structural change may occur
due external shocks or during different phases of the business cycle. In practice, structural
change is more likely to occur in situations where the data sets’ span is very long, as it is in
the case of Welch and Goyal (2008) who consider predictability of stock returns using data
from 1926 to 2005. In this work we use an updated data set due to this authors from 1926
to 2018.

Neglecting time variation in the parameters has consequences to both estimation and
testing, even if time variation is present only in some nuisance regression parameter -i.e. in
some regression parameter that is not the focus practitioner’s analysis e.g. the regression
intercept or the slope parameter of some other covariate-. In general neglecting time varia-
tion in the parameter of interest leads to inconsistent estimates, and undermines the power
of predictability tests. Surprisingly neglecting time variation in a nuisance parameter may
have even more severe consequences. It can be shown that the latter type of misspecifica-
tion not only results in size distortions, but also renders test statistics divergent under the
null hypothesis when the predictor has memory parameter strictly greater than zero. We
demonstrate the above for OLS based inference for regressions with stationary predictors,

but we expect that similar phenomena also apply to other FP methods e.g. CTLS (mul-

32



tiple ¢ps), IVX, conservative predictability tests, when covariates are either stationary or
nonstationary.
We first demonstrate the consequences of neglecting time variation in the parameter of

interest by considering the following simple linear regression

yr = B(k/n)xy_1 + ek,

where, . is stationary long memory satisfying (23) and condition FR. Then under certain
regularity conditions, it follows easily from Lemma 1, and some additional arguments that

the OLS estimator from regressing y, on xj_1 is
~ 1 . 1
/i (5OLS _ / 5@)(17) S (BN <O,E (e2a) + / B(r)%dr - vamg)) |
0 0

The OLS estimator converges to the pseudo-true value fol B(7)dr which is a chronological
average of the TVP. As a result, OLS based t-test are likely to have poor power in situations
where predictability is episodic. To see this note that under the alternative hypothesis
(predictability)

fOLs = \/5/0 B(r)dr - Op(1)

The value of the pseudo-true value fol B(7)dr will tend to be small as episodic predictability
events are averaged out over time. Further, it is possible that positive predictability events
(i.e. B(.) > 0) are cancelled out by negative ones (i.e. 5(.) < 0).

Next, we illustrate the effects of neglecting time variation in the intercept when the

parameter of interest is the slope coefficient in the following model

yr = u(k/n) + Brr_1 + ex.

Suppose that we are interested testing Hy : f = 0, using OLS based inference. For con-
venience suppose that the coefficients in (23) for long memory x; (ie. 0 < d < 1/2)
are ¢; ~ cons. - 197! (see e.g. Johansen and Nielsen, 2012; p. 673). Further, without
loss of generality suppose that innovations with negative index in (23) are zero.? In this
case, it is well known &, := [Var(3 7, 24)]"* ~ cons. - n'/2, with 0 < d < 1/2, and
ot > r_ wk —a N(0,1) (for the latter see e.g. Ibragimov and Linnik, 1971; Thm 18.6.5 or
Peligrad and Utev, 1997). Then it can be shown that the OLS estimator

i (fons = [ u(r)ar ) =54 N0, (2) (33)

20Tn this case xy is a type II long memory process see e.g. Phillips and Shimotsu, 2004.
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and
% (BOLS - 5) —d (E‘T%)il {17 —/0 N(T)dT} N (O>E (5%) W) ’ (34)
with

U = /1 {frlﬂ(l —8) (s — )+ ds}2

2 f: p(1—s)(s—r)""ds- frl (s —r) " ds

2 f: p(l—s)(s— Z)dfl ds - f: (s —r)""ds
{f: (s —r)"! ds}

for 0 < d < 1/2. Therefore, OLS estimator for 5 is consistent however there is a reduction

dr. (35)

in the converge rate when the predictor is (stationary) fractional with memory parameter
strictly greater than zero. This reduction in the convergence rate does not effect asymptotic
power?!, nevertheless it results in severe size distortions under the null hypothesis. To see

this note first that the regression error variance estimator is

2

%ééz —p B+ /O 1 p(r)?dr — ( /O 1 u(T)dT> : (36)

Combining (33)-(36) it follows that under the null hypothesis,
ﬁOLS‘ —p OQ. (37)

In fact the divergence rate of the t-statistic is d,/n'/? = n?, 0 < d < 1/2. Clearly, when
T is a short memory process the test statistic is bounded under the null, nevertheless it
does not have a standard normal distribution and therefore OLS based t-tests exhibit size

distortions even in this case.

4 Simulations

We next explore the finite sample properties of CTLS inferential methods with the aid of a

simulation study. First, we consider the no predictability hypothesis
Hy:8=0vs H :B#0

for FP regressions of the form??
Yk = Brp—1 + ey (38)

211t follows from (33)-(36) that ¢ = Op(y/n), under H;.
2ZWithout loss of generality we set ;4 = 0. For FP models, estimators are numerically invariant to the
value of the intercept.
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Further, in the context of TVP models of the form

yr = p(k/n) + p(k/n)xr_1 + e, (39)

we consider the following test hypotheses

Hy:p(1)=0vs Hy: B(1) # 0,
and
Hy : 0u(r)/0T =0 vs Hy : Ou(r)/0T # 0,

with 7 € T C (0,1). Note that the latter is a time invariance hypothesis about the intercept
term. As discussed in Section 3.3 neglecting time variability in the intercept could result in
severe size distortions.

In all cases the significance level is set at 5% and the number of replication paths is

10,000. For the purposes of this experiment the following vector of innovations is generated

HECU ]

d € (—1,1). The predictor is either a NI array of the form

T = (1 + %) Thot + &, (40)

with ¢ < 0 and xy = 0 or a type II fractional process (e.g. see Robinson and Hualde, 2003)

of the form
(I — L)' 2, = &1{k>1}. (41)
The regression error is
€k = OklUk,
with either
0,3 =1,

or

o = 0.01 + 0.4507_, + 0.45¢;_,, og = 0.01, (42)

which makes the regression error a strong GARCH(1,1).

Simulations for FP models. We first consider the finite sample performance of CTLS
based t-tests of Section 3.1 for models with fixed regression parameters. In particular, we
report empirical size and power results for 7 given in (20), and T which is a CTLS t-
stastistic that is utilising the variance estimator of (21). Note that the former provides

valid inference in the presence of GARCH regression errors while the second is in general
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relevant when the errors are (conditionally) homoscedastic. CTLS methods involve various
tuning parameters such as bandwidths and kernel functions that do affect finite sample
performance. As explained in the Section 1 and 2, there is in general a trade-off between
size and power when it comes to the choice of ¢, and [,,, with better size control achieved in
general for larger values for ¢, and smaller for [,,. We have conducted extensive preliminary
simulations involving various choices of tuning parameters. We only report results for the
set-up that attains the best size-power trade-off, according to the preliminary simulations.?
Let ¢ (x) be the density of N(0,¢) variate. For FP models we consider the following kernel

functions and bandwidth terms

o Kin = Y0 Klew(k/n—m)), Kiyy = S0 K ea (k/n = 1), K(x) = poa(x)"?,
K(z)" = ¢ (2)"?

_ 095 7 _ 07
e c,=n""1,=c ",

where {7; }é”zl are equispaced points on (0,1).

Table 2 reports the empirical size of CTLS tests for NI predictors and o = 1. For
comparison with also consider an IVX test, that incorporates the finite sample correction
of Kostakis et al. (2015), and an OLS based t-test. The IVX method appear to have
superior finite sample performance relative to other methods for NI -see Kostakis et al.,
(2015) and Kasparis et al. (2015). Contrary to CTLS and IVX estimators, OLS does not
have a mixed normal distribution under nonstationarity, nevertheless OLS based methods
-or similar procedures appropriate only for stationary models (e.g. Gaussian MLE), are
routinely used in empirical work (see e.g. Stambaugh, 1999; Amihud and Hurvich, 2004;
Bandi and Perron 2008; Chen and Deo (2009), Bandi et al., 2018). Further, OLS provides
a natural benchmark for assessing the benefits in empirical size when mixed normality is
induced. It can be seen from Table 2 that in general, both CTLS test statistics result in good
size control with empirical size close to nominal in most cases. CTLS is somewhat oversized
relative to IVX when the near to unity parameter is ¢ = 0, and endogeneity is strong.
Size however improves as sample size increases. We further investigate the empirical size of
T for NI predictors and GARCH regression errors in Table 3. Simulations show that the
empirical size of T in this case is comparable to that reported in Table 2 under conditional
homoscedasticity. Simulation results not reported here suggest that 7' and IVX exhibit
some moderate oversizing under GARCH regression errors, and large deviations from unity.
Finally, we consider (see Table 4) the size performance of T for a wide range of fractional

predictors and conditionally homoscedastic regression errors. Again size control is in general

21In a previous version of this paper (arXiv.org> arXiv:2006.12595) we also consider a more complicated
data driven method for choosing the tuning parameters that appears to attain superior finite sample per-
formance for a wide range of configurations. However, the particular approach requires further theoretical
investigation that we leave for future work.
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good with some oversizing evident when the memory parameter is above unity. In all cases
the size of CTLS tests can be improved by choosing smaller [, or larger ¢, at the expense
of power performance. Additional simulation results, not reported here, show that the size
performance of T in regressions with fractional predictors and GARCH regression errors is
very similar to those shown in Table 4.

Finally, we explore the empirical power of CTLS tests. We focus on the 7' statistic that
is robust to conditional heteroscedasticity in the regression error. We first consider power
performance for when the predictor is NI. Figure 2 reports rejection probabilities for T and
Kostakis et al. (2015) TVX t-statistic against various values for the slope parameter for
under strong endogeneity (i.e. 6 = —0.95), ¢ = 0, —10, —50 and two different sample sizes.
Regression errors are conditionally homoscedastic. All tests are more powerful when the
persistence in stronger and sample size larger, as expected, with IVX attaining a better
performance. Figure 3 next, reports rejection probabilities for T for the fractional case.
Again our limit theory is corroborated since superior performance is attained in situations
where persistence is stronger and sample sizes larger.

