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Abstract

Relatively recent work by Jeganathan (2008) and Wang (2014) on generalized mar-
tingale central limit theorems (MCLTs) implicitly introduces a new class of instrument
arrays that yield (mixed) Gaussian limit theory irrespective of the persistence level
in the data. Motivated by these developments, we propose a new semi-parametric
method for estimation and inference in nonlinear predictive regressions with persis-
tent predictors. The proposed method that we term Chronologically Trimmed Least
Squares (CTLS) is comparable to the IVX method of Magdalinos and Phillips (2009)
and yields conventional inference in regressions where the nature and extent of persis-
tence in the data is uncertain. In terms of model generality, our contribution to the
existing literature is twofold. First, our covariate model space allows for both nearly
integrated (NI) and fractional processes (stationary and nonstationary) as a special
case, whilst the vast majority of papers in this area only consider NI arrays. Second,
we allow for nonlinear regression functions. The CTLS estimator is obtained by apply-
ing certain chronological trimming to the OLS instruments using appropriate kernel
functions of time trend variables. In particular, the instruments under consideration
are a generalized (averaged) version of those widely used for time-varying parameter
(TVP) models. For the purposes of our analysis, we develop a novel asymptotic theory
for sample averages of various processes weighted by such kernel functionals which is of
independent interest and highly relevant to the TVP literature. Leveraging our nonlin-
ear framework, we also provide an investigation on the effects of misbalancing on the
predictability hypothesis. A new methodology is proposed to mitigate misbalancing
effects. These methods are used for exploring the predictability of SP500 returns.
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1 Introduction

Estimation and inference under temporal dependence are challenging tasks. An enormous
literature in time series econometrics and statistical time series is dedicated to this topic.
Despite major advances in this area, relatively little progress has been made toward the
development of a comprehensive framework for inference in general models that allow for
flexible functional forms and regressors that may exhibit a wide range of persistence.

The major obstacle for a development of this kind has to do with the fact that parametric
estimators, under nonstastionarity and mild endogeneity, exhibit drastically different limit
distributions than those under stationarity. As a consequence, inferential procedures devel-
oped for stationary data are not applicable under nonstationarity and vice versa. A number
of early studies in the area of nonstationary econometrics (e.g. Phillips and Hansen, 1990;
Johansen, 1995; Phillips, 1995) develop inferential procedures suitable for nonstationary
models with /(1) covariates; however, these methods not only are not valid under stationar-
ity, they are also non-robust to local deviations from the unit root paradigm. In particular,
when there are local or larger deviations from a unit root, nuisance parameters such as
memory and near-to-unity feature in estimators’ limit distributions make inference chal-
lenging. Near-to-unity parameters are not estimable, rendering various statistical tests non
pivotal. On the other hand, memory parameters can be estimated in general; however, more
complicated procedures are required for valid inference.

Despite progress in recent years towards methodologies that partially robustify inference
to the persistence properties of the data, a unifying framework for inference that allows for
a wide range of persistence in the data and a wide range of model specifications remains
elusive. In general, two main approaches have been proposed to address this issue in the
predictive regression literature. The first approach relies on so-called conservative methods;
see, e.g. Mikusheva (2007), Phillips (2014), for a review. An alternative approach that
has gained a lot of attention lately is the semi-parametric IVX method first proposed by
Magdalinos and Phillips (2009, MP hereafter). This is an IV method that yields conventional
inference for a general class of regressors via signal reduction in the instruments. Further,
it should be mentioned that there is related literature for fractional cointegration systems
(e.g. Hualde and Robinson, 2010) that has received little attention in the predictability
area. More recently, Jin and Wang (2024) investigated self-weighted estimation for nonlinear
cointegrating regression. A more detailed review of existing methods for robust inference
under temporal dependence can be found in Section S1 of the Online Supplement.

In this article, we consider a reduced signal IV method comparable to IVX. We develop
estimation methods that yield conventional inference in predictive regressions that are non-
linear in variables, with nonlinearities of known form -see, e.g. Park and Phillips (1999,
2001). In particular, we consider linear in parameter models that allow for a wide range
of dependence in the data including stationary or nonstationary long memory as well as
NT fractional arrays (e.g., Buchmann and Chan, 2007). The proposed methods, which we
term Chronologically Trimmed LS (CTLS), share the same underlying principle as the ITVX
method.

The CTLS method is partly encouraged by recent developments in generalized MCLTs
(e.g., Jeganathan, 2008, Wang, 2014, 2015). These generalized MCLTs entail asymptotic
orthogonality conditions between triangular arrays and martingale difference terms that
correspond to instruments and regression errors, respectively. The validity of the afore-
mentioned orthogonality conditions requires instruments of weaker signal than that of the
OLS instrumentation. These high level requirements effectively define a class of instrument



arrays that, similarly to IVX, yield conventional limit theory (normal or mixed normal)
irrespective of the persistence level in the data. To illustrate how CTLS instrumentation
achieves signal reduction, consider the simple predictive regression

yk::ﬁf(xk—l)—l_ek? k= 17"'7”7 (1)

where ey is a regression error term. In this case, the proposed CTLS instruments for the
estimate of J are a generalized version of

Zn(7) = K [cn (k/n—7)] f(z11), 0<T7<1,¢, +cn ™t =0 (2)

with K > 0 being an integrable kernel function, and ¢, is a (reciprocal) bandwidth term.
Notice that for f(x) = z, the term in eq. (2), is exactly the instrument utilized for the
estimation of TVPs in a number of studies!, e.g. Robinson (1991), Giraitis et al. (2014),
Phillips et al. (2017), Giraitis et al. (2021), Hu et al. (2024). The term Zy,(7), is a reduced
signal version of the OLS instrument f(zy_1). To see this, without loss of generality, assume
that lim, ., K (Jz|) = 0. It then follows from (2) that for k/n # 7, K [¢, (k/n — T)] — 0 as
n — oo. The particular instrument extracts information locally around the “chronological
point 7", whilst trimming applies for values of k/n away from 7. By allowing the ¢, sequence
to diverge at an arbitrarily slow rate (i.e. ¢, — 00), the resultant IV (CTLS) estimator
attains an arbitrarily slower convergence rate relative to that of the OLS estimator.

Despite the fact that Zy,(7) is a reduced signal instrument, its utilization does not yield
conventional inference under nonstationarity when there is more than one regression pa-
rameter, e.g., eq. (1). In fact, Phillips et al. (2017) demonstrate that when covariates are
I(1) and the dimensionality of parameter space is strictly greater than unity, limit distribu-
tions associated with Z,(7) instrumentation are comparable to those of OLS i.e. they are
non-conventional determined by stochastic integrals. This phenomenon occurs because the
“Hessian” is singular with multiple convergence rates arising from this singularity. We refer
to Phillips et al. (2017) for more details. Alternatively, the CTLS estimator proposed here
involves averaging over a multitude of chronological points. In particular, CTLS instruments
are of the form

l
Zin =Y Zin(1;),0<m < .. <m <1,

j=1

with Zy,(.) defined in (2) and [ is either fixed or [ = [,, — 00, as n — oco. We demonstrate
that under nonstationarity (e.g., x; is an NI fractional process), Zy, yields conventional
limit theory as long as the number of chronological points (i.e., [) is no smaller than the di-
mensionality of the parameter space and [,, does not diverge too fast. The former restriction
rules out a singularity in the Hessian, while the second restriction ensures that non-trivial
trimming (i.e. sufficient signal reduction) applies. The signal reduction achieved by CTLS
results in vanishing endogeneity, between Z;,, and e;, and therefore to mixed Gaussian limit
distributions.
The contribution of this paper can be summarized as follows.

(i) First, we provide a general theoretical contribution. Recent developments in general-

!The usual assumption in the TVP literature is that regression coeffients are of the form 3(k/n) with 3
being a function g : [0,1] — R.



ized MCLTs reveal that there is a whole class of reduced signal instruments that yield
conventional inference similar to IVX. Therefore, more research is required to identify
other potential methods and evaluate their relative merits.

(ii) Second, the current work allows for a substantially more general regressor space than
that considered by most research articles in this area. Existing studies focus primar-
ily only on NI predictors. For example, the ARFIMA class has received very little
attention in the predictive regression literature, if any, despite the fact that it can
accommodate precesses exhibiting far more general levels of persistence than those
of the usual NI processes. Note that if {z;}; ; is an NI array, we have the following
single order of magnitude > 7 z; = O,(n*?). On the other hand, if z;, ~ I(d) with
memory parameter d > —1/2 we get > . 2, = O, (n1/2+d), which gives a continuum
of asymptotic rates.? In the current work, we allow for wide range of stationary and
nonstationary covariates that encompass both NI and fractional processes as special
cases, e.g. the NI fractional (NIF, hereafter) nonstationary array® (see also Buchmann
and Chan, 2007; Kasparis et al., 2015)

rr=1+c¢/n)zi1 +vp, v~ I(9), 0> —1/2. (3)

(iii) Further, this article allows for nonlinear regression models (e.g. Park and Phillips,
1999, 2001), generalizing the linear predictive regressions commonly used in practice.
Nonlinear specifications can potentially address misbalancing issues that are typically
encountered in the applied predictive literature, i.e. situations where the predictor is
more persistent than the dependent variable -see, e.g. Kasparis, Andreou and Phillips
(2015), Phillips (2015), and the discussion below. A new methodology, which entails
rolling test statistics of sequences of flexible functional forms, is proposed for mitigating
misbalancing effects related to the predictability hypothesis.

(iv) Finally, this work provides a novel limit theory of independent interest. For example,
we generalize asymptotics for kernel functionals related to the literature on TVP
models in various directions. Among other things, we consider kernel functionals that
entail substantially more general nonstationary covariates than those in the existing
studies, e.g., Phillips et al. (2017). Furthermore, we consider kernel sample functionals
that involve stationary and nonstationary processes, possibly of long memory, at the
same time.

Finally, we provide some comparison between CTLS and IVX. MP show that IVX can ac-
commodate NI and mildly integrated (MI) covariates while the most recent work of Kostakis
et al. (2015) extends the method to stationary short-memory processes. Further, some pre-
liminary theoretical results suggest, see Theorem 3.2 in Duffy and Kasparis (2018), that
IVX, probably after some minor modification, is also valid for fractional processes. Our
theoretical framework does not allow for MI processes but readily allows for fractional pre-
dictors and nonlinear regression functions. The current results could be generalized to MI

2Notice that an I(d) process of memory d > —1/2, can be either nonstationary or stationary, possibly
of negative memory.

3The memory of z; under this specification is d = 1 + §. Note that for § = 0, x; is the usual NI process
considered in the predictability literature. On the other hand, for ¢ = 0, we get a fractional process with
memory parameter d > 1/2.



covariates, but generalization would require a drastically different asymptotic machinery,
e.g., a generalization of the asymptotic theory provided by Duffy and Kasparis (2021). We
leave an extension towards this direction for future work. In terms of implementation, both
methods are of comparable complexity, i.e. they both rely on studentized IV estimators.
The simulation study provided here indicates that, for the usual linear specifications with
NI covariates, IVX-based inference has better finite sample performance relative to CTLS.
Nevertheless, as mentioned above, CTLS is readily available to nonlinear models and in
situations where covariates are nonstationary fractional arrays.

The remainder of this work is organized as follows. Section 2 introduces the model and
the main assumptions. Section 3 presents the CTLS instruments and related estimators.
Section 4 considers CTLS-based predictive tests in a univariate setting. CTLS inference
in a multicovariate setting is provided in Section S2 of the Online Supplement. Section 5
provides a theoretical investigation into the consequences of misbalancing due to functional
form misspecification on CTLS predictability tests, and proposes a new methodology for
mitigating adverse effects due to this phenomenon. Section 6 is a simulation study. An
empirical application to the predictability of stock returns is the subject of Section 7. Our
basic limit theory is presented in the Appendix, i.e., Sections 8 and 9. All proofs are provided
in the Online Supplement.

Throughout this paper, we make use of the following notation. For two deterministic
sequences a, and b,, a, ~ b, denotes lim, ,. a,/b, = 1. I(A) is the indicator function
on set A. We may write the integral [, f(z)dx ([, f(z)dz) as [ f ([, f). = denotes
weak convergence in the space D|0,1]. For a vector x, ||z| is its inner product norm
and z’ its transpose. For a matrix A, ||A|| denotes its matrix norm. For a matrix A,
[A];; denotes its (i, j) element. By [z] we denote the integer part of a positive number z.
Definitional (distributional) equality is denoted as := (=,). Finally, diag{ay, ..., a,} denotes
a (block) diagonal matrix with (blocks) elements {ai,...,a,} on the main diagonal, —,
denotes convergence in distribution, and Y := MN(0, 2) denotes a mixed Gaussian variate
with characteristic function ¢ (t) = Ee’’Y = Ee t'>/2,

2 Model and Assumptions
We consider the nonlinear in variables regression model
Yo = o+ B'f(xp_1) +en, e =opup, k=1,..n, (4)

where p is an intercept, 8 = [, ..., 3,] a vector of slope parameters, x; = [v41, ..., Tx,] a
vector of covariates, and f : R? — RP known regression functions with f(xyx) = [f1 (zx1), ..,
fp (xrp)]. Without loss of generality, it is convenient for presentation purposes to use the
following initialization for the covariate vector xo = 0. The process uy together with some
filtration Fj, forms a martingale difference sequence such that E (u} | Fx) = 1 a.s., and x;,
is Fr-measurable. Finally, o is a volatility process allowing for a variety of conditionally
heteroscedastic regression errors (e), e.g. strictly stationary ARCH(oco) or GARCH. The
exact properties of these processes will be specified in Assumptions A1-A3 below. Similar
nonlinear models with a predetermined covariate have been considered for example by Park
and Phillips (1999, 2001), Chang et al. (2001), and Chan and Wang (2015), in a parametric
setup, and by Wang and Phillips (2009a,b, 2011, 2012), Kasparis et al. (2015) in a nonpara-
metric setup. For recent related results, we refer to Wang (2021), Hu et al. (2021b), Duffy



and Kasparis (2021) and the references therein. It should be mentioned that the model of
eq. (4) can be rewritten in the following more compact form:

yr = O'F(xx_1) + ey, (5)

where 0 := [i, 8], and F(x,_1) := [1,f(x5_1)"]. To keep our technical exposition and
notation relatively simple, we assume that either all covariates x; are stationary or they
are all nonstationary.* Furthermore, following Park and Phillips (1999, 2001), we assume
that under nonstationarity the regression functions { f;},_,, are asymptotically homogeneous
functions. This class of functions is specified in detail by the following definition.

Definition AHF (asymptotically homogeneous function). A measurable function
g : R — R is an asymptotically homogeneous function (AHF, hereafter), if there is some
continuous function Hy, : R — R and 7, : (0,00) — (0,00) such that for all A >0,

g(Ar) = my(N) Hy(z) + Ry(A; ),

where |R,(\; )| < a,(\)P,(x), with Py(x) = 1+|x|% for some §, > 0, and a,(\)/m,(\) — 0,
as X — oo. Hy and 7, are the limit homogeneous function and asymptotic order of g
respectively.

Remark 1. An AHF g(z) postulates that for large A, g(Az) = m,(\)Hy(x). Many popular
functions satisfy this property e.g. polynomial functions, logarithmic, step functions, dis-
tribution type of functions - see, e.g. Park and Phillips (1999, 2001) for further discussion.
We impose continuity on H, in order to simplify our derivations. The results presented in
this work can be extended to locally integrable functions (e.g. functions with integrable
poles) at the expense of more complicated exposition - see, e.g. Christopeit (2009), Wang
and Phillips (2009a,b), Duffy and Kasparis (2021) and the references therein.

The following assumptions specify in detail the covariates and the regression error in (4).
A1l (innovations): n; € RPT! is a random sequence of the form n, = [¢, ui], & € RP, and
Fr = o(ug, up—1,...,u1;§5, 7 < k) a sequence of sigma-fields. {ny, Fr},s, is a (p + 1)-
dimensional martingale difference sequence satisfying the following conditions:
(a) supysy E(upl (Jug| > M)|Fio1) = op(1), as M — oo;
(b) supgsy E([EN* T([1€e]l > M)|Fir) = 0p(1), as M — oo;
(¢) forall k > 1, B(ui|Fp_1) = 1.
A2 (stationary process): Xj, = [zp1,...,Tk,) is a functional of {&, & 1,...}, and oy is
adapted to Fy_1, where Fy, is defined in A1 so that F(x;_1) and F(xy_1)oy are strictly

stationary ergodic sequences with F measurable and E [||F(x;) 1>+ 02 (14 |F(x;) HQ)}
< 0Q.

A3 (nonstationary process & invariance principle):

4Qur basic asymptotic theory in Appendix can readily accommodate models where some regressors are
stationary and some are nonstationary. However, to keep our presentation simple, we do not explicitly
allow for both regimes at the same time in a regression setup. A generalization towards this direction would
require substantially more complicated notation; see, e.g. Chang et al. (2001).



(a) Xnx:= D, 'xg, with D,, = diag{din, ...,dpn}, 0 < d2, = Var(z,;) — oo, for each
i=1,...,p, and x; is a functional of {&, &1, ...}, possibly depending on n, such
that on Dgs» [0, 1],

[nt] [nt]

1 1
e Z £k7 = Z g—ka Xn,[nt] = [Bl,ta BQ,t7 Xt] ) (6)
VT Vg

with By, By, two independent vector Brownian motions, and &} is a continuous
vector process that depends only on functionals of {Bj;}o<t<1 and {Ba}o<i<i;

(b) oy is adapted to Fr_; and is a strictly stationary ergodic sequence satisfying
FEo} < 0o, where Fy is defined in A1.