Overall CTLS tests appear to have reasonably good sample size performance. IVX tests
appear to be more powerful, nevertheless the CTLS procedures under consideration are
readily available for fractional predictors, nonlinear regressions and in situations where there
is conditional heteroscedasticity in the regression error. Some preliminary simulations show
that IVX also has good performance in the fractional case. This can be partly explained by
Theorem 3.2 of Duffy and Kasparis (2018) that yields basic limit theory for functionals of
MT processes driven my long memory innovations. A formal investigation of IVX methods in
presence of fractional processes is under development by the authors of the aforementioned

work.
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Table 2: Empirical Size of FP CTLS Tests (nominal size 5%; NI regressor, cond. homoscedastic regression errors)

250
500
750
1000

T
0.084
0.077
0.076
0.070

-0.95

T
0.089
0.080
0.078
0.069

IVX
0.059
0.062
0.058
0.053

OLS
0.278
0.287
0.272
0.278

T
0.059
0.059
0.059
0.054

-0.5

T
0.062
0.061
0.058
0.056

IvX
0.056
0.054
0.052
0.051

OLS
0.117
0.114
0.109
0.111

T
0.051
0.054
0.052
0.049

0

T
0.055
0.054
0.052
0.049

IVX
0.050
0.054
0.050
0.051

OLS
0.053
0.054
0.051
0.053

T
0.061
0.060
0.059
0.059

0.5

T
0.063
0.061
0.061
0.060

IVX
0.056
0.058
0.055
0.050

OLS
0.113
0.116
0.111
0.108

T
0.087
0.080
0.080
0.075

0.95

T
0.091
0.084
0.081
0.077

VX
0.061
0.055
0.057
0.053

OLS
0.295
0.279
0.277
0.277

250
500
750
1000

0.061
0.060
0.063
0.058

-0.95

T
0.068
0.064
0.066
0.058

IVX
0.062
0.063
0.060
0.060

OLS
0.116
0.117
0.116
0.116

0.051
0.051
0.058
0.049

-0.5

T
0.054
0.053
0.060
0.051

IvX
0.056
0.059
0.059
0.054

OLS
0.072
0.073
0.070
0.066

0.050
0.051
0.056
0.047

0
T
0.052
0.053
0.058

0.048

IVX
0.050
0.052
0.056
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Table 3: Empirical Size of FP-CTLS tests: T

(nominal size 5%; NI regressor, GARCH(1,1) regression errors)

c=0
) -0.95 -0.5 0 0.5 -0.95 -0.5 0.95
n=—250 | 0.083 0.060 0.052 0.062 0.062 0.054 0.069
500 | 0.077 0.057 0.050 0.061 0.060 0.051 0.059
750 | 0.070 0.059 0.052 0.058 0.060 0.056 0.061
1000 | 0.065 0.054 0.048 0.056 0.054 0.051 0.055
c=—10

) -0.95 -0.50 0.00 0.50 -0.95 -0.50 0.95
n=—250 | 0.057 0.053 0.055 0.058 0.056 0.054 0.058
500 | 0.055 0.049 0.048 0.050 0.053 0.049 0.053
750 | 0.055 0.055 0.055 0.057 0.050 0.051 0.055
1000 | 0.052 0.049 0.048 0.046 0.052 0.048 0.053
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Table 4: Empirical Size of FP-CTLS tests: T (nominal size 5%; fractional regressor, cond. homoscedastic regression errors)

d=0.25 d=10.5 d=0.75 d=0.8
0] -095 -0.5 0 -0.95 -0.5 0 -0.95  -0.5 0 -0.95  -0.5 0

CTLS n=250| 0.0563 0.052 0.053 0.056 0.051 0.049 0.067 0.053 0.049 0.071 0.056 0.049
500 | 0.052 0.052 0.050 0.055 0.050 0.047 0.064 0.053 0.049 0.069 0.054 0.052
750 | 0.051 0.055 0.056 0.056 0.055 0.055 0.066 0.057 0.055 0.067 0.057 0.056
1000 | 0.051 0.052 0.049 0.051 0.049 0.049 0.059 0.052 0.050 0.061 0.052 0.050

OLS n=250| 0.050 0.052 0.052 0.074 0.059 0.053 0.158 0.085 0.051 0.184 0.093 0.052
500 | 0.052 0.050 0.048 0.072  0.055 0.051 0.161 0.085 0.054 0.184 0.091 0.055

750 | 0.052 0.051 0.052 0.068 0.058 0.053 0.155 0.081 0.053 0.178 0.086 0.051

1000 | 0.050 0.048 0.049 0.067 0.053 0.047 0.155 0.077 0.049 0.183 0.086 0.049

d=10.9 d= d=1.1 d=12
0] -095 -0.5 0 -0.95 -0.5 0 -0.95 -0.5 0 -0.95  -0.5 0

CTLS n=250| 0.077 0.057 0.051 0.084 0.059 0.051 0.089 0.060 0.052 0.089 0.063 0.053
500 | 0.073 0.058 0.052 0.077 0.059 0.054 0.081 0.063 0.054 0.082 0.061 0.051
750 | 0.073 0.058 0.054 0.076  0.059 0.052 0.078 0.060 0.051 0.079 0.061 0.051
1000 | 0.066 0.054 0.050 0.070 0.054 0.049 0.072 0.055 0.050 0.072 0.054 0.051

OLS n=250 | 0.235 0.107 0.053 0.278 0.117 0.053 0.308 0.121 0.052 0.325 0.126 0.052
500 | 0.242 0.102 0.054 0.287 0.114 0.054 0.319 0.120 0.055 0.337 0.123 0.056

750 | 0.230 0.098 0.052 0.272 0.109 0.051 0.301 0.117 0.051 0.322 0.119 0.053

1000 | 0.229 0.102 0.053 0.278 0.111 0.053 0.310 0.118 0.054 0.327 0.120 0.055
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Figure 2: Empirical Power of CTLS-FP tests: T (5% nominal size; § = —0.95; NI regressor, cond. homoscedastic regression errors)
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Figure 3: Empirical Power of CTLS-FP tests: T
(5% nominal size; § = —0.95; fractional regressor, cond. homoscedastic regression errors)
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Simulations for TVP models. We next report results for the finite sample per-
formance of CTLS; based tests in the context of predictive regressions as per (39). As
mentioned above, we consider two hypotheses. First, the no predictability hypothesis
Hy : B(r) = 0, 7 € (0,1) against H; : B(1) # 0. Under H; we choose [(.) to be ei-
ther a periodic function, capable of reproducing periodic episodic predictability events, or
a smooth transition function that is more relevant when predictability is related to some
regime switching event. For this kind of hypothesis we consider both LLev and LLin tests.
Second, we test the time invariance hypothesis for the intercept Hy : Ou(7)/01 = 0,7 € (0,1)
against Hy : Ou(7)/01 # 0 using the LLin based test.

We consider stationary fractional predictors of memory parameter d = 0.35 and d = 0.45.
We also consider the case d = 0.55 which is slightly above the nonstationarity threshold
(d = 0.5) that determines the minimal value of the memory parameter for which the limit
distribution of the tests is IN(0,1).2* For nonstationary predictors, the CTLS; estimators
under consideration do not possess mixed Gaussian limit distribution and therefore some
size distortion in likely. It is reasonable to expect size distortions become more severe for
larger values of the memory parameter. In certain data sets, some predictors (e.g. realised
variance, inflation) appear to be long memory with memory parameter close to 0.5. We
therefore consider the value d = 0.55 in order to assess the robustness of the proposed

methods when predictors are close to the nonstationarity threshold.

Figure 4: LLin TVP estimates
(0 = —0.95; fractional regressor d = 0.45, n = 1000, GARCH(1,1) regression errors)

LLin, intercept estimates

LLin, slope parameter estimates

1 15
0.5-
/ 0.5
0
ol
0.3 05
-1 ‘ -1 : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
LLin, intercept derivative estimates i ivati i
5
0
-5-
0 0.2 0.4 0.6 0.8 1
—true function
-—q=0.2
q=0.3
q=0.35

24 As mentioned before, some preliminary theoretical results suggest that the proposed methods are also
valid for weakly nonstationary predictors i.e. long memory with d = 0.5 or mildly integrated processes.
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Bandwidth choice is very important for both estimation and testing. As mentioned be-
fore, in general there is a trade-off between size and power when it comes to bandwidth
choice. Nevertheless, the aforementioned trade-off is more subtle for non-parametric meth-
ods (e.g. CTLS for TVP models) than for semi-parametric methods (e.g. IVX, CTLS
for FP models, etc). Other things being equal, for CTLS methods larger values of ¢,
(under-smoothing) result in better size control, while smaller values of values of ¢, (over-
smoothing) result in better power, because TVP estimators attain faster convergence rates
in the latter case. There are however situations where under-smoothing may result in both
better size and power. For instance, if the TVP varies wildly (e.g. when there are abrupt
episodic predictability events) then over-smoothing may under estimate the variation in a
TVP, and this may lead to power loss. This effect is illustrated in Figure 4 that shows
LLin estimates of regression parameters and their derivatives for various bandwidth choices
(i.e. ¢, =niq={0.2,0.3,0.35}), and {u(7),B(7)} = {sin(277), cos(277)}. Note that this
choice of T'VPs entails periodic functions of period one over their domain (i.e. (0,1]). It can
be readily seen from Figure 4 that when over-smoothing is employed (e.g. ¢ = 0.2) sudden
changes in the TVPs are smoothed out. Another finding from Figure 4, that is worth noting,
is that the derivative estimators appear to exhibit non trivial asymptotic bias at boundary
points i.e. for 7 =~ 0,1. This appears to impact inference related to TVP derivatives, and
for this reason this issue will be revisited later.

For the finite sample evaluation the tests we consider the following two possibilities for

the bandwidth parameter ¢, = n?

~} 0.3,0.4, Local Level
"7 03,035, Local Linear -

As mentioned before, larger values of for ¢, (under smoothing) provide better size control
while smaller values (over smoothing) result in better power. In preliminary simulations
we have also considered additional possibilities for ¢, (i.e. ¢ = {0.1,0.2}), however we only
report results for bandwidth values that appear to yield superior size-power trade-off.

We next specify the intercept and slope parameter functions p(7) and F(7) utilised
for the predictability hypothesis. Under both the null and the alternative hypothesis the
intercept is given by

w(7) = 0.025 - sin(277).

On the other hand the slope parameter is

0, under Hy
b - cos(2n7), under H;

or
b-{1+4exp[=30(r —0.5)]} ", under H,

pr) =
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with b = {0.033,0.066,0.099}. It should be emphasised that contrary to the fixed parameter
case, the estimators under consideration are not numerically invariant to the value of the
intercept when the latter is time varying. Therefore, the shape of the intercept function
has an impact on the finite sample performance of the tests. Intercept functions that ex-
hibit more abrupt variation are likely to result in more severe size distortions because of
larger nonlinearity induced asymptotic bias (see Remark 14). On the other hand smaller
variability in the intercept function is associated with smaller asymptotic bias (cf. condition
(e) of Theorems 7 and 8). We therefore employ a time varying intercept in order to assess
the performance of the proposed tests in situations when there is finite sample bias due to
time variation in the intercept estimator. In particular, we choose a sinusoidal function that
has period one over (0,1) i.e. domain of the TVPs. The maximal value of the intercept
function in the simulation experiment, for the non predictability hypothesis, is relevant to
the empirical application, where we consider TVP predictive regressions with the realised
variance as a predictor. We find that the maximal estimates for the intercept are approxi-
mately 0.01, 0.02 and 0.05 for monthly, quarterly and annual data respectively. Therefore,
0.025 is a mid-range value. The choice for the the slope parameter function is also relevant
to our empirical application. In our empirical application, the maximal estimates for the
slope parameter of realised variance are approximately, 1.25, 2 and 6 for monthly, quarterly
and annual data respectively. Therefore, the particular choice for f(7) (and b) is likely to
give conservative asymptotic power results under the alternative hypothesis.