The martingale assumption for the innovation process {1y, Fr },~, under A1 is standard
in the literature. The uniform integrability conditions (a) and (b) are weak in comparison
to higher moment assumptions used in previous studies -see, e.g. Wang (2014) and Wang
and Phillips (2009a,b). In A1(c), we impose E(ui|Fi_1) = 1 for convenience of notation.
In fact, if 02 := E(u2|Fs_1) # 1, it is routine to see that our results still hold when oy, is
replaced by oy o,. Examples of processes that satisfy A2 include short and long memory
linear processes, e.g., Ty = Yo ¢ilk—i, & ~ 1d(0,0¢), D op @7 < 00. For the purposes of
the subsequent analysis, it is worth noting that when [xy, oy| are (strictly) stationary relying
on &, &1, ..., we also have that f(xj_1)oy is an ergodic strictly stationary sequence. The
NIF array of (3) is an example of a nonstationary process that satisfies A3(a). For (scalar)
x) as in (3), under certain additional technical conditions, we have the following weak limit
to a fractional Ornstein-Uhlenbeck process (see, e.g., Bunchmann and Chan, 2007; Kasparis
et al., 2015)

t
Xn,[nt] :>/ GC(t_r)de<T)a
0

where Wy(r), d > 1/2 is a fractional Brownian motion. Note that the limit process depends
on dual nuisance parameters i.e. the near-to-unity parameter ¢ € R and the memory
parameter d > 1/2. Finally, we note that the strict stationarity requirement for oy of
A3(b) is general enough to allow a for strictly stationary GARCH, ARCH(c0) regression
error e, (e.g., Francq and Zakonian, 2010; Section 2.2).

3 CTLS Instruments and Estimation

This section presents the CTLS estimator in the context of the regression model (4), tegether
with its asymptotic properties. Let K be some integrable kernel function and ¢, a (recip-
rocal) bandwidth term. For an integer valued sequence [,, and 0 < 73 < ... < 7, < 1, define
the vector of instruments

Ly = 2": Zin(7)s Zin(15) := K [cn (k) — 1) £(Xp1).

Given that the main focus of our analysis is inference for the slope parameters, it is conve-
nient to consider an estimator for 3 only. For this reason, certain intercept demeaning for

7



yr, is used below. For any {ay},_, (ax can be a vector), define

- 2k W
et K

where Ky, = Z;"zl Klcn(k/n — 7;)]. The proposed CTLS estimator for 3 in the model of
(4) is

and @ := a — @, (7)

n -1 n
B = [Z Zienf (xp—1)' Z ZynYr.- (8)
k=1 k=1

We note that, when [,, = 1, the CTLS estimator reduces to the usual local level kernel
estimator that has been widely used in the TVP literature; for example, see Phillips et al.
(2017), Hu et al. (2024) and the references therein. Although it may not be directly obvious,
the CTLS estimator given in (8) also entails instrumentation for the intercept. In fact, Ky,
is implicitly used as an instrument for the intercept. This instrumentation is manifest in
the demeaning of y;, i.e.

TL_ K n
Uk =Yk — —Zkﬁl ek,
Zk:l Ky,

Notice that if we set K, = 1, the term above yields the OLS demeaning (instrumentation)
as a special case. It should be mentioned that instrumentation for the intercept is necessary
for CTLS to achieve mixed normality in the nonstationary case. In practice, it is possible to
choose different kernel functions and bandwidth terms for each element of f(x;_1). In order
to keep the technical exposition simple, in this section, we only consider the case where
the kernel function K and ¢, is the same for all elements of f(x;_1). We refer to Hu et
al. (2021a) for more technical details about the properties of CTLS when different kernel
functions are employed.

The following two assumptions specify in detail the properties of the kernel function K

n
and the sequences ¢y, l,, and {7;}",.

A4 (kernel function and restrictions on 7;,1, and ¢,):

(a) K(z) is a positive real function having a compact support with 0 < [ K < oo;
(b) 0 < ¢, — o0 and ¢,/n — 0;

(c) 75 =j/(ln+1) where j =1, ..., 1, with ¢;;'l, + ;" — 0.

The compact support requirement of A4, for the kernel function K (z), can be relaxed under
some additional conditions on [,, as follows:

A4" (kernel function and restrictions on 7;, [, and ¢,):

(a) K(zx) is a bounded positive and eventually monotonic real function® with 0 <
f K < o0;

°i.e., there exists an A; > 0 such that K (z) is monotonic on (—oo, —A;) and (Aj, 00).



(b) 0 < ¢, — o0 and ¢,/n — 0;
(¢) 75 =7/(l, + 1) where j = 1,...,1,, with ¢, ', logl, +[,;* — 0.

Assumptions A4 and A4* postulate that the bandwidth ¢, is divergent and dominated
by n, and that [, is divergent and dominated by c,. It should be emphasized that these
restrictions are not model specific, that is, they are independent of the properties of x;. It
is explained in more detail below that in practice we can also assume that [, is fixed, but
with the additional restriction [ > p, under nonstationarity.

Our first result provides the limit distribution of the CTLS estimator when A2 is sat-

isfied, i.e., for stationary x;. The basic limit theory for stationary and nonstationary func-
tionals is provided by Theorem 5 and Theorem 6, respectively, in the Appendix.

Theorem 1. Suppose that:

(a) yi is generated by (4);
(b) A1, A2 and either A4 or A4* hold;

(c) &1 :=E{[f(x1) — Ef(x1)] [f(x1) — Ef(x1)]'} is non-singular.

\/TZ:? (B-8) =N (0, % - <I>1‘1<I>0<I>1‘1) ,

with ®g == E {0} [f(x1) — Ef(x1)] [f(x1) — Ef(x1)]'} .

Then as n — oo,

We note that the multiplicative structure of the limit variance matrix in Theorem 1 is due
to conditional heteroscedasticity assumption for the regression error e;. Under conditional
homoscedasticity, e.g. o, = o for all k, we have ®; = 02®, which gives the limit variance

matrix [fK2/ (IK)Z] o2t
Theorem 2 below gives the limit distribution of the CTLS estimator for nonstationary
covariates, i.e., X, satisfies A3 instead of A2.

Theorem 2. Suppose that:

(a) yi is generated by (4).
(b) A1, A8 and either A4 or A4* hold.

(c) Foreachi=1,....p, f; is an AHF with limit homogeneous function Hy, and asymptotic
order y,. Furthermore, Dy, := diag {7, (d1n), ..., 7p, (dpn) }-

(d) ©,:= fol He (X)) He(X,)dt is non-singular a.s., where He(X,) = [Hy, (Xi1) ..., Hy, (Xep)],
with X, = [Xo1, ..., Xy and He(X,) = He(X,) — [} He(X,)ds.

Then as n — oo,

nl,,

Mnp, (B—ﬁ) —, MN (0, J K

(J )

Cn

-E(of)%l) :

9



The limit distribution in Theorem 2 is mixed normal and, therefore, conventional inference
applies. Furthermore, unlike the stationary case, the volatility term E (0?) separates from
the variance matrix, ensuring easy implementation in applications.

Remark 2. Both under stationarity and nonstationarity, the CTLS estimator attains the
OLS convergence rate (y/n and y/nD,, respectively) times +/l,/c, — 0. The term +/l,/c,
can be chosen to vanish at an arbitrarily slow rate e.g. slowly varying. In the nonstationary
case, the convergence rate depends on the asymptotic order of the regression functions,
ie. {my},_,, as well as the memory characteristics of the covariates, i.e. {d;,};_, - see
also Park and Phillips (1999, 2001) and Chang et al. (2001) for comparable results. It
should be mentioned that the requirement c,n~* — 0 ensures that there is sufficient signal
in the instruments for consistent estimation, while the restrictions ¢, *, lnc, ' 0 ensure
that there is sufficient signal reduction in the instruments to facilitate mixed normality
under nonstationarity. If ¢,”! — oo, it can be shown that CTLS and OLS are in general
asymptotically equivalent®. In the stationary case, a fixed value for ¢, also yields an CTLS
estimator that is asymptotically equivalent to OLS - see e.g. Hu et al. (2024, Remark Al).

Remark 3. If a single chronological point, say 7, is utilized (i.e. I, = 1), then
CDQ = Hf<XT)Hf(XT)/7

which in necessarily singular. Phillips et al. (2017) demonstrate that in this case the limit
distributions of kernel regression estimators for TVPs are determined by stochastic integrals,
and therefore limit theory is not conventional. In fact, the limit distribution in this case
is comparable to that of OLS. Phillips et al. (2017) propose a kernel variant of FMLS to
obtain pivotal tests. However, it is known that this method is not robust to local deviations
from unity.

Remark 4. The limit result of Theorem 2 applies with a non degenerate variance matrix for
a fixed number of chronological point {7; 2:1 provided [ > p i.e. the number of regression
parameters does not exceed [. In this case, the variance matrix is of the form

@2:

o~ =

> He(Xr ) He(X,,)

It can be shown that if there are a.s. p-many linearly independent vectors He(AX,), then the
term above is non-singular a.s.