Figures 5 and 6 report the empirical size of LLev and LLin based tests for the non
predictability hypothesis for sample sizes n = 500 and n = 1000. We only consider § = —0.95
i.e. strong endogeneity. Size (vertical axis) is plotted against various values of 7 € (0,1)
(horizontal axis). It can be seen that size control is reasonably good with small oversizing
when d = 0.45 and moderate oversizing when d = 0.55. Additional simulations, not reported
here, show that when the intercept is fixed over time, size is slightly better than that in
Figures 5 and 6. Moreover, for smaller values of d and |J| preliminary simulations show that
empirical size is closer to the nominal one.

The empirical power of both tests is reported in Figures 7 and 8, for d = 0.45. Under
the alternative, for 3(7) = b - cos(2n7), power peaks at 7 = 0,0.5, 1, approximately. These
locations correspond to the extrema of the cosine slope parameter function. There are
small differences between the LLev and LLin tests, and the two bandwidth choices. For
B(t) = b-{1 4 exp [—=30 (7 — 0.5)]} ", it seems that the LLev performs better than the LLin
test, in particular at boundary points. Note that the LLin test exhibits some power drop
for 7 close to one. In all cases power improves when sample increases, as expected.

Finally, we consider the finite sample performance of the LLin test for the hypotheses
Hy : Op(7)/01 = 0 i.e. the regression intercept is invariant with respect to time. The test

statistic for in this case relies on the estimator for the derivative of u(7) which attains a
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slower convergence rate (i.e. \/n/c3) than that of the regression parameters p(7) and B(7).
Therefore, it is reasonable to expect that the power of the time invariance test is inferior to
that for the no predictability hypothesis considered earlier.

To assess the size of the test under the null hypothesis we generate data from (39)
with p(7) = 0.025 and B(7) = 0.66 - cos(2n7). Note that the slope parameter is chosen
to be time varying. Time variation in the slope parameter induces nonlinearity asymptotic
bias (see Remark 14) which is likely to result in some size distortions. Figure 9 reports the
empirical size of the test for various values of the memory parameter and different sample
sizes. As before, the exponent of the bandwidth term is ¢ = {0.3,0.35}. Size is in general
close to the nominal one with somewhat more substantial over-sizing when the predictor is
nonstationary. It is worth noting that some variation in empirical size with respect to time
is evident that appears to resemble the time variation in the slope parameter. This is likely
to be due to nonlinearity induced asymptotic bias in slope parameter estimates.

We conclude with the empirical power of the test. Figure 10 reports the rejection fre-
quency of the test for the case where the regression parameters are p(7r) = b - sin(277)
with b = {0.01,0.025,0.05}, and S(7) = 0.066 - cos(277). The memory of the predictor is
d = 0.45 and as before we consider two sample sizes. The time invariance test appears to
be less powerful than the predictability test considered earlier. Notably, there is substantial
power drop at boundary points. Note that under Hy : Ou(7)/01 = 27b - cos(2n7). There-
fore the derivative function assumes its maximum values at 7 = {0,0.5,1}. Nevertheless
at the boundary points of its domain power is very poor. This likely due asymptotic bias
in derivative estimation at boundary points (cf. Figure 4). Hence, the test appears to be
quite conservative in terms of power, when there is substantial variation in the parame-
ter at boundary points, nevertheless it can be easily implemented in conjunction with the
predictability test. Possibly, better performance could be achieved with the utilisation of
higher order kernels (e.g. local quadratic estimation) that may result in further bias reduc-
tion. Tests for time variation in the parameters of predictive regressions is an important

topic on its own. We therefore leave further developments in this area for future work.
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Figure 5: Empirical Size of CTLS-TVP tests against 7: Hy : 5(7) =0

(5% nominal size; n = 500; 6 = —0.95; fractional regressor, GARCH(1,1) regression errors)
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Figure 6: Empirical Size of CTLS-TVP tests: Hy: f(7) =0
(5% nominal size; n = 1000; 6 = —0.95; fractional regressor, GARCH(1,1) regression errors)
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Figure 7: Empirical Power of CTLS-TVP tests: H; : f(1) = b - cos(27T)
(5% nominal size; 6 = —0.95; fractional regressor, GARCH(1,1) regression errors)
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Figure 8: Empirical Power of CTLS-TVP tests: Hy : 3(7) = b- {1 +exp[—30 (1 — 0.5)]} "
(5% nominal size; 6 = —0.95; fractional regressor, GARCH(1,1) regression errors)
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Figure 9: Empirical Size of CTLS-TVP tests: Hy : Ou(r)/0Tr =0
(5% nominal size; 6 = —0.95; fractional regressor, GARCH(1,1) regression errors)
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Figure 10: Empirical Power of CTLS-TVP tests: Hy : Ou(7)/0T = 27h - cos(27T)
(5% nominal size; 6 = —0.95; d = 0.45, GARCH(1,1) regression errors)
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5 Application to the predictability of stock returns

A vast literature in empirical finance and econometrics is devoted to the investigation of
the hypothesis that stock returns can be predicted with publicly available information.
There are two main approaches in this area. First, certain studies (e.g. Welch and Goyal,
2008; Bollerslev et al., 2013) investigate the in sample or out of sample predictive ability of
predictive regressions with the aid of some forecast adequacy test (e.g. McCraken, 2007) or

some goodness of fit statistic (e.g. R?). Typically predictive regressions take the form
T = p+ Bxg_1 + ex, (43)

where 7 are stock returns relating to some stock index, z; some predictive variable and
e; a martingale difference regression error. Another approach is to test the predictability
hypothesis Hy : 5 = 0 using appropriate (in sample) inferential procedures (e.g. Valkanov,
2003; Lewellen, 2004; Campbell and Yogo, 2006; Hjalmarsson (2011), Kostakis et al., 2015).
Usually some financial variable (e.g. dividend yield, earnings to price ratio, book to market
ratio, realised variance) or some macroeconomic variable (e.g. inflation) is considered as a
possible predictor for future returns. Many studies in this area investigate the predictabil-
ity hypothesis under the assumption that predictor is a stationary AR(1) processes driven

by i.i.d. innovations, and employ techniques that are in general valid only under station-
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arity.?> Nevertheless, there is strong evidence that in certain data sets various financial
and macroeconomic variables are persistent i.e. consistent with stationary long memory
processes (see e.g. Bollerslev et al., 2013) or nonstationary long memory processes (e.g.
see Kostakis et al., 2015; Table 4). Christensen and Nielsen (2007) (see also Chistensen
and Nielsen, 2006), Bollerslev et al. (2013), Bandi, Perron, Tamoni and Tebaldi (2019)
develop methods that allow for stationary long memory predictors. Campbell and Yogo
(2006), Hjalmarsson (2011) consider conservative testing procedures that allow for a NI
predictor. The latter two papers utilise Bonferroni bounds with confidence intervals based
on the inversion of unit root tests (see also Cavanagh et al., 1995). Phillips (2014) shows
that testing procedures based on the inversion of unit roots provide good robustification
for local deviations from unity, but do not perform that well under larger deviations (e.g.
Mildly Integrated or stationary data). The most recent work of Kostakis et al. (2015) inves-
tigates the predictability hypothesis utilising the IVX method of Magdalinos and Phillips
(2009). Magdalinos and Phillips (2009) provide conventional inference in regressions with
NT or MI covariates. Kostakis et al. (2015) demonstrate that the IVX method is also valid
under larger deviations from unity i.e. when the data are generated short memory linear
processes. Further, they provide a finite sample correction for IVX based test statistics
that relates to intercept demeaning. The IVX method has been also utilised by a num-
ber of other studies in the context of predictive regressions. Gonzalo and Pitarakis (2012)
investigate regime specific predictability in the context of threshold regressions while Deme-
trescu et al. (2020) examine episodic predictability in TVP predictive regressions. Both of
the aforementioned papers develop predictability tests that utilise IVX instrumentation. A
comprehensive review of the econometric methodology utilised in this area can be found in
Phillips (2015).

In this section apply the methods of Section 3.1 and 3.2 to investigate the return pre-
dictability hypothesis. In particular, we consider the specification of (15) with a general
predictor and (22) with a stationary predictor (e.g. fractional |d| < 1/2). Both models
allow for nonlinear regressions functions with the latter providing a more flexible functional
form due to TVPs. Therefore, the former specification is more general with respect to
regression space while the latter is more general in terms of functional form.

Functional form is an aspect of modelling that can potentially address misbalancing in
predictive regressions for returns. A well known stylistic fact about short term returns is
that they exhibit very weak persistence with paths closely resembling those of martingale
differences (i.e. I(d), with d = 0). On the other hand most commonly used predictors are
very persistent exhibiting either stationary or non stationary long memory. Misbalancing is

an important issue that has received relative little attention in the predictability literature.

%For instance Stambaugh (1999), Amihud and Hurvich (2004), Chen and Deo (2009), assume that the
predictor is a stationary AR(1) process driven by i.i.d. or Gaussian i.i.d. errors.
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As emphasised by Phillips (2015) -see also Kasparis (2011)-, misbalancing may result to
asymptotically vanishing estimators. For instance if r, ~ I(d) with d < 1/2 (stationary
long memory) and z ~ I(d) with d > 1/2, then then OLS estimator for § in (43) is
B —p 0.

A departure from the usual linear in levels specification can potentially address mis-
balancing issues. For instance Christensen and Nielsen (2007) and Bollerslev et al. (2013)
consider predictive models for returns where the systematic part of the model is of the form
i+ g(zp_1) with g being the fractional difference operator (I — L)? and d the memory
parameter of volatility (x). Note that in this case g(xx—1) is 1(0). A similar but more
general approach is considered by Andersen and Varneskov (2020) who assume predictive

relationships between the short memory components for fractional series of the form
(1 — L)dyyt =U + B/(l — L)det,1 + N,

where y, ~ I(d,) and x; ~ I(d,) are scalar and vector processes respectively, possibly
nonstationary. The regression parameters are estimated by a narrow band type of method,
that also trims frequencies around zero in finite samples. The resultant estimator attains
semi-pametric rates. In particular, it is sub-/n consistent when the regression error is 7;
is 1(0) but can be faster when 7, is of negative memory. Similarly to other spectral LS
methods -e.g. Robinson and Hualde and Christensen and Nielsen (2006)- this approach
requires plug-in estimates for the memory parameters. Marmer (2007), Kasparis (2010),
Kasparis, Andreou and Phillips (2015) and Phillips (2015) suggest that nonlinear regression
functions can potentially addresses misbalancing issues. It is well known (e.g. Park and
Phillips, 1999; 2001) that nonlinear transformations can significantly attenuate the signal
of persistent processes. In fact, a transformed nonstationary process may exhibit a weaker
signal than that of a stationary one. For example, for some measurable function g and zy,
stationary we have >, g (zx) = Op(n), in general. On the other hand for x; ~ I(1) the
following orders apply (e.g. see Park and Phillips, 2001; Berenguer-Rico and Gonzalo, 2014)

Op(n'*?), for g polynomial of order p > —1
= Op(nln(n)), for g logarithmic
ZQ (z1) =
— Op(n), for g bounded
Op(y/n), for g integrable

It can be readily seen from the orders shown above that certain nonlinear transformation
of I(1) processes, may exhibit a very weak signal that can be equal (bounded functions) or
smaller (integrable and reciprocal functions) than that of a stationary process. These orders
can be smaller when z; ~ I(d) with 1/2 < d < 1. Figure 11 provides a graphical illustration

of the effects of certain nonlinear transformations on the paths of an I(1), process relatively
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to those of stationary GARCH(1,1) (i.e. a martingale difference process). It can be seen
that the aggregated paths of a GARCH with those of a transformed nonstationary processes,
may resemble those of martingale difference processes.

TVP and threshold regression models (Gonzalo and Pitarakis, 2012; Demetrescu et al.
2020) entail an alternative form of nonlinearity that can also address misbalancing. In
particular, these type of models allow for episodic predictability events when some time or
state variable is in some regime. For instance, Gonzalo and Pitarakis (2012) find evidence
that stock returns can be predicted by financial ratios when there “bad news” i.e. inflation
exceeds certain level. Transformations relating to threshold models and TVP specifications
can also attenuate the signal of a persistent predictor, and produce sample paths similar to
those shown in Figure 11.

In this Section we will investigate predictability of stock returns using the Welch and
Goyal, 2018 data set. The returns variable (ry) is constructed by taking log differences of the
SP500 index. Further, we consider 4 alternative predictors: Dividend Yield (DY), Earrings-
to-Price ration (EP), Book-to-Market (BM), and a realised variance (SVAR) variable (the
sum of squared daily returns on the SP500). Moreover, we consider three different sampling
frequencies of the aforementioned variables i.e. monthly, quarterly and annual. To get some
idea about the persistent properties of the data we report memory estimates based on the
local Whittle (LW; e.g. Robinson, 1995) and the exact local Whittle (ELW; cf. Shimotsu
and Phillips, 2005) estimators. It can be seen from Table 5 that SP500 returns closely
resemble an I(0) process in all frequencies, while the predictive variables are persistent,
exhibiting either stationary long memory (SVAR in lower frequencies), or nonstationary
long memory - particularly DY, EP and BM.

We investigate return predictability by utilising the inferential techniques of Section 3.1
and 3.2 for FP and TVP models respectively. The CTLS techniques for FP models allow for
a very general regressor space, capable of handling all predictors under consideration. On the
other hand CTLS techniques for TVP models allow only for stationary or close to stationary
long memory. Therefore for will only consider the SVAR predictor for TVP models that
appears to have memory characteristic closer to the permissible regression space. Note that
for monthly data memory estimates are slightly above the nonstationarity threshold (i.e.
d = 1/2), nevertheless the simulations show that for these values tests exhibit reasonably

good size even in situations of very strong endogeneity.

FP regressions. First, we consider FP regressions with DY, EP, BM and SVAR as a

possible predictor, and five alternative regression functions (cf. eq. (15)):
f(z) = {z,In(x), 2"%, 2" 2"} .

In particular, we consider the linear specification that is widely used in practice and four
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Figure 11: Paths of GARCH(1,1) Vs Transformations of I(1)

GARCH VS P1 GARCH+P1

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400

GARCH VS P2 GARCH+P2

450

500

05y

\'W.F | i

| “I H M’

“‘H

’u
0 W ‘(M

I‘{‘
\“~

[ ‘« (
“\5‘”‘\”“ W v‘n‘f\‘““w b J“‘\‘M |

Ll
il ‘

| -

500

1 05
15 ‘ ‘ ‘ ‘ ‘ ‘ 4 ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400 450 500 0O 50 100 150 200 250 300 350 400 450
5 GARCH VS P3 . GARCH+P3
15 - - RAC e
Y S i & d b
", 2+
]
05f " \ u” W 1
\ | [
|
u(( I AL \\ ‘.l U I M\‘ I i M i i
0} N((‘W‘wai " ‘l‘ i Mﬂm \| ol
0.5 |
A
-
15 ‘ 2
0 50 100 150 200 250 300 350 400 450 500 0O 50 100 150 200 250 300 350 400 450

P1: 0.5z; P2: 0.5|2"%%; P3: 0.5In(|zk]); ok — ap—1 ~i.d.N(0,1); GARCH(1,1) with param.
0.01,0.45,0.45.

additional regression functions that exhibit reduced growth rates relative the linear one.
Nonlinear transformations of various predictors such as logarithmic and square roots have
been employed by a number of studies (see e.g. Lewellen, 2004; Bollerslev et al., 2013;
Anderson and Varneskov, 2020). Specifications of reduced growth could alleviate issues of
misbalancing. Misbalancing is more likely to be committed in situations where the predictor
exhibits extreme persistence as in the case of DY that appears to be far more persistent
than a unit root process, particularly in higher sampling frequencies.?®

Table 6 reports the values of 7' for the hypothesis Hy : 8 = 0. The alternative hypothesis

can be either one-sided or two-sided. We utilise the CTLS test statistic of (20) that is

26The EWL estimates suggest that DY has memory parameters significantly above unity for all sampling
frequencies. Further, EP annual observations appear to be more persistent than a unit root. Note that the
LW estimates are slightly below unity, nevertheless it is well known that the LW estimator converges to
unity for d > 1 i.e. it is inconsistent (cf. Phillips and Shimotsu, 2004).

26

500



Table 5: Memory Estimates (bandwidth n%5)

Monthly Quarterly Annual

LW ELW | LW ELW | LW ELW
Returns || 0.07 0.069 | 0.14 0.15 | -0.12 -0.08
DY 0.96 1.76 | 0.91 1.55 | 0.83 1.31
EP 0.92 1.22 | 0.79 0.85 | 0.72 0.81
BM 0.99 1.02 | 0.74 0.77 | 0.63 0.65
SVAR 0.53 0.53 | 0.46 0.47 | 0.33 0.35

capable of accommodating GARCH effects in the regression error. It can be seen that for
monthly data, there is some evidence of predictability for EP (10% level for one-sided test)
and BM (5% level for one sided) test. Interestingly, for the BM predictor T attains its
maximal value for the reduced growth rate regression function 2%2°. The CTLS procedure
suggests no predictability for quarterly data. Finally, for annual observations there is limited
predictability evidence for EP (10% level for one-sided) and some robust findings for DY (5%
level for one sided test). For the latter predictor, the maximal value of T is attained under
the logarithmic specification. Overall, the strongest predictability evidence (significant at
5% level - one sided tests) are associated with the regression functions f(z) = x%% %5 for
the BM variable and f(z) = In(x) for DY.
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Table 6: Values of T for the hypothesis Hy : =0

f(x) T In(z) 2025 205 2075
Monthly

DY (n = 1775) 1.135 0.639 0.85 1.08 1.16
EP (n = 1775) 1.637¢  1.024 1.099 1.464° 1.615
BM (n = 1173) 1.482¢  -0.887 1.843%8  1.705%B  1.581¢
SVAR (n = 1606)  -0.47 N/A 0.037 -0.157 -0.338
Quarterly

DY (n = 591) -0.859 -0.613 -1.127 -1.006 -0.914
EP (n = 591) -0.077 -0.279 -0.864 -0.555 -0.306
BM (n = 391) 0.535 0.829 0.044 0.228 0.393
SVAR (n = 535) 0.198 -0.322 0.189 0.154 0.164
Annual

DY (n = 147) 1.58° 1.885%B  0.613 1.384¢ 1.618°
EP (n = 147) 1.177 1.333¢ 0.462 1.094 1.266
BM (n = 97) -0.307 1.036 -0.625 -0.517 -0.41
SVAR (n = 133) -0.426 -0.153 -0.068 -0.22 -0.351

a, b, ¢: signficant at 1%, 5% and 10% level respectively for two-sided test
A, B, C: signficant at 1%, 5% and 10% level respectively for one-sided test
N/A: statistic cannot be computed due to near singularity of some matrix

TVP regressions. We next consider TVP models with SVAR as a predictor as per
(22). The memory estimates for the SVAR variable are between 0.35 and 0.53. Recall that
our theoretical results demonstrate that CTLS; inferential methods for TVP models are
valid for predictors that exhibit stationary long memory. As remarked before (e.g. Remark
13), we expect that Theorems 9 and 10 are also hold for fractional d = 1/2 and MI processes.
Further, the simulation experiment suggests the that proposed tests perform reasonably well
for memory parameters slightly above d = 1/2.

We first provide estimates for p(7) and S(7), 7 € (0,1] based on the LLev and the
LLin CTLS; estimators (see Figure 12). For the former we choose bandwidth ¢, = n?,
with ¢ = 0.4 and for the latter ¢ = 0.35, which is slightly slower. These choices are close
the maximal over-smoothing allowed, given the theoretical constrains?’, and provide good
performance both in terms of size and power according to the simulation study. It can be
seen from Figure 12 that there is some time variation in both parameters for all sampling
frequencies. First, the intercept parameter appears to be eventually increasing. Its maximal
value for monthly returns is about 1% and for quarterly around 2%. The maximal value
of the intercept for annual returns is higher, as expected due to compounding, and equal
5% approximately. The value of the slope parameter for monthly returns appears to be

overall negative while for medium and long run returns (i.e. quarterly and annual) the slope

?7i.e. condition (e) in Theorem 7 and 8.

o8



parameter varies around zero with some positive episodic events.

For a more rigorous investigation of episodic effects we utilise the LLev and LLin tests
for the hypothesis Hy : 5(7) = 0. Rolling t-statistics are shown in Figure 13. We emphasise
that these tests are pointwise for each 7 € (0, 1]. For monthly returns, both test statistics
indicate significant predictability for 7 > 0.7. In particular, for certain sub periods there is
very strong evidence for negative predictability. In some cases the null hypothesis is rejected
at 1% significance level even for two sided tests. For quarterly and annual returns there is
some evidence of positive episodic predictability but is not as strong as those for monthly
returns. In particular, for quarterly returns both tests reject the null at 5% significance
(one sided tests) when 7 is between 0.6 and 0.8 (approximately). For monthly returns the
null is rejected at 5% significance (one sided tests) only by the LLin test for 7 < 0.15 and
7 > 0.9. It should be noted however that the tests for quarterly and annual data are not
that powerful due to sample size restrictions. Recall that the sample size for monthly data
is n = 1606 while for quarterly and annual is n = 535 and n = 133 respectively.

It is worth comparing the findings for the SVAR predictor in the context of FP models to
those for TVP models. All the FP-CTLS tests retain the null hypothesis for non predictabil-

ity when SVAR is utitilised as a predictor. In fact, the values of ‘T‘ are very small in this

case. The maximal value of ‘T‘ corresponds to a p-value equal 0.66, which is substantial.
On the other hand all the CTLS; tests for TVP models suggest that there is evidence for
predictability with respect to SVAR. This is discrepancy between FP and TVP models is
expected in situations where time variation in regression parameters is neglected. As men-
tioned before (i.e. Section 3.3), parametric (e.g. OLS) and semi-parametric estimators (e.g.
CTLS, IVX), under certain regularity conditions, converge to pseudo-true values of the form
fol B(7)dr when there is time variation in the slope parameters. This integral functional is
a chronological average of the TVP parameters. As a consequence, predictability episodes
tend to be averaged out when FP empirical specifications are utilised. As a consequence,
inferential procedures based on FP estimators exhibit poor power performance in situations
of neglected time variations in the parameters.