Remark 5. Kostakis et al. (2015) show that the IVX estimator attains a \/n-convergent rate
for stationary short memory covariates. However, CTLS attains a sub-OLS convergence rate
in this case. This reduction in the convergence rate has an impact on the asymptotic power
of CTLS based tests. A solution to this problem is to fine-tune the bandwidth ¢,, using some
memory estimator for the covariates. For example, consider the alternative bandwidth
5 — { cn,. 1fAd > 0.5 ’ (9)

1,ifd < 0.5

bi.e. under stationarity \/n (9 - 9) =n (éLS - 0) +0,(1), and under nonstationarity /nD,, (9 - 0)
= \/ﬁDn (éLS - 0) + OP(l)-

10



where d is some memory estimator for a covariate, e.g., local Whittle. It follows from Remark
2 above that if ¢,, = 1, B is asymptotically equivalent to OLS. In fact, if ¢ is employed, CTLS
trimming is “switched off” when the process is in the stationary region. As a consequence,
there is an improvement in the convergence rate of B Some preliminary results show that
this bandwidth selection method delivers valid inference even if the covariate is a NIF
array i.e. equation (3).” Simulations provided in Section 6 show that the bandwidth of
(9) yields substantial power improvements when the covariate is in the stationary region.
In particular, for values of the memory parameter d < 0.4, the CTLS predictive tests
are indistinguishable from the OLS tests. A similar bandwidth selection method has been
considered by Kasparis et al. (2015) for improving the performance of kernel based inference
in the presence of fractional covariates. Furthermore, this method is comparable to the
“sliding” statistics considered by Kostakis et al. (2015), Elliot et al. (2015) and Magdalinos
and Petrova (2022). Kostakis et al. (2015) provide a finite sample improvement for the IVX
method by considering a sliding studentization for the IVX t-statistic. This method employs
plug-in estimators for long-run variance matrices that yield a different studentization in
situations of weak and strong endogeneity. Elliot et al. (2015) consider an inferential
method for predictive regressions with an NI predictor. The method requires the near-to-
unit parameter to be on a bounded prespecified interval, therefore ruling out stationary
processes. A preliminary autoregressive estimator is utilized to switch to a conventional
test statistic when the predictor is in the stationary region. Magdalinos and Petrova (2022)
propose a similar switching mechanism to switch test statistics between stationary, NI, and
explosive regions in predictive regressions.

4 CTLS Inference

Next, we consider statistical inference for regression parameters based on CTLS estima-
tion. It follows from the results in Section 3 that the CTLS estimator delivers conventional
inference (e.g. IN(0,1) and x?). In order to keep our exposition relatively simple, in the
remainder of the main paper, we restrict our analysis to t-tests for single restriction in the
context of univariate regressions. Inference in the context of multicovariate models with
possibly multiple restrictions is provided in Section S2 of the Online Supplement.

Setting the dimension of the slope coefficient vector p = 1, and suppressing the second
index on the r.h.s., we can rewrite (4) as

ykzu+ﬁf<xk—1)+ek7 k= 17"'7n7 (10)

where x5, and e, are defined as in A1-A3. In this case, the slope parameter estimator of 3
in (8) reduces to

ZZ:I Zlmfk

"The NIF array of (3) has the same memory characteristics as those of an ARFIMA with d > 1/2, in
the sense that both processes are O,(n9~'/2), d = 1+ § (0 is defined in (3)). Preliminary results show
that the local Whittle and log periodogram estimators both converge to d (for d < 1), even if there is some
near-to-unity parameter, therefore correctly capturing the order of magnitude of the process. We expect
that the exact local Whittle (Shimotsu and Phillips, 2005) is also valid, even if d > 1.
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where Zy, = Ko f (1), Kin = 30, K [ea (k/n = 7)), 35 = y — =252 and

ZZ:]_ fk Kkn
ZZ:l Kin 7

To test the hypothesis Hy : 8 = [y (for some By € R), we consider the CTLS based
t-statistic defined by

fo=1fn— with fr = f(zr-1).

; B — bo

b Hn\/Anf;nA;7

(12)

where
) no n 1
< — k k

and é; are the OLS residuals ¢, = yi — fins — BLgfk. Note that for the estimation of
the regression error variance, we use residuals based on the OLS estimator, which is more
efficient than the CTLS estimator (see also Kostakis et al. (2015) for a similar approach).
The normalizing matrix V, allows for conditional heteroscedasticity. However, if 02 = o2
for all k£, then the following estimator can be used instead.

n

). =2 - 2 1 fk c2 . ] 2
V, = ;Kk"{fk flg},a =n Zek. (13)

k=1

Under nonstationarity, conditional heteroscedasticity in the regression error does not affect
the limit variance of the CTLS estimator in a material way as seen in Theorem 2. In partic-
ular, the volatility term Fo? is scaled out. As a result, conventional estimators for the limit
variance (i.e. V) can be employed for the construction of t-statistics (see also Remark 8
below). This fact is comparable with the recent findings of Magdalinos (2022) who demon-
strates that conditional heteroscedasticity has a material effect in the limit distribution of
the IVX estimator only under stationarity.

The subsequent result gives the limit distribution of T under the null hypothesis when
the regressor is either stationary satisfying A2 or nonstationary satisfying A3.

Theorem 3. Suppose that the conditions of Theorem 1 or Theorem 2 hold with p = 1. In
addilion, Supy; Fu} < oo. Then, under Hy : 3 = By, we have

T —4 N(0,1).

Remark 6. The limit distribution of the test statistic under the null hypothesis is stan-
dard normal for both stationary and nonstationary regressors. Under the alternative hy-
pothesis, the divergence rate of the t-statistic is determined by the convergence rate of
the CTLS estimator. In particular, for stationary z; straightforward arguments show
that 7 = Op(y/nl,/c,). On the other hand in the nonstationary case we have T =
Op(ms(dn)y/nly/cn), where d,, is the normalizing sequence of A3(a) for the case p = 1,
e.g. d, = /n for m; NI and d,, = n? V2 x; for I(d), 1/2 < d < 3/2. Therefore, a faster
divergence rate is attained for more persistent processes. This fact is also corroborated by
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our simulation results (see Figure S1 in the Online Supplement). In the nonstationary case,
asymptotic power is affected by the asymptotic order (i.e. growth rate) of f. Note that for
logarithmic, or lower order polynomial (e.g. f(z) = |z|", p < 1) regression functions, slower
power rates are attained relative to linear and higher order polynomial transformations -see
also Park and Phillips (1999, 2001) for comparable results.

Remark 7. Tt is well known that the choice of bandwidth in semi-parametric (and nonpara-
metric) methods involves a trade-off between size and power. This is true for CTLS as well.
In general, choices of [,,, ¢, that yield better asymptotic power are associated with inferior
size and vice versa. An optimal choice of these bandwidth terms would require second order
limit theory comparable to that of Sun et al. (2008), which is very challenging from a tech-
nical point of view under our theoretical framework. In the current work, we recommend
values for the bandwidth terms that appear to give a good size/power trade-off based on a
simulation study; see Section 6 below.

Remark 8. The fourth moment requirement for wu; in Theorem 3 can be dispensed with
when the regression errors are conditionally homoscedastic, i.e. in situations where V,,, of
(13), can be utilized in the place of V,.

5 Consequences and Mitigation of Misbalancing in Pre-
dictability Tests

Regression misbalancing (cf. Phillips, 2015) is an important issue that has received relatively
little attention in the predictability literature. In this section, we provide some theory
about the consequences of misbalancing to the predictability hypothesis. These results are
supported by the simulation study in the next section. A well known stylistic fact in the
empirical studies of stock return predictability is that stock returns and various predictors
exhibit vastly different memory characteristics. Stock returns are typically consistent with
I(0) processes, whilst various financial and macroeconomic predictors (e.g. dividend yield,
inflation) appear to be long memory and in most cases nonstationary (see, e.g. Kostakis et
al. 2015). Phillips (2015) referred to this memory mismatch as misbalancing. Misbalancing
makes linear specifications that dominate the empirical literature less plausible. We show
that for many specifications of interest, misbalancing due to incorrect functional form still
leads to consistent tests as long as the true regression function is diverging. However, there
is a reduction in the asymptotic power rate. Overall, the power loss is more substantial if
the model is badly misspecified, the persistence of the predictor is more intense, and the
noise (regression error) less substantial. In addition, if the true regression function is of
vanishing order, statistical tests can be bounded under the alternative hypothesis.

A departure from the usual linear-in-levels specification can potentially address misbal-
ancing issues. For instance, Christensen and Nielsen (2007) and Bollerslev et al. (2013)
consider predictive models for returns where the systematic part of the model is of the form
p+ f(zp_1) with f being the fractional difference operator (I — L)% and d the memory
parameter of some volatility predictor, z; say. Note that in this case f(xp_1) is I(0) -see
also Andersen and Varneskov (2021). Similarly to spectral LS methods, e.g., Robinson and
Hualde (2003) and Christensen and Nielsen (2006), this approach requires plug-in estimates
for the memory parameters.

Marmer (2008), Kasparis (2010), Kasparis et al. (2015) and Phillips (2015) suggest
that nonlinear regression functions can potentially address misbalancing issues. It is well
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known (e.g., Park and Phillips, 1999; 2001) that nonlinear transformations can significantly
attenuate the signal of persistent processes. In fact, a transformed nonstationary process
may exhibit a weaker signal than a stationary one. For example, for some measurable
function f and xy stationary we have > ;| |f (zx)| = Op(n), in general. On the other hand
for xy ~ I(1) the following orders apply (e.g. see Park and Phillips, 2001)

Op(n'*P/2), f polynomial of order p > —1
i |f (xr)| = Op(nln(n)), f logarithmic
k=1 Op(n), f bounded

Op(y/n), f integrable

It is easy to see from the orders shown above that certain nonlinear transformations of
I(1) processes exhibit very weak signals that can be equal (bounded functions) or smaller
(integrable and reciprocal functions) than those of a stationary process. Figure 1 provides
a graphical illustration of the effects of certain nonlinear transformations on the paths of
an I(1), process relative to those of stationary GARCH (1,1) (i.e., a martingale difference
process). It can be seen that the aggregated paths of a GARCH with those of a transformed
nonstationary process may resemble those of martingale difference processes.