Finally, we utilise the LLin t-test for the hypothesis Hy : du(7)/07 = 0 i.e. no time
variation in the intercept of (22). As explained in Section 3.3, neglecting time variation in
the parameter of interest (i.e. 3 here) results in poor power. On the other hand neglecting
time variation in a “nuisance parameter” e.g. the intercept or the slope parameter of some
other covariate is likely to result in inferior size control due to incorrect centering. Therefore,
in practical work it is useful to know if there is time variation in the intercept. Figure 14
reports values for rolling t-statistics for the latter hypothesis. The tests show evidence
for some episodic variation in the intercept for monthly and annual returns (significant at
5% level for one-sided tests). In practice, it could be the case that time variation in the

intercept is more substantial than what these test suggest. First, note that inference based
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on derivative estimators yields less powerful tests because derivative estimators attain slower
convergence rates than those attained by ordinary estimators. In particular, the divergence
rate of the derivative based LLin test statistic is O, (\/n/c;q’l) while its non derivative

counterpart attains divergence rate of order O, (wn/ cn>. Therefore, our findings on the

time variation of the regression intercept are likely to be conservative.
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Figure 12: Local Level/Linear TVP Estimates

%107 Intercept Estimates, Monthly Data Slope Parameter Estimates, Monthly Data

=D
2 s s s s s s s 25 s ‘ s s . \ |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0,025 Intercept Estimates, Quarterly Data o5 Slope Parameter Estimates, Quarterly Data

0.02

0.015

0.01

0.005

0 I I I I I I I | 1 I I I I I I I

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Intercept Estimates, Annual Data 6 Slope Paremeter Estimates, Annual Data
0.06 S [
0.04L e N 5
0.02| al.

el 3L ' J— LLeV’ q= 4
-0.04 2 ~ L Lin , Q=. 35

-0.06

-0.08 |-




¢9

Figure 13: Local Level/Linear t-statistics for Hy : (1) =0
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Figure 14: Local Linear t-statistics for Hy : Ou(7)/0T =0
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APPENDIX

Throughout the remaining paper, we assume that C,Cy, C,C5, ... are positive constants
that may take a different value in each appearance and let Ky, := Zg.”:l K [cn(k/n —1;)] as
in (16).
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6 Proofs for Section 2

6.1 Preliminaries

We start with two preliminary lemmas, which provide significant extension to Lemma 4.1 of
Hu, Phillips and Wang (2021) and include (8) and (10) as a corollary. The proofs of these
two lemmas will be given in Sections 6.6 and 6.7, respectively.

Let { X,k }k>1n>1, where X, ¢, be a vector random array. When there is no confusion,
we also use the notation X, = X, ;. Let {vx}r>1 be a sequence of random variables, and

G(q)) and K(z) be Borel functions on R. For 0 <7y <75 < ... <7 < 1, set
Cn 1 ¢
Spi = - ; G(Xnk)vki z; K[cn(k:/n — Tj)] :
= J=

where {c,},>1 is a sequence of positive constants. Our first result investigates the asymp-
totics of .S, .

Lemma 1. Suppose that

(a) there is a continuous limiting process Xy such that X, jny = X; on Dg[0, 1];

(b) sup,>; Elvi| < oo and there exist Ay € R and 0 < m := m,, — oo satisfying n/m — oo

0 that max,<j<n—m F |% ;:;?11 v — A0| = o(1);
(c) G(q) is continuous;

(d) K(x) has a compact support or K(z) is eventually monotonic so that [ |K| < cc.

Then, for any fized | > 1, ¢, — 00 and ¢, /n — 0, we have

l
1
S = 7jzlG(){MWJ.])AO/K+0P(1>

If in addition 7; = j/(l, +1),7 = 1,2, ..., l,, where I;' +1,/c, — 0, then
1 1
Sni, = / G( X,y )dt Ag /K +op(1) —4 / G(X,)dt Ay /K. (45)
0 0

Remark 20. Weak convergence in (a) and continuity of G(q) are essentially necessary for this
kind of result. The result can be extended to the case that G(q) is locally Lebesgue integrable

if we impose additional smoothness conditions on X,;, but it involves more complicated
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calculations. We do not pursue the extension to keep this paper under reasonable length. It
is worth to mention that no relationship is imposed between v and X, and condition (b)
is satisfied with Ay = E'v; whenever v; is ergodic (strictly) stationary satisfying E|v;| < oo
and %22:1 vy —r, Fvy. This fact will be used in subsequent sections without further

explanation.

If we are only interested in the boundedness of S, ;, condition (b) can be reduced as seen

in the following result.

Lemma 2. Suppose that conditions (a), (c¢) and (d) of Lemma 1 hold and {vy}r>1 is an
arbitrary random sequence satisfying supys, E|vi| < co. Then, for any | > 1 (allowing for

=1, — ), ¢, = o0 and c,/n — 0, we have
c n 1 l
S GO0 ol D Kfealk/n - )] = 0p(1). (16)
k=1 j=1
If in addition 7; = 5/(L, +1),5 = 1,2, ..., 1, where l,1ogl,/c, + 1,1 — 0, then

Z|G k) |vk|— Y Kleak/n—7)|Kea(k/n—1)] = op(l),  (47)

1<z<j<ln

e S 16X ol (2 S ket -n)) = 1), (19

noi—1

) S lemllal (7 Yo Kleakn=1)])" = o). (19

Remark 21. The results in Lemmas 1 and 2 still hold in case that K(z) is replaced by
27 K'(z) for any j > 0 and any [ > 1 under additional condition [ |27K'| < co. This claim
is obvious from the proof of lemmas with minor modifications and will be used in the proofs
of main results without further explanation. Furthermore, by letting K*(z) be an another

positive function satisfying the same condition as that of K(z), the same argument as in
the proof of (47) yields

Z|G nk||vk|— Y Klea(k/n— )] K*[ca(k/n—7;)] = op(1). (50)

1<z<]<ln

This, together with Lemma 1, implies that

S G e YK [enlhfn = )] S K e/ = 7)

1 1
— / G(Xm[nﬂ)tho/KK*—kop(l) %d/ G(Xt)thO/KK*. (51)
0 0
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Equation (51) shows the effect of employing “double trimming” i.e. sample functionals

that involve two kernel functions, which will be used in the proofs of Theorems 4 and 5,
and (14).

6.2 Proof of Theorem 1

We only consider My, , i.e., (9), since the limit result for Si:?gn given in (8) follows easily
from Lemma 1 with G(x) = 1 and v, = &/g(zg_1)o}" for any a € RP.
Set Qppn = %a’g(mk_l)ak%Zé’;ll{[cn(k/n —7;)] where @ € RP. Using (47) in

Lemma 2 with G(z) = 1 and v, = [/ g(24_1)0%]?, we have

@k = Z3 o £ Y K2 ealhfn - 7))+ or()
= E[a/g($1)02]2/K2+0p(1) (52)

where the second equation follows from Lemma 1 |K () is replaced by K?(z)] with additional
Ay = E[d’g(zp_1)ox]*. In terms of (52), it follows from the classical martingale limit
theorem (c.g., Hall and Heyde,1980, Theorem 3.2 or Wang, 2014, Theorem 2.1) that, to

prove (9), it suffices to show

max |Qrn| = op(1). (53)

1<k<n

Note that for any A > 0,

1/4
1<k<n

max [Qrn| < {Z Qknd Ug(zir)onl > A}} + {Z Qknd {lg(zr1)ox| < A}}
k=1 k=1

= IT,,(A)Y? 4+ 11, (A)Y2,

Similar arguments used in (52) show that the first term

ln

L1, (A) Ha|l2% > llglar—s)owl® I {llg(wr-r)on]| > A} % Z K? [ea(k/n — 7)) + op(1)

IA

= [lal*E llg(z1)oz]” I {|lg(z1)o2]| > A}/K2 +op(1) = op(1),

where we take n — oo first and then A — co. On the other hand, by using (49) in Lemma
2 with G(x) = 1 and vy, = 1, the second term

n In

(4) < 4" (2)"3 (= S0 Klealbn—7)]) = or)

k=1 j=1
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for each A > 1, as n — co. Combining these facts together, we establish (53). The proof of

Theorem 1 is now complete. O

6.3 Proof of Theorem 2

As in the proof of Theorem 1, we only consider My, ,, , i.e., (11), since the result for S;ZZ;H
given in (10) follows from Lemma 1 with v, = o', m = 0,1 or 2, respectively.

Set Qi = /2 g(Xnp-1)0k \/% Z;”:lK [cn(k/n — 7;)] where v € RP. Noting that
fol 9( Xy [ng))dt is a continuous functional of X, ), the limit result of (11), jointly with (10),

will follow if we prove that, for any o € RP.

{Xm[nt], é@kmuk} N {Xt, MN (0, Eo? /O 1 [&/g(X,)] dt / K2)} (54)

on Dg:[0,1]. First note that, by using (47) with vy, = o7 and G(.) = a/¢(.) first and then
(45),

n n In

Qo = 23 [0 g(Xup ) o - D K [ealk/n — )] + 0p(1)

k=1 k=1 noj=1

= Eaf/o [a’g(Xm[nt])]th/KQ+0p(1). (55)

It follows from A3(a) and the continuous mapping theorem that

[nt] [nt] n

1 1
_Zflm _Zg_k’ Xn,[nt]) ZQi,n
{\/ﬁ k=1 \/ﬁ k=1 k=1 }
1
= {BlthQMXtaU%/ [Oz’g(Xt)]2dt/K2},
0

on Dga[0,1]. Recall that A1 and Qy,, is a functional of &, &1, .... By using Theorem 2.1
of Wang (2014) or Theorem 3.14 of Wang (2015), the limit result of (54) will follow, if we

prove
max |Qk,n| = OP(1)7 (56)

1<k<n

and
2= 3 (Qual = op(1). (57)

In fact, by recalling the fact that ||g||* is still continuous, it follows from (49) with
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lvg| = o in Lemma 2 that
n
4
[maxj0nl] < Dok
k=1
In

< "“"4<%>2i oK)l ot (2 30 K leall/n=)]) = 0(1),

yielding (56). Similarly, by recalling [,,/¢, — 0 and using (46) in Lemma 2, we have

=l = ol o oKl 2L K lelbn =)

I~

k:
I, Cn
_ |a||\/ Z|||ak|g - II—ZKCn k/n—1;)]
= =op (1
or(fE) -t
which shows (57). The proof of Theorem 2 is complete. O

6.4 Proof of Theorem 3

To show Theorem 3, we only prove (12) since (13) is a direct consequence of (12) and
Theorem 2.