As emphasized by Phillips (2015), -see also Kasparis (2011)- misbalancing may result
to asymptotically vanishing estimators.® Nevertheless, it is not directly obvious how this
affects the predictability tests. Interestingly, for many specifications of interest (e.g. AHF
of diverging homogeneous order), t-statistics diverge under the alternative hypothesis even
if misbalancing has been committed, albeit at slower rates. This is due to the fact that
the test statistic studentization partially offsets misbalancing effects. However, if the fitted
model is badly misspecified, the t-tests can be bounded under the alternative hypothesis.

Next, we consider the effects of misbalancing in CTLS t-tests due to an incorrect func-
tional form. Some comparable analysis is provided by Kasparis et al. (2015) who investigate
the asymptotic power rates of FMLS t-tests and the Janson and Moirera (2006) test un-
der functional form misspecification. In this work, we provide some deeper analysis of the
effects of misbalancing due to functional form misspecification with a focus on CTLS fits.
In particular, we assume that the true model is given by (10) with f AHF of increasing
asymptotic order 7¢(\) (i.e. m¢(A)~' — 0) and the fitted model is

Yp = /Ai‘i‘Bf]M(mkfl) + €, (14)

with fi, 3 being CTLS estimates, and fy; AHF of asymptotic order s, (A) such that 7¢(X)
Tr, (A)7h = 0 i.e. a) the fitted model is misbalanced because the fitted regression function
dominates the true one; b) fy; is of diverging asymptotic order. To keep the paper within
manageable length, we do not provide theoretical results for the cases where f is integrable or
AHF with 7¢(\) — 0. However, this type of misspecification is considered in the simulation
study of the following section.

Before presenting the next theoretical result, we introduce some notation. Let T and
Ty be the t-statistics of (12) based on the true and misbalanced models, respectively, for
the null hypothesis Hy : § = 0. Further, recall that for any locally integrable function ¢ we

8Consider for instance linear regression of y; on zj with y, ~ I(dy), dy, < 1/2 , and x), ~ I(d,) with
dy >1/2.
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Figure 1: Paths of GARCH(1,1) Vs Transformations of I(1)
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P1: 0.5z; P2: 0.5 |xk|0'25; P3: 0.5In(|zx|); @k — k-1 ~4.d.N(0,1); GARCH(1,1) with param.
0.01,0.45, 0.45.

define
q(X) = q(X) — /01 q(Xs)ds.

Furthermore, by d, we denote the normalizing sequence of Assumption A3(a) for the case
p = 1. The following result gives the divergence rate of T, as well as the relative orders of
T and T),;.
Theorem 4. Suppose that

(a) yi. is generated by (4) with p =1, and o} = 02 € (0,00) for all k;

(b) the conditions of Theorem 2 hold;

(¢) fu is AHF with limit homogeneous function Hy,, and asymptotic order my,, ;
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1 HfM(Xt>

d) the matrixz 1{
(@ Io |y 20 12 (%)

} dt is nonsingular a.s.;
(¢) mp(N) T+ mp(N)mp, (A7 = 0.
Under Hy : B # 0, we have

1~
\/ C—ZnTM —d ﬁfK ) fO 'P{fl\/l(Xt>Hf(Xt)dt (15)
nn \/ng}(? fOI HfM(Xt)HfM(Xt)dt

with o2 = fol [H(X,) — pte — BuHy,, (X)) dt and p.., B, the pseudo-true value limits® of the
OLS estimator. Furthermore, under Hy : B # 0

(d )_1 T _ \/UZ f()1 ‘F‘lfl\l (Xt)HfA4<Xt)dt fol f{f(Xt)Hf(Xt)dt
Tr(ln ~ d = .
T Voo [} Hy, (X)Hp(X;)dt

(16)

It can be easily seen from Theorem 4 that if the true regression function is AHF of lower
asymptotic order than the fitted one, there is a reduction in the asymptotic power rate by a
factor of 7¢(d,). Notice that 7(.) is the asymptotic order of true regression function. The

ratio |T'/ TfM captures the relative asymptotic power of the test statistics based on balanced

and misbalanced specifications. At first glance, the second part of Theorem 4 suggests that
misbalancing has more adverse power effects when 7¢(.) is of higher order (i.e. closer to the
fitted model), which is counter intuitive. A closer reading of Theorem 4 shows that 7(.)
is not the only term that affects the relative asymptotic power. It follows from the second
part of the theorem above that we have the following approximate behavior.

2] ~ VIS B (X0, ()t J) B (X0 H (Xt \/w;mn)azw -

| 2
’fol HfM(Xt)Hf(Xt)dt‘ o
: ‘ZEllEQn (0-2,0'3),

The relative performance of the two statistics is therefore determined by

7s(.): the asymptotic order of the true regression function;

d,: the persistence of the predictor;

)
)

iii) R;: the asymptotic distance between the true and fitted regression functions;'°
)

* DN

o2: the asymptotic L2-distance between the true and fitted regression models;

v) o?: noise.!!

9A full characterisation of ji., 3. is provided in the Online Supplement.

1%Note that by the Cauchy-Schwarz inequality R; > 1. If f =~ fy;, then R; ~ 1. On the other hand, if
there is a large discrepancy between f and fjs, R; is significantly greater than unity.

"'Notice that Ry, (02,02) is decreasing in 0. Therefore, other things being equal, misbalancing has less
severe power effects when noise is substantial.
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Misbalancing has more severe effects when the terms 74(d,), R, o2 assume larger values.
Notice, however, that the latter two terms tend to be larger when there is substantial dis-
crepancy between f and fj;, while the former term is more substantial when the opposite is
true. Simulation results provided in the next section show that in finite samples misbalanc-
ing has more severe effects when there is a larger discrepancy between f and f); indicating
that Ry are o more important than m,(d,,).

Mitigating Misbalancing Effects. The discussion above shows that even if misbal-
ancing is committed, predictability tests may have nontrivial asymptotic power. In many
cases t-statistics are divergent under H;, albeit at slower rates, even if the fitted model is
misbalanced due to incorrect functional form.'? In view of this, we consider a strategy that
potentially mitigates misbalancing issues, when it comes to the predictability hypothesis.
More specifically, we consider rolling t-statistics incorporating regression fits that span var-
ious rates. For example, consider the flexible functional forms given by the following set of
regression functions

X

=— _ feco, 18
1+ |zl (18)

f(,0)

with © being a discrete subset of positive real numbers. For each 6 € ©, consider the CTLS
t-statistic 7'(¢) based on the empirical model

yk = f+ Bf(zr-1,0) + éx (19)

for the hypothesis Hy : 5 =0 -cf. eq. (12). For example, for © C [0, 3] we get a wide range
of growth rates for f including linear (# = 0) bounded (6 = 1), asymptotically reciprocal
(0 > 1), and integrable (¢ > 2). Under the null hypothesis of no predictability we have
T(0) =4 N(0,1) for each § € © by virtue of Theorem 3. Under H; the test statistics tend
to be divergent for a wide range of values of 6 (even if the fitted model is misspecified in
terms of functional form) with maximal asymptotic power attained when f(x,0) is closer
to the true regression function.

An alternative approach for addressing misbalancing issues is testing based on kernel
regression estimators; see, e.g. Kasparis et al. (2015). Nonparametric methods provide
more generality at the expense of slower convergence rates. Further, an alternative para-
metric approach could be obtained by considering test functionals of the form maxaeef(0)2,
> oco T()? (see, e.g. Hansen, 1996). Developing limit theory for sup and integral function-
als under our assumptions is challenging from a technical point of view. We leave exploration
in this direction for future work. In Section 7 below, we employ rolling test statistics based
on the flexible functional form of (18) to test the predictability hypothesis for the SP500
returns.

12Recall that if the fitted model is linear and the true regression function AHF of increasing order, t-
statistics have asymptotic power one. However, the tests may not have power if the true regression function
is AHF of decreasing order or integrable -see Kasparis et al. (2015) and the simulation study in this work.
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6 Simulations

This section explores the finite sample properties of CTLS inferential methods with the aid
of a simulation study. We consider the no predictability hypothesis

Hy:8=0vs H: B #0.

The DGP is of the form

Yk = Prr-1 + ex. (20)

Without loss of generality we set 1 = 0. Note that estimators are numerically invariant to
the value of the intercept. In all cases the significance level is set at 5% and the number
of replication paths is 10,000. For the purposes of this experiment the following vector of
innovations is generated

0 € (—1,1). The predictor is either an NI array of the form
c
Ty = (1 + E) Tp-1 + &k, (21)

with ¢ < 0 and xy = 0 or a type II fractional process (e.g. see Robinson and Hualde, 2003)
of the form

(I — L)' 2, =& {k>1}. (22)
The regression error is
€k = OkUp,
with either
ol =1,
or
op = 0.01 4 0.4507_; + 0.45¢;_,, og = 0.01, (23)

which makes the regression error a strong GARCH(1,1).