Recall Ky,, = Zé.":l K [cn(k/n — 7;)] . Notice that, by the condition (b), we may write

n ln

Cn _ m [ 1
LY (d) " glenm) o { = D K fealk/n— 7)) |
k=1 =1
Cp, _ m
- n_ln;H(Xn,k—l)o-k Kkn +A1n7

VoS nZKcnk/n ) ]
\/gzﬂ Xok—1)0k Kpntg + Aoy,

where R(\, z) = [Ri(\, x),..., Ry(\, )]’ and

C, _
At = n_lnz,c: 7 (dn) ™" R(dn, X k1) 0k Kien,
Cn — _
Ao = n—zn; 7 ()™ Rdn, Xog1) 0% K .
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Result (12) follows from Theorem 2 with g(z) = H(x) if we prove
‘O/Ain‘ = OP(1)7 L= 1727 (58)

for any o = (v, ..., ) € RP,
We only prove (58) with ¢ = 2 since the proof of |&/Ay,| = op(1) is similar except
simpler. Set, for A > 0,

En,ln \/ ZOHT R(d,, Xpj—1)I {| X -1 < A} o4 Kpuy,.

Note that as n — oo first and then A — oo

P (O/Agn ”] En,ln(A)> <p <max Xosoa| > A) . (59)

1<k<
For any € > 0 and A > 0, we have
- - 2
Pl Bl 2 €) < P (/0 # B, (4)) + € 2B Ry, (4)]

Now |/ Ag,| = op(1) follows from (59) and the fact that as n — oo for any A > 0

- 2
E R (4)] < CZE\M R(dp, Xot) | T{Xpa| < A} o? K2,
c
< C|la? (1 + A% Ki, =0,
_n||||(+ Zakkn
where €, = maxj<;<, |[mi(d,)] " ai(d,)| — 0 and we have used (48) of Lemma 2 (with
G(z) =1 and v;, = 07). The proof of Theorem 3 is now complete. O

6.5 Proof of (14)

Proof of (14) is essentially the same as that of (12). We only provide a outline. For any

a, B eR, let
Cn

Qk’,n - nln

(O{HQ(Xn,k—l)Kk‘n + B KZn) Ok »

where K} = Z;’;l K*[c, (k/n — 7;)]. As in the proof of (12), we have

(0% Uln + 5 U2n - Z@k,n U + 0P<]-)-
k=1
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Note that, by using (51) and Lemmas 1 and 2,

n

1 B 1 1 .
Fo? > Qi = o /0 H2( X, )t / K? + 208 /O Hoy( X )t / KK
k=1
48 (10 + o),
as in the proof of (55). It follows from A3(a) and the continuous mapping theorem that,

for any o and 8 € R,
{_ fk’ s é‘*k‘u XTL,[TLt]7 Qi,n}
\/ﬁ k=1 \/ﬁ k=1 k=1
= {Blt7 BZtv Xt7 EO—% [Oé,ﬂ]v[a,ﬂ],},

on Dga[0,1]. Similarly, we may prove that (56) and (57) hold with Qy, being replaced by
@k,n. As a consequence, (14) follows from Wang (2014) as in the proof of Theorem 2. O

6.6 Proof of Lemma 1

We only prove (45), as the proof of (44) is similar except more simpler. We start with the
proof of (45) by assuming that there exists an A > 0 such that K(x) = 0 if |z| > A and
K(x) is Lipschitz continuous on R. This restriction will be removed later.

Without loss of generality, suppose A = 1. Set 61,; = [n(1; — 1/c,)] V 1, 02p; =
n(r; +1/¢,)] V1 and 6, ; = [n7;]. Recall 7; = j/(1,, + 1). Since

|Cn(k/n - T])| <1 Only if 51n,j S k S 52n,j7 .] = 17 "'7ln7 (60)

by letting Rln,j = % Z?:nzgjln] Vg K[Cn(k/n - Tj)} and

52n,j
Buy = = 3 [G(Xw) = G(Xas,,)] o0 K[ealk/n—7)].
k:dln,j
we have
1 In c n
Spp, = T - G(Xnk) vk K[cn(k‘/n — Tj)]
moj=1 Lt
1 & c d2n,j
- G(Xns,) 7 k; S K [eq(k/n — 7))]
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=g

l 2n
1 e
S0 SN [6(X) — (X)) 00 K ek =)
7=1 n k= 51,LJ

&,

3

~

1 & 1 &
= E 2 G(Xn,an,j) R+ E Z Ry,
| |
= l_ nénj /K + - ZG nén] Rln] A /K} +Z_Z RZn,j
L " =1
1 &
= T G(Xn,én,j) AO/K + Rip + Rop.
n =1

Since + Zj L G(Xos,,) = fl G(Xnny)dt 4+ 0p(1) =4 fol G(X¢)dt, it suffices to show that
R = op(1), j=1,2 (61)

To prove (61), we start with some preliminaries. Recalling X,, jnq = X; on Dg|0,1] and
the limit process X (t) is path continuous, we have X, ,j = X; on Dg[0, 1] in the sense of
uniform topology. See, for instance, Section 18 of Billingsley (1968). This fact implies that

: : S _
lim sup lim sup P(lrgnlgg}iz | Xk| > N) 0, (62)

N—o0 n—00

and by the tightness of { X, .4 }o<i<1, for any € > 0 and § > 0, there is some § = (e, d) > 0
such that

P( sSup |Xn,[nt} - Xn7[ns]| > 6) <e (63)

ls—t|<é

holds for all sufficiently large n. In terms of (63), for any 6 > 0, we have

lim P( max max | Xk — Xou| > 0) = 0. (64)

n—o0 ISJSln 61n,j§l§k§52n,j

We are now ready to prove (61), starting with j = 1.
For any N > 0, we let Gy (x) = G(x)én(x) with

17 |:L‘| S N7
ev(z) =4 2 |z|/N, N <|z| <2N,
0, |z| > 2N,

and

ln
Rln ZGN n5nj) [Rlnj A /K]
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Note that, as n — oo first and then N — oo,

P(Rin # Rip) < P<1r£1ax X, > N) =0, (65)
and
Cy &
e N
|Rin| < Z; |Rinj _AO/K|’ (66)

where Cy = sup, |Gn(x)| < oo is a constant depending only on N, due to the continuity
of G(x). Result (61) with j = 1 will follow if we prove

max E|Ry; —AO/K| — 0, (67)
1<5<ly,

as n — oo. Indeed, by virtue of (66) and (67), we have E|Ry,| — 0 and then Ry, = op(1)
for each N > 1. This, together with (65), yields Ry, = op(1).

Since, as n — 00,

02n,j

S0 Kleathn—r)) - 5]~ ()

max
1<j<ln

to prove (67), it suffices to show that max;<;<;, F|A,(7;)] = 0, where

02n,j
Cp,

A1) = — (vp — Ap) K[cn(k/n — Tj)].

n
k:&ln,j

Let v = v, be integers such that v — oo and yc¢,/n — 0, T, ; = [01n;/7] and Th,; =
[02n./7]. Noting (60), we may write

52n,j

Au(ry) = = ) (06— Ag) K [ea(k/n — 7))]
k_élnj
TQnJ (S+1

= %” Z Z (vk — Ao) K [cn(k/n — 75)]

s=T1pn,; k=svy

Ton,; (s+1)y
< TS0 Klealsy/m=m)lo| Y (o~ o),
5=T1n,; k=svy
Cn Ton,; (s+1)y
FEST ST foe— Aol [ K [en(k/n = 73)] = Kea(s7/n = )]

5=T1pn,; k=svy

= Arn(75) + Aon(7))-
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Recall supy>, E|vy| < oo by condition (b), it is readily from the Lipschitz condition on K (z)
that

5271,7
YCn Cn YCn
EA,, (1)) <O L2 § Elv, — Ao| < C 2 — 0,
2n(75) < non & |V, of < n
=01n,j

uniformly in 1 < j <,. Similarly, by using condition (b), we have

s+
N < — _ ,
2, Bn(n) < gz B2 o= ol sy Anr) =0,
=s
where
~e Ton,;
n
Ay (15) = - ; K[cn(sy/n - Tj)],

S=11n,j

and we have used the fact that max;<;<,

Agn(1) = [ K’ — 0. Combining all these facts,
we prove (67), and complete the proof of Ry, = op(1).
We next show Ry, = op(1). Let }§2n = ﬁ Zé.”:l ng, where
52n,j
R2n7j = — [GN (Xnk:) — GN(Xn,én,j)] Vi K[Cn(k‘/n — Tj)}.

k=01n,;

In terms of (62), we have

as n — oo first and then N — co. Result Ry, = op(1) will follow if we prove Rs, = op(1),
for each fixed N > 1.

Recall that Gy (x) is continuous with compact support. For any € > 0, there exists a
de > 0 so that |Gy (z) — Gy (y)| < € whenever |z — y| < 6. Write

Q5. = {w: max max | Xk — Xou| < 6c}-
: 1< <y 81y U<k <o

By virtue of the facts above and (68), it is readily seen that

max E [|§2n,j|](956)}

1<j<In
c 6277.,]'
< B Xoi) — Gy (X)) 2 K [ealk/n = 7)) }
- 1%?1{7161%]-%?3&13;5%,]-'(;]\[( k) = Gy (X n, ;:H [vs] K [en(k/n = 7)]
=01n,j
c 62n,j
< esup Elu| = Z K [ca(k/n —1;)] < Ce,
k21 [
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where Cy is a constant depending only on N. Now, for any 7, > 0 and 1, > 0, let € = 112
and ng be large enough so that, for all n > nq [recall (64)],

P( max max | Xk — Xou| > 56) < 1.
1<5<ln 61n,; <ISE<b2n,;

It is readily seen that, for all n > ng,
P(|Ron| >m) < P(Q5.) + 0t » ZE |Ron i1 T(25,)] < Cwo
7j=1

where s, denotes the complementary set of 5, and Cly is a constant depending only on
N. This yields ﬁgn = op(1), for each fixed N > 1, and completes the proof of Ry, = op(1) .

We finally remove the restriction on K and then conclude the proof of Lemma 1.

If K has a compact support, there exists A; > 0 such that K (z) = 0 holds for all |z| > A;.
If K is eventually monotonic (without loss of generality, we assume K > 0), for any € > 0,
we can also choose a constant A;. > 0 such that K(z) is monotonic on (—oo, —A;.) and
(Aqe, 00) and f 2> Ar, K(z)dz < e. As a consequence, it follows from [ K < oo that, for any
e>0 and A > max{A;, Ai.} + 1, there exists an K, 4(z) such that

[ 1= Kol < 2 (69)

where K. 4(z) = 0 if |x| > A and K, s(x) is Lipschitz continuous on R. It has been shown
in the first part that, for any ¢ > 0 and A > max{A, A;.} + 1,

cn
l Z ZG nk Vg CA[Cn(k/n_T])}
Jj=1
1 1
= / G(Xn,[nt]>thO/Ke,A+0P(1) —)d/ G(Xt)thO/Ke,A'
0 0

To show (45), it suffices to show that, as n — oo first and then ¢ — 0 (implying A — o0),

Sne = 1 j{: Qlj{j(} o) Ok K [en(k/n — 73)] = 0p(1), (70)

where K (z) = K(z) — K. ().
The proof of (70) is similar to that of (61). For any ¢ > 0, take A be given as in (69).
First note that, as in (68),

A ~
sup —Z ’K calk/n— )| I(culk/n — 5] < A) — /_A ]K(m)\dx‘ — 0,

1<5<ly,
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when n — oo, i.e., whenever n is sufficiently large,

Ay Z}Kcnk:/n—T]HIcn|k/n—T]]<A /|K )|dz + € < 3¢,

k=1

uniformly for 1 < j <[,. On the other hand, it follows from the monotonicity of K(z) on
(=00, —A) and (A, o0) that, whenever n is sufficiently large,

Ay = %Z|IN([cn(k/n—Tj)”](cn|k/n—7'j|>A)

= %Z K [eq(k/n— 1)) 1(colk/n — 75| > A)

< / K(z)dzr < / K(x)dr < e,
|z|>A—cn/n |z|>max{A1,A1c}

uniformly for 1 < 57 </,,. By using these facts, when n is sufficiently large, we have

l n In
1 <& e ~ 1
Z_Z %Z}K[cn(/ﬁ/n—@ Z_Z Ay + Ayj) < e
"oj=1 k=1 j=1
Now, for any 6 > 0, by letting
1 In n _
neN—E;ﬁ £ nk)UkK[cn(k/n_Tj)}

and noting the uniformed boundedness of G(x), we have

P<Sne7éSnEN)+P<|Sn€N| >5)
P( max | X k| > N) + 6 E|Sn N

1<k<

P(|Snel > 9)

IN

IN

P( max | X,x| > N) + o670y supE|vk| —Z n Z !K Cn k:/n—T])”

1<k<n
jl k=1

IN

P( max |X,;| > N) +Ciyed ' =0

1<k<n

as n — oo first, N — oo second and then ¢ — 0. This proves (70) and hence completes the

proof of Lemma 1. O
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6.7 Proof of Lemma 2

We first prove (47) and, without loss of generality, assume K > 0. Using similar arguments

as in the proof of (61) or (70), it suffices to show that, as n — oo,
Z > Klealk/n— )] K [cn(k/n = 75)] = 0.
1<z<]<ln

Take 1,;; = $n(7; + 75). Note that ¢,(k/n — 1) > ¢,(j —4)/(2(L, + 1)) if k > 1, and
len(k/n — 1) > en(j —9)/(2(L, + 1)) if & < 1y It follows from K(x) < 1/|z| as x is
sufficiently large 2% that

L =~ 3 = ZK enlk/n — 1) K [ea(k/n — 1)]

1<z<j<ln
C I +1 ¢,
> P rr % S (K [ealk/n — )] + Kealk/n —17)])
Mi<i<i<l, " J k=1
< g #SC[nlogln/cn—HJ,

c —1
" 1<i<j<ly J

as required.
The proof of (46) is similar to that of (47) and hence the details are omitted. Result

(48) follows easily from (46) and (47). As for (49), it follows from the similar arguments as
in the proof of (61) and the fact: as n — oo,

n In

E% ; (% ZlK[cn(k/n —))
"1

< 2( 2 <ml§nlf(2 cn k/n—T])])

+8( )? (ll 3 Kcn/c/n—n)}K[cn(k/n—Tj)D2

k=1 1<i<j<ln

ln
< 2(]2( )’ ( 1 > K e k/n—Tj)DerSIﬁ%O,
j=1

TT
I
=
?!

due to (47) and (48). O

2Since [ K < oo and K > 0 is eventually monotonic, we have that K is decreasing on (A;,c0) for some
Ay >0, and

K(z)/2 < / K(t)dt — 0, 2 — +oo,

Similarly lim xK(z) = 0. Hence K(z) < 1/|z| as x is sufficiently large.

r—r—00
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7 Proofs for Section 3

We next provide proofs for the results of Section 3.

7.1 Proofs of Theorems 4 and 5

We only prove Theorem 5 since the proof of Theorem 4 is similar except simpler. Let

¢ — B R N

Ay, = n—ln;ﬂdn) 22 (vh-1) Kin, A2n:n_ln;7r(dn) Yf(@po1) Kgn,
Cn — B i}

Asn = _Zﬂ—(dn) () Ky,

nl,
k=1
[c | En
Bln — Z zk 1) Kkn O Uk, B2’I’L ZK]WL O Uk-
" k=

Recall (18), Ky, = Y0y K [ca(k/n — 7)), Kfyy = S0 K* [en(k/n — 7)) and Zyy = f(@3-1) Kpn.
We have 237" | K} = [ K* + o(1) (c.g, Lemma 1) and it follows from (12) of Theorem
3 2% and (10) of Theorem 2 that

Cn, 1 " —
n T
nl, 7%(d,) ; enl

= S ) o) K [ o) - ST D

_ G, /K +op(1), (71)

. 2
where C,, = fol H?( X, g )dt — [fol H (X, [ny)dt| . Similarly, by using Theorems 2 and 3, we

have

n
) k=1

¢, 1
nl, (d,)
29We mention that f™(z),m = 2,3, ... still are asymptotic homogeneous, i.e., f™(x) for each m = 2,3, ...
still satisfies the condition (b) of Theorem 5. Indeed, by the definition of f(z), we have

fPx) = 7°(\)H?*(2) + Ri(\, @),
where
[Ri(\ @) < 20V [H ()[R @) + R*(X2) < ax(A)(1 + [T
with a1 (A\) = 27(A)a(\) + a?()\) satisfying a;(\)/72(\) — 0 as A — oo. The proof for m > 3 is similar, we

omit the details.
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_ /G - D oney m(dn) ™ f (1) K] [Py K ok i)

= A, B, +op(1), (72)

where /Aln = [1, _ b H(X}’Zf)dth] and B, = (Bln,B2n)/- Since both én and ﬁn are

continuous functionals of X, (.4, a simple application of (14) yields that
nl, \/Err(dn) > k1 Zin®h
n(d) (8-8) =
Cn il 7( dn)2 >kt Zin i
N -1
— (Cn/K> A, By + op(1)

—q Ec?MN (0, C3?%AV5A%), (73)

as required. The proof of Theorem 5 is complete. [

7.2 Proof of Theorem 6

We only prove Theorem 6 under the conditions of Theorem 5. The other is similar. Define

v = | o B Kug) At [ K> [ H (Xopun) dt [ KK Vi Vaao
fo H (Xn,[nt]) dt fKK* f(K*)2 Voot Vi
Letting D, :diag{ﬂ(dn), / %, ,/%}, we first claim that
D—lv D—l — ;TT;W( n)72 ZZ:I éngnflg Cn ﬂ-( ) Zk’ 1 K;nKknfk
! ! ( n)_l ZZ:1 ézKl:nKknfk yann Z 1 k(KZn)
_Vn 11 Vn 12 2
_ ! = Eo?V, + op(1). (74)
_Vn,21 Vn,22 '
To prove (74), it suffices to show that, for i, 7 =1 and 2,
Voii = FEoiV,i+op(1). (75)

We only prove (75) for i = j = 1. Others are similar and hence the details are omitted.
Recall that & = yj, — 0'f, = ey, + (0 — 0)'f,, where § = (11, 8) and £, = [1, f(2)_1)]. Since,
by Remark 7, [|(0 — 0)'f|| < |a@ —u| + |8 — B | fu] = op(1) [1+ 7(dy)~" fi], it follows that,
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uniformly for £ =1,2,...,n,
&2 = oui +op(1) [1 +otu; + 7 (d,)” ka}

As a consequence, we have

nl -

Vn,ll = — Tr(dn)_Q Z ékKlznfk?

c
n k=1

nly, e
= [1op()] —m(d)? Y otui KR,
n k=1

n

+op(1) 2 w(d) 2 3 1+ 7(da) 2 57] KE
= [1+0p(1)] Rin+o0p(1) R;n. (76)

Let v, = ofu}. By recalling that E(u}|Fy_1) =1 and o, are F;_; measurable, it is readily
seen from A3(b) and sups, Fu; < oo that Ay := Eo} = Eu, for each k > 1 and

Jjt+m Jjtm
1

max E|— Z v —Ag| < max E’E Z or(uy — E(up|Frer) |

m<j<n—m m<j<n—m
k=j+1 k=j+1

Jjt+m
1

+ max E|—Z(U,§—EU,§)}—>O,

m<j<n—m
k=j+1

for any 0 < m = m,, — oo satisfying n/m — oco. Due to this fact, it follows from Lemmas

1 and 2 that (taking the same argument as in the proof of (55))

1
af/ HQ(Xn,[nﬂ)dt/KMoPu)
0

Similarly, Ry, = fol [1 +H2(Xn,[m})]HQ(Xm[nt])dt [ K?+o0p(1). Taking these estimates into
(76), we have

nll = EO’l/ H2 nnt dt/KZ—i-Op EO’%VmH—i‘OP(l),

i.e., (75) for i = j = 1 is proved.
We now turn back to the proof of Theorem 6, making use of the same notation in the

proof of Theorem 5. First note that, by using similar arguments as above,

B nln Zk 17T( n)” ' oKk
nln Zk’ 1Kl:n

O (dy) "t ALD, = [1,

nl,
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This, together with (74), yields that

C C C
= r(d,) 2 "= | —x(dy) " A.Dy (DYDY | —=m(d,) " D, AL
= Eo?A,V, A +op(1). (77)

Now, by using the same arguments as in the proofs of (72) and (73), it follows from (77)
that

N Lo dn -1 n_ 4 n€k n AT\ n
T = nln ( ) Zk_l i = (EO'% An Vi Afn,) s An B, + OP(]') —d N(O’ 1)’
\/C—nw(dn)—QAnVnAg

Ny,

as required. O

7.3 Proofs of Theorems 7 and 8

We only prove Theorem 8. The proof of Theorem 7 is similar and therefore omitted.