We report empirical size and power results for T given in (12), and T which is a CTLS t-
stastistic that is utilizing the variance estimator of (13). Note that the former provides valid
inference in the presence of GARCH regression errors, while the second is in general relevant
when the errors are (conditionally) homoscedastic. CTLS methods involve various tuning
parameters, such as bandwidths and kernel functions, that affect finite sample performance.
As explained in Section 3 and 4, there is a trade-off between size and power when it comes
to the choice of ¢, and [,, with better size control achieved in general for larger values for
¢, and smaller for [,,. We have conducted extensive preliminary simulations that involved
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various choices of tuning parameters. We only report results for the set-up that attains the
best size-power trade-off, according to the preliminary simulations. Let ¢ (x) be the density
of an IN(0, <) variate. We consider the following bandwidth terms:

o ¢, =n"% [, =7 with {Tj}é.n:l being equispaced points on (0, 1).

Further, we use the kernel function K(z) = ¢g(x)"/? for CTLS instrumentation for the
predictor, and K(z)* = ¢;(z)'/? for intercept instrumentation'®. Notice that the latter
kernel has a larger variance and, as a result, it entails more limited trimming compared
to g1 (x)/2. Preliminary simulations show that using different kernel functions provides a
slightly better size-power trade-off. A possible explanation for this is that x; is the main
source of endogeneity, and consequently more substantial signal reduction is required for
the estimation /instrumentation of the slope parameter than for the intercept.

6.1 Finite Sample Performance of CTLS Tests

Table 1 reports the empirical size of CTLS tests for NI predictors and o7 = 1. For com-
parison we also consider an IVX test, which incorporates the finite sample improvement of
Kostakis et al. (2015), and an OLS based t-test. Contrary to the CTLS and IVX estima-
tors, the OLS estimator does not have a mixed normal distribution under nonstationarity.
Nevertheless, OLS based methods, or similar procedures appropriate only for stationary
models (e.g. Gaussian MLE), are routinely used in empirical work - see, e.g. Stambaugh
(1999), Amihud and Hurvich (2004), Ang and Bekaert (2007), Bandi and Perron (2008),
Chen and Deo (2009), Bandi et al. (2019). In addition, OLS provides a natural benchmark
for assessing the benefits in empirical size when mixed normality is induced via attenuated
signal instrumentation.

It can be seen from Table 1 that for NI predictors, both CTLS test statistics result in good
size control in general with empirical size close to nominal in most cases. CTLS is somewhat
oversized relative to IVX when the near-to-unity parameter is ¢ = 0, and the endogeneity
is strong. However, the size improves as the sample size increases. Additional simulations
for the size performance of CTLS under GARCH regression errors and fractional predictors
are provided in the Online Supplement (Table S1 and Table S2 respectively). These results
indicate that the empirical size of T under GARCH errors is comparable to that reported
in Table 1 under conditional homoscedasticity.!* Further, CTLS tests exhibit good size
control under fractional predictors, even in situations of strong endogeneity and memory
parameters in excess of unity.

Next, we explore the empirical power of CTLS tests. We focus on the T statistic that
is robust to conditional heteroscedasticity in the regression error. We first consider power
performance when the predictor is NI. Figure 2 reports the rejection probabilities for T and
the IVX t-statistic of Kostakis et al. (2015) against various values for the slope parameter
(B) under strong endogeneity (i.e. ¢ = —0.95), ¢ = 0,—10,—50 and two different sample
sizes. Regression errors are conditionally homoscedastic. All tests are more powerful when
persistence is stronger and the sample size larger, as expected, with [VX achieving better

13As mentioned in Section 3, different kernel functions can be employed for each model parameter.
The utilisation of K™ implies that the intercept demeaning of the dependent variable is of the form
Yore UK/ > op—q K- For more technical details, see Hu et al. (2021a).

14Simulation results not reported here suggest that 7 and IVX exhibit some moderate oversizing under
GARCH regression errors, and large deviations from unity.
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performance. Additional simulation results in the Online Supplement (see Figure S1) high-
light the power of T for the fractional case. Again, our limit theory is corroborated since
superior performance is attained in situations where persistence is stronger and sample sizes
are larger.

As mentioned in Section 3, the CTLS estimator attains a slower convergence rate than
that of IVX under stationarity. A data-driven bandwidth, such as that of (9), can poten-
tially alleviate this problem. Recall that the particular bandwidth scheme uses a preliminary
memory estimator that detects if the predictor is in the stationary region. We consider the
finite sample power performance of the CTLS statistic with ¢, replaced by the data driven
bandwidth ¢, of (9). The exact local Whittle (ELW) estimator of Shimotsu and Phillips
(2005) is utilized for memory estimation. Tsp is the CTLS t-statistic that employs the
stochastic bandwidth term ¢, (i.e. Tsp is the same as 7', but with ¢, replaced by ¢n). To
evaluate the performance of TSB, we consider fractional predictors with d = 0.7,0.6,0.5,0.4.
Figure 3 provides plots of T 5B, T and the OLS based t-statistic for the predictability hy-
pothesis against various values of 5. Tt can be seen that for values of the memory parameter
d > 0.6, Tsg and T have almost identical performance, while for smaller values of d, Tsp
exhibits superior power. In particular, for d < 0.4, Tsp is practically indistinguishable from
the OLS t-statistic. Some preliminary theoretical results show that semi-parametric memory
estimators (e.g. local Whittle, exact local Whittle, log-periodogram) can also distinguish a
mildly integrated process from an NI process, if the bandwidth of the memory estimator is
chosen appropriately. Therefore, it seems possible to devise a bandwidth selection method
comparable to that of (9) that can also provide asymptotic power improvements when the
predictor is a MI process. We leave further exploration in this area for future work.

In general, CTLS tests appear to have reasonably good size performance. IVX tests
appear to be more powerful; however, the CTLS procedures under consideration are readily
available for fractional predictors, nonlinear regressions, and in situations where there is
conditional heteroscedasticity in the regression error. Some preliminary simulations show
that IVX also has good performance in the fractional case. This can be partly explained
by Theorem 3.2 of Duffy and Kasparis (2018) that yields basic limit theory for functionals
of MI processes driven by long memory innovations. The authors of the aforementioned
work are working on a formal investigation of IVX methods in the presence of fractional
processes.
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Table 1: Empirical Size of CTLS Tests (nominal size 5%; NI regressor, cond. homoscedastic regression errors)

250
500
750
1000

T
0.084
0.077
0.076
0.070

-0.95

T
0.089
0.080
0.078
0.069

IVX
0.059
0.062
0.058
0.053

OLS
0.278
0.287
0.272
0.278

T
0.059
0.059
0.059
0.054

-0.5

T
0.062
0.061
0.058
0.056

IvX
0.056
0.054
0.052
0.051

OLS
0.117
0.114
0.109
0.111

T
0.051
0.054
0.052
0.049

0

T
0.055
0.054
0.052
0.049

IVX
0.050
0.054
0.050
0.051

OLS
0.053
0.054
0.051
0.053

T
0.061
0.060
0.059
0.059

0.5

T
0.063
0.061
0.061
0.060

IVX
0.056
0.058
0.055
0.050

OLS
0.113
0.116
0.111
0.108

T
0.087
0.080
0.080
0.075

0.95

T
0.091
0.084
0.081
0.077

VX
0.061
0.055
0.057
0.053

OLS
0.295
0.279
0.277
0.277

250
500
750
1000

0.061
0.060
0.063
0.058

-0.95

T
0.068
0.064
0.066
0.058

IVX
0.062
0.063
0.060
0.060

OLS
0.116
0.117
0.116
0.116

0.051
0.051
0.058
0.049

-0.5

T
0.054
0.053
0.060
0.051

IvX
0.056
0.059
0.059
0.054

OLS
0.072
0.073
0.070
0.066

0.050
0.051
0.056
0.047

0
T
0.052
0.053
0.058

0.048

IVX
0.050
0.052
0.056
0.050

OLS
0.051
0.054
0.053
0.051

0.057
0.056
0.059
0.050

0.5

T
0.063
0.057
0.059
0.052

IvX
0.059
0.057
0.058
0.052

OLS
0.074
0.071
0.073
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Figure 2: Empirical Power of CTLS tests plotted against [: T (5% nominal size; o = —0.95; NI regressor, cond. homoscedastic
regression errors)
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Figure 3: Empirical Power of CTLS tests plotted against 8: Tsp, T', OLS (5% nominal size;
0 = —0.95; fractional regressor, cond. homoscedastic regression errors)
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6.2 Effects of Misbalancing on the Power of CTLS Tests

We next provide finite sample power results for the case where misbalancing has been
committed due to functional form misspecification. We assume that the true regression
model is given by (10) with o = 1, and we consider 6 alternative DGPs for the true
regression function:

Specification 1: f(x) = sign(z) \x|o'5 Specification 4: f(x) = %\xl
Specification 2: f(z) = sign(z) \x|0'25 Specification 5: f(x) = 1+\§|1'5
Specification 3: f(z) = In |z| Specification 6: f(x) = e

We report asymptotic power results for CTLS T-statistics that are either based on a balanced
fit (i.e. the regression function is correctly specified) and on a linear fit (i.e. the regression
function is misspecified). The values of the T-statistics are plotted against various values
of the slope parameter 3 in Figure 4. Notice that in all cases, the fitted regression function
is of higher order of magnitude than the true one. For the computation of the T-statistics
we choose the following configuration: K(r) = K(z)* = ¢o1(2)"?, ¢, = n®%, [, = L.
0 = —0.95. Additionally, the sample size is n = 1000.