& 0(r) i
_ (¢ £ _ _ _ =1 Yk Ken
Recall £, = (f;,f],)’, where fi, = (k/n — 7) f;, and note that [5(1)(7_)] = Zgzlflﬁe'mn’

We may write

o(r) or) 1\ _
Dn ([5@(7)] a [eﬂ)(r)]) = Q" (Mo Fin), 78)

where Q, = D' >, ﬁgf‘;IK;m Dt M, =D, 'S, erfu Ky, and

R, = Dnli [:’1 K 0(k /1) £ — QuD» [ () ] .

k=1 |1k 0w (7)

Let K;(z) = 27K (z) and Kj, = Kj[co(k/n — 7)]. As in the proof of Theorem 1, it

follows from Lemma 1 that

Qn = [%ZzzlfkféKkn o et Bl

n / n ’ —P Q2~ (79)
% Zk:l £ K1 e %n Zk:l £y, o e ]

Similarly, the conditional matrix [M,,, M,,] of the martingale M,, has the property:

[MnaMn] = Dglzglggfﬁc/Klanrzl

k=1
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_ oy B KT, Y ofify o) KR, N
% ZZzl O-I%fkfk (U‘Kfn % ZZzl o-l%fk’fk (2)Klzn

where () K? = 2/K?(z) and (oK}, =@ K*[ca(k/n — 7)], indicating that M, —; N(0,€2,)
due to the (9) in Theorem 1 . Combining these facts and (78), Theorem 8 will follow if we

prove
R, =o0p(1). (80)
In fact, by noting
£.0(k/n) = £6(1) — £,60(r) = (1/2F69(7) (k/n —7)*,
where T is a mean value between k/n and 7 (i.e., 0 <7 < 1), it is readily seen that

- g 8] - [ 5]

fix

= DS K | | {800k /) — 6(r) — £,60(r))
k=1

= (/2D Y (k/n = 1) Ky, [ N ] 02(7),

k=1 1k

indicating that

M ¢, w—
|R.]| < C iy Z || £ f]éHKZ,kn = Op(\/n/c;r;) = op(1)
n k=1

due to n/c2 — 0, where we have used (79) and the fact that #®(.) is uniformly bounded
on (0, 1]. This proves (80) and also completes the proof of Theorem 8. O

7.4 Proofs of Theorems 9 and 10

We only prove Theorem 10, The proof of Theorem 9 is similar and therefore omitted.

By recalling (79) and using Theorem 8, it suffices to show that
D'Q, D' = Q,+o0p(1). (81)
Indeed, since Q, = D;'Q,D; ", it follows from (79) and (81) that
4, = (D@.0;") DD (D,10.D;") = Q310" +op(L).
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As a consequence, for i = 1,2 and j = i + 2, we have

[Q;lfln@#]“ = (An)ii = (@220 "]
TG = (A = 0219005

It follows from (27) and (82) that, under Hy : 6;(7) = n(7)

i (82)

[Ot

L3903

. (83)

i = (0i(r) - 0:(7))
tl(T): —)dN(0,1>,
J2leraon],

yielding (31). Similarly, it follows from (27) and (83) that, under Hy : 01" ()

=n(7)

which gives (32) i.e. the second limit result of Theorem 10
We next prove (81). Tt is readily seen that

D'Q. D' — o Zk Vafify o Kp, = Zk 1€kfkf WKz,
n n—mn Cn Zk 1észf/ Kl?n

: (84)
) D eifif k BL
where () K?(z) = 2'K*(z) and (K7, = 0 K*[ca(k/n—7)],€ =0,1,2, ..., as defined in the
proof of Theorem 8. Recalling é;, = yp — 5(7)’fk and noting

|[0(r) = (k/m)] ] < [Ir = k/nl +op(1)] |Ifil].

due to Theorem 8 and the smoothing condition on (7), we have

& = o~ [0r) - 00k/m)] 5} = oful + A,

(85)
where, uniformly for £ = 1,2

yoeon,and 0 <7 <1

|Ank|

IN

2opur|[|T — k/nl + 0p(1)] [|Eell + [ = k/n| + 0p(1)]” |£l1

[I7 = k/n| + op(1)]ojug + 3[|T — k/n| + 0p(1)] ||f]
Al,nk JIZU% + A2,nkz~

IN

It follows from (46) with G(.) =1, v, = ||f;]|* and Remark 21 (recalling [ |z* K? < oo and
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E||f||* < oo)that, for £ =0, 1,2,

Cn =
k=1

C e, — _
> gl or(1) K7, + e @yKR,] = op(1), (86)

IA

due to ¢, — oo. Now (81) will follow if we prove, for £ < 3 and any a € R?,

n
Cn

orup (a ’fk.) nKi, = E|o} (o/f;)?] /xeKQ—i-oP(l). (87)
k=1

Indeed, by (87), we have
Cn - 2
gZa i | A L] (0 KR
Cn —
S C Zo-kuk ||fk|’ (1) (f)Klgn + Cn2 (€+1)K13n) = OP(1)7
for £ =0,1,2. This, together with (86), yields that, for £ =0, 1,2,
Z Akl [1E6fy || (0 KR,

Cn -
ZU u | ALkl [[E6EL]] 0 KR + gz Ao il [|EFy || (0 K

IN

= Op(l).

Now, by (85) and (87), we have

Cn _ _

k=1

Cn - Cn -
- = > otufifl KR, + — > Aty oKL,

= Q /xEKQ—i—OP(l),
for £ =0, 1,2. Taking this result into (84), we obtain (81).

We finally prove (87). In fact, by letting v, = opui[a/f}]?, where a € R? and re-
calling that E(ui|]—"k,1) = 1 and o0, are Fj,_; measurable, it is readily seen that Ay :=
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E(o%[a/f1]?) = Euvy for each k > 1 and (recalling sup,-, Eu} < oo and A2 with g = f)

Jjtm Jj+m

max E’— Z vy — Ap| < max E‘— Z oo/ £ ( E[ui]fk,l)”
m<j<n—m i1 m<j<n—m k11
Jjtm
+ max E‘— Z {ora't)* — E(or[o'f]*) }] — 0,

m<j<n—m
k=j+1

for any 0 < m = m,, — oo satisfying n/m — oo. Due to this fact, result (87) follows from

Lemmas 1 with G(.) = 1. The proof of Theorem 10 is now complete. 0J

8 Additional workings for Section 3.2

We next provide some additional discussion of how the methods of Section 3.2 for TVP

models generalise to multi-covariate regressions of the form
p—1
Yk = N(k/n) + Zﬂ] (k/n) : fj('xk—l,j) + ek, k= 17 ey 1,
j=1

p > 2. Set O(r) = [u(7),B1(T), ..., Bp—1(7)]. From technical point of view this kind of
generalisation is straightforward and can be established along the lines of existing proofs
and the fact that Theorem 1 applies to multivariate stationary processes (see else Remark

1). In the multivariate case, the LLev estimator 0(7) is defined as

~

o(r )—argmlnz yk—afk) K e, (k/n—1)],

ackr 3

where 7 € (0,1] and f] := [1, fi(zk-1,1), .., fp—1(Tk—1p—1)]. Further, the LLin estimator is
given by

[ iy ] = angmin 3 (=o'~ ) 'K ey (/n = )]

oM (1) axb)eRPxRP 1}

where as before 0V (1) := 90(7) /0T and i, := (k/n — 7) fi. Set Fy := [f1(zx1)s s fro1(Thp1)]
and redefine () and € as

1 EF,
EF, EFF,

o E{o3F)

4 Q=
al E{o3F,} B{oiF\F})

Q=
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Then we have the following generalisation of Theorem 7

n /-

2 (06r) = 6()) = N (0,070

Cn

with @1 = Q [ K and ©Q; = Q [ K. Moreover let ® be the Kronecker product and redefine
D, = diag {1 /ooy /C%} ® I, where I, is a p-dimensional identity matrix. Then Theorem 8

generalises to

6(7) ) 1. -1
Do ([ a0 (1) ] N [9(1)(7) D ~aN(0,2,76057),

with,
QF[QIK @fwK] d 2,

QK Q[2K?
Qfo2 ﬂfx2K2

9 Additional workings for Section 3.3

) =l )
Bors B predll (LT
- 1 n! Z?:l pu(j/n)
. [ . ] {(/L(k‘/n) + 53%—1 + ek) — [ 1 Th—1 ] [ ﬂ ] }
& 1z -

: [ xl ] {u(k/n)+596k—1+6k—n_IZMU/n)"‘ﬁxk—l}

Jj=1

:{ [1 ” 'ZL:_II{M<’f/n>+ek—n—1zu<j/n>}

n 1z L ek
B {kzl [ Th—1 xz—l ] } ; [ Tp—1 {ek —,u(k/n) +n_12?=1u<j/n)} ] |

Consider
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2
Set A, = n"'> ), [:L’k,l — (n‘l > i %‘71)} , and note that by Theorem 1, A, —p
Ez? |, and

-1
1 - 1 Th—1 -1
— = A
k=1 k—1

10
"1o 1/E2?

In view of the above, standard arguments show that the intercept estimator is

(D DT SR () DA

-1 n
-n Zk:l Tk—1 1

Vn </10Ls - /01 ,U(T)dT) =[1+op(1)]n""/? iek —4 N(0, EeY),

where we have used the fact that the Buler sum n= S0, u(k/n) — [i p(r)dr = O(n™).
Next, we consider the OLS estimator for the case 0 < d < 1/2. The derivations for the

short memory case are similar and will be omitted. In view of the above

Qf)l:

n

(6—6) = [1+o0p(1)] [Ba} ] {6;12xk_1ek+6;12xk_1u<k/n>

_ (n ;m/n)) (6;1 Z)}
= [BEx}_|] {5 Zxk 1k /n) — ( Z“ 3/”> <5n1§$’“1>}+01p (?_f)
—q (B2?)™ {L—/Olu(ﬂdT] N (0,E(£) 9).,

with ¥ being a variance matrix such that

[Z eap(k/n), Zxk ] —a N (0,E () 7). (88)

The latter limit distribution result follows from standard argument e.g. Lindeberg-Feller
CLT. We provide some key derivations that yield the form of . Without loss of generality
set E(£2) = 1. Recall that under our assumptions x; = Z;:é Ok€p—j, With ¢; ~ cons.j="
v=1—dand 0 <d<1/2. Set

?

n

S, = p(k/n)rgy = Z ZM (1 —s/n) ¢s—rék

k=1 k=1 s=k
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and

Sy = Zfb’k 1—22% kSk

k=1 s=k
For A\, A2 € R, we shall show that the martingale array

(M0, 1S+ A0, S]]

converges to a normal that has asymptotic variance determined by the limit of (e.g. Hall
and Heyde, 1980; Corollary 3.1)

n
E :E}—k—l
k=1

n n 2
MO (L= /) 5w+ A6t Y cbj_ksk]
s=k s=k

n n n 2
[>\15;1 D (= j/n)éjk+ X"y ij—k]
s=k s=k
1 & A A A
_° AL i J—F A2 J—K
= [n p(1 J/")(n) t o (n)
k=1 =k j=k

:/01 {Al/rlﬂ(l—s)(s—r)Vds+>\2/rl(8—7’)Vd3+rd7“+0(1)-

Indeed in view of the above together with a Lindeberg condition we get (88).

+o(1)

Next we consider the limit behaviour of the estimator for Ee?. Let ¢, be the OLS
residuals. Then

%géz:%; /) = o+ (B = B) 1+ek]2
_ly [M(/@/n)—w(ﬁ—é)xk_1r+liei
k=1 k=1

where we have used the fact that

—Z (kfm) — i =~ 57 /) = 57 ko) +
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2

—p /0 1 p(r)2dr — ( /0 1 M(T)dT)

Finally, consider the OLS based statistic for the null hypothesis Hy : 5 = [y, 5o € R.

Using (34) and (36) we get

B—B
ltoLs| =
\/ b1 k Zk A O O xk)ﬂ

+ 0p<1)

vi5-7)
JESE®) [ St - 0 ]

AR

— 1+ op(1)] 2 oo

v \/(% > ket éi) > e ﬂfi]*l
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