It can be seen in Figure 4 that there is no substantial power drop when the true regres-
sion model is a polynomial of increasing order. Nevertheless, there is a substantial power
reduction when the true regression function is logarithmic, bounded, or of decreasing order
(i.e., vanishing at infinity). The poorest performance is evident in the case where f(z) is in-
tegrable (Specification 6). For the integrable DGP, the test statistic appears to be bounded
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Figure 4: Empirical Power: Balanced VS Misbalanced Models; T Plotted against (.

(5% nominal size; unit root regressor; o = —0.95; i.d.IN(0, 1) regression errors)
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in probability if misbalancing is committed. This finding is consistent with some theoretical
results provided by Kasparis et al. (2015).

7 Application to the predictability of stock returns

A substantial literature in empirical finance and econometrics investigates whether stock
returns can be predicted with publicly available information. There are two main approaches
in this area. First, certain studies (e.g. Welch and Goyal, 2008; Bollerslev et al., 2013)
investigate the in sample or out of sample predictability with the aid of some forecast
adequacy test (e.g. McCraken, 2007) or some goodness of fit statistic (e.g. R?). Typically,
predictive regressions take the form of

T = [+ Brp_1 + ey, (24)
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where 7 are stock returns relating to some stock index, z, some predictive variable and
er a martingale difference regression error. Another approach is to test the predictability
hypothesis Hy : 8 = 0 using appropriate (in sample) inferential procedures (e.g., Valka-
nov, 2003; Lewellen, 2004; Campbell and Yogo, 2006; Kostakis et al., 2015). Usually some
financial variable (e.g., dividend yield, earnings-to-price ratio, book-to-market ratio, real-
ized variance) or some macroeconomic variable (e.g., inflation) is considered as a possible
predictor for future returns.

Many studies in this area investigate the predictability hypothesis under the assumption
that the predictor is a stationary AR(1) process driven by i.i.d. innovations, and employ
techniques that are generally valid only under stationarity. For instance, Stambaugh (1999),
Amihud and Hurvich (2004), Chen and Deo (2009) assume that the predictor is a station-
ary AR(1) process driven by i.i.d. or Gaussian i.i.d. errors. Furthermore, Ang and Bekaert
(2007) assume that the dividend yield is covariance stationary. However, there is strong evi-
dence that in certain data sets various financial and macroeconomic variables are persistent,
i.e. consistent with stationary long memory processes (see, e.g., Bollerslev et al., 2013) or
nonstationary long memory processes (see, e.g., Kostakis et al., 2015; Table 4). Christensen
and Nielsen (2007) (see also Chistensen and Nielsen, 2006), Bollerslev et al. (2013), Bandi
et al. (2019) develop methods that allow for stationary long memory predictors.

Several other articles focus on predictive regressions with nonstationary predictors. For
example, Campbell and Yogo (2006) consider conservative testing procedures that allow
for an NI predictor. The latter paper utilizes Bonferroni bounds with confidence intervals
based on the inversion of unit root tests (see also Cavanagh et al., 1995). Phillips (2014)
shows that testing procedures based on this approach provide good robustification for local
deviations from unity but may not perform that well under larger deviations (e.g., Mildly
Integrated or stationary data). The most recent work of Kostakis et al. (2015) investigates
the predictability hypothesis utilizing the IVX method of MP. MP provide conventional
inference in regressions with NI or MI covariates. Kostakis et al. (2015) demonstrate that
the IVX method is also valid under larger deviations from unity, i.e. when the data are
generated short memory linear processes. Further, they provide a finite sample correction
for IVX based test statistics that relates to intercept demeaning. Several other studies have
also used the TVX method in the context of predictive regressions. Gonzalo and Pitarakis
(2012) investigate regime specific predictability in the context of threshold regressions while
Demetrescu et al. (2022) examine episodic predictability in TVP predictive regressions.
Both of the aforementioned papers develop predictability tests that utilize IVX instrumen-
tation. A comprehensive review of the econometric methodology used in this area can be
found in Phillips (2015).

Next, we investigate the predictability of stock returns using the Welch and Goyal data
set, 2018. The returns variable (r) is the log differenced index. We consider four alternative
predictors: Dividend-to-Price ratio (DP), Earnings-to-Price ratio (EP), Book-to-Market
(BM), and a realized variance (SVAR) variable (the sum of squared daily returns on the
SP500). Moreover, we consider three different sampling frequencies of the aforementioned
variables, i.e., monthly, quarterly, and annual. To get some idea of the memory properties
of the data, we report memory estimates based on the local Whittle (LW) and the exact
local Whittle (ELW; cf. Shimotsu and Phillips, 2005) estimators. It can be seen from
Table 2 that SP500 returns closely resemble an 1(0) process in all frequencies, while the
predictive variables are persistent, exhibiting either stationary long memory (SVAR in lower
frequencies), or nonstationary long memory, particularly DY, EP, and BM.
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Table 2: Memory Estimates (bandwidth n%55)

Monthly Quarterly Annual

LW ELW | LW ELW | LW ELW
Returns || 0.07 0.07 |0.14 0.15 | -0.12 -0.08
DP 0.90 0.89 | 0.62 0.62 | 0.59 0.64
EP 0.99 1.00 | 0.68 0.68 | 0.44 0.47
BM 0.99 1.03 | 0.74 0.77 | 0.63 0.65
SVAR 0.53 0.53 | 0.46 047 |0.33 0.35

Figure 5: Rolling CTLS F-statistics, 7'(6)?, plotted against 6 € [0, 3]
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We utilize the inferential techniques of Section 3. More specifically, we compute rolling
CTLS t-statistics as per (19), employing the set of nonlinear regression functions f(z,6) =

1+\z|9’ 6 € [0,3]. We only report results based on T. Tests based on Tz lead to the same

conclusions. Figure 5 reports the values of the CTLS F-statistics T(G)Q against 6 for three
sample frequencies (monthly, quarterly, annual). We find evidence of predictability only
when monthly BM is used as a predictor. The null hypothesis is rejected at 10% significance
level for all choices of 0, and at 5% level for 0.5 < 6 < 2.1 approximately. Interestingly,
power is maximal for § & 1.3, which indicates a nonlinear (reciprocal) relationship between
returns and BM of the form f(z) ~ 1/2%3, for large x. Our findings on the BM predictor
are comparable with those of Kostakis et al. (2015), who also find predictability evidence
for monthly data.

APPENDIX

8 Asymptotics for Chronologically Trimmed Sample Func-
tionals

In this Section of the Appendix, we develop basic limit theory for chronologically trimmed
sample functionals of stationary and nonstationary processes that are relevant for regression
analysis. This asymptotic theory is of independent interest and provides a generalization
of existing limit results, e.g. Phillips et al. (2017) and Hu et al. (2024) who consider
kernel methods for time varying parameter models. The notation in this section is the same
as that used in Sections 2 and 3. In particular, {x;}, .., is a p-dimensional time series
process and {X, x}1<k<nn>1 is a p-dimensional random array that satisfies A2 and A3,
respectively, in Section 2. We assume that K is an integrable kernel function, and for each
x € R, E(x) = [i(21), - fo(2)] AX) = [q1(21), - o ()] where fi and g; (i = 1, .., p)
are measurable functions. Furthermore, let F(x) = [1,f(x)] and Q(x) = [1,q(x)"]’, and
set, for [ €N, 0<7 <..<7 <1and m={0,2},

SY:? = —ZF (xp_1)F(x_1) { ZK Cn /{;/n—T])]}
!
My, = & F(xx_ 1 [en(k/n — )]}Ukuk,
fifre (G

Sé:fg = —ZF nk—1) nk—l),alzn{%ZK[CYL(]{;/”_TJ')]}a
S:g::g = ZQ n,k— 1 { ZK Cn /{Z/TL—T])}}

My, = \/%Z F(X, k1) {% Z K [c,(k/n — Tj)]} LU,
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where ¢, is a sequence of positive constants, [ is either fixed or [ — oo as n — oo, and uy
together with an appropriate filtration {F;} forms a martingale difference sequence so that
Xk, X are Fi-measurable and oy, is Fj_j-measurable (cf. Assumptions A1 — A3).

The asymptotics of the functionals given above are utilized in Sections 3-5 for the anal-
ysis of the CTLS estimators and various test statistics. In particular, the limit theory for

{Sgﬁg, Mm,z} is relevant for stationary regressions, whilst asymptotics for {52:?7 Sé::l, M, z}

are relevant for nonstationary regressions. It is worth mentioning that the terms Slnl

and 552)71 resemble certain functionals considered by Hu et al. (2024) and Phillips et al.
(2017) respectively. The latter paper studies cointegrated TVP models, whilst the former
considers TVP models with stationary covariates. More specifically, Phillips et al. (2017)
utilize statistics of the form

ZXnkX' WKlen(k/m—1)], 0< 7 <1,

where X, . is an I(1) vector process normalized by y/n. Under our assumptions, X, can
be an appropriately normalized I(d), d > 1/2, process or a NI array possibly driven by
fractional errors, see e.g. (3). Therefore, the limit theory of this section is also relevant for
the estimation of TVP models with stationary and nonstationary covariates.

We have the following Theorem 5 and Theorem 6, providing the limit results for sta-
tionary and nonstationary functionals, respectively.

Theorem 5. Suppose A2 and A4 or A4* hold. Then, as n — oo,
{7, = Eloy Fx)Px)) [ K + on(0) 29
If in addition A1 holds, then as n — o0,
My, —a N (0 E [02F (x))F(x.)] / K2) (26)

Theorem 6. Suppose that A3 and A4 or A4* hold, and £(.), q(.) are continuous. Then,
as n — 0o,

1 1
s s ] = { /0 F (X)) F (X )t /0 Q(Xn,[mpdt] E(o") / K + op(1)

—d [/01 F(X,)F(X,) dt, /01 Q(Xt)dt} E(ol") /K. (27)

If in addition A1 holds, we have jointly with (27)
1
Moy, 1, —a MIN (0, E (0’%) / F(Xt)F(Xt)/dt/K2) . (28)
0

Remark 9. If we are only interested in the limit behaviour of Sf?gn and Sé:zgn, conditions
A2 and A3 can be relaxed. For instance, the result of (27) still holds, if (6) is replaced by
Xn’[m] = X; on Dgy [0, 1].
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Remark 10. The continuity requirement for f in Theorem 6 is not essential for (27) and
(28). These results can be extended to the case where f is locally Lebesgue integrable if we
impose more smoothness conditions on X, ;. See Remark 1 for further discussion.

Remark 11. It is easy to see from the proof of Theorem 5 that (25) and (26) still hold, if

A4 (c) or A4* (c) is replaced by 7; = j/(l + 1), where j =1,...,1 (i.e., [, = [ is fixed). As

for (27) and (28), if A4 (c) or A4* (c) is replaced by 7; = j/(I+1) (j =1,...,1), we have
[5577227 M2n,l}

B

—d

;’T) ;F(XTJ)F(XTJ.)’/K, MN (0, E(l"%) ;F(XTJ)F(XTJ_)//Kzﬂ‘

Remark 12. Theorem 5 provides a generalization of the limit theory of Hu et al. (2024)
who consider kernel functionals with a single chronological point. Furthermore, Theorem 6
provides a generalization of a comparable result as in Phillips et al. (2017) who consider
kernel functionals of time trend weighted by I(1) processes. Theorem 6 is more general than
the existing limit results in several ways:

(i) We consider more general nonstationary processes. In fact, our assumptions on X,
are minimal and are not model specific. The main requirement is that X,, ; converges
in the Dg» [0, 1] space.

(ii) We allow for nonlinear transformations of X, x.

(iii) The Sézg, My, functionals entail both stationary and nonstationary processes. This
is relevant for example for the asymptotic analysis of TVP models that have both
stationary and nonstationary covariates. Further, the assumptions for the stationary
process o' are quite general -e.g. o0} is allowed to be a strictly stationary long memory

process.

(iv) The kernel functionals allow for multiple chronological points.

Theorem 6 provides a limit theory for rescaled functionals of nonstationary processes
(ie., X,x = D;'x; as in A3). For the purposes of regression analysis, limit theory for
non-rescaled processes (i.e., X, is replaced by x;) is more relevant. Following Park and
Phillips (1999, 2001), we next assume that f(.) and q(.) are vectors of AHFs. Recall that
Ky = Z;"Zl K [c,, (k/n — 7;)]. The following result is the counterpart of Theorem 6 for
transformations of non-rescaled sequences.

Theorem 7. Suppose that:

(a) A1, A3 and A4 or A4* hold.

(b) For each i =1,..,p, fi is an AHF with limit homogeneous function Hy, and asymp-
totic order mwy,. Further, for x € R, Hp(x) = [1,Hfl(asl),...,pr(xp)]/, and L, =
diag {1, g (dip), o T, (dpn)}.

(¢) For eachi=1,....p, q; is an AHF with limit homogeneous function H, and asymp-
totic order . Further, for x € R?, Hg(x) = [l,qu(xl),...,qu(mp)],, and C,, =
diag {l,wa(dln), ...,qu(dpn)},
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Then, as n — oo, the following weak limits hold jointly
ZC (Xp—1)0y K = nl ZHQ Xok)op Kiy + 0p(1)

—d Uk / HQ Xt dt/K (29)

Cn - - - m m
@chlp(xkl)F<xkl)/gnlak Ky, = n—ln;Hp Xop) He (X)) 00 Ky + 0p(1)
1
—q E (o) / Hp(X,)Hp(X,)'dt / K, (30)
0

| Cn —~ B o
n—lnkz:;ﬁn F(Xk—l)O'kUkKkn = n—lnkz:;HF(Xn,k)akukKkn—}—op(l)
1
s MN {0, B(of) [ He(He( [ KQ] )
0

The proof of Theorem 7 follows easily from Theorem 6 and the AHF assumption. Proofs
are provided in the Online Supplement.

9 Asymptotics for a General Class of Sample Functionals

This section provides a significant extension to Lemma 5.1 of Hu et al. (2021b), establishing
asymptotics for a general class of sample functionals. This extension includes Theorems 5
and 6 as corollaries. We start with some notation:

o {X,k}tk>1n>1 18 a random g-dimensional vector array;
o {v;}k>1 is a ¢ X ¢ random matrix sequence;

e G : RY — R?%Y is a continuous matrix function, i.e., for every r,s = 1,2,--- ¢, the
function [G(x)],s is continuous on RY,

e K :R — R is a Borel function; and

for0<m <...<m <1, set

anG k) 72 [en(k/n—15)],

where {c,},>1 18 a sequence of positive constants.

—_

For the asymptotic behavior of S,,;, we have the following result.

Lemma 1. Suppose that
(a) there is a continuous process X; such that Xn,jnt) = X on Dy 0, 1];

(b) supy>, E [Juk]| < oo and there exist Ay € R™9 and 0 < m := m, — oo satisfying

1 Jjt+m _ .
n/m — 0o s0 that maXm,<j<p-m £ || Tl Uk — AOH = o(1);
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(¢) K(x) has a compact support or K (x) is eventually monotonic, so that [ |K| < oo.

Then, for any fized | > 1, ¢,, — 00 and ¢, /n — 0, we have

l
1
Sn,l - 7]21G(Xn,[n7]])140 /K+Op(1)

I
1
g JZIG(XTJ.) Ay / K. (32)
If in addition 7; = j/(l, +1),7 = 1,2, ..., 1,, where I;' +1,/c, — 0, then

1 1
Spi, = / G( X i)t A / K+ op(1) =4 / G(X,)dt A, / K. (33)
0 0

Remark 13. In view of the weak convergence requirement in (a), the continuity of G is
sufficient for this result, but not necessary. The result can be extended to the case where
G is locally Lebesgue integrable if we impose additional smoothness conditions on X, .
However, this generalization would involve more complicated calculations. We will not
pursue this extension in this paper. It is worth mentioning that no relationship is imposed
between v, and X,, ;. Moreover, condition (b) is satisfied with Ay = Ev; whenever vy, is
(strictly) stationary and ergodic satisfying F [|v1]| < oo, and £ 3"}, vx —, Evy. This fact
will be used in the proofs of the main results.

If we are only concerned with the boundedness of S,,;, weaker conditions are required
compared to those used in the previous lemma.

Lemma 2. Suppose that conditions (a) and (¢) of Lemma 1 hold, and {vy }r>1 is an arbitrary
random sequence satisfying supys, I ||vp|| < co. Then for any | > 1 (allowing for | =1, —
0), ¢, — 00 and c,/n — 0, we have

n l
Ch, 1
S NG Tl 3 K ealh/n — )] = Op(1). (3)
k=1 j=1
If in addition 7; = j/(l, +1),5 = 1,2, ..., 1, where I, logl,/c, + ;1 — 0, then

Z Keo(k/n— 1)K [ca(k/n—1;)] = op(1), (35)

" 1<i<j<ln

Cn 1
- X, _
. 31 G Xl lvell 5

Ch — [ dn )
E;||G<Xnk)” vk ]| (\/E;K[cn(k/n—fj)D = 0p(1), (36)

(%) S 16l (2 S Kfealk/n 7)) = op(1). (37

Remark 14. The results of Lemmas 1 and 2 hold true, if K(z) is replaced by z¢K®(z) for
any a > 0 and any b > 1 under the additional condition [|z°K®| < oco. This claim is
obvious from the proofs of the aforementioned lemmas and will be used in the proofs of the
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main results. Let K* be another kernel function, possibly different from K, that satisfies
the same conditions as K does. Then the same argument used for the proof of (35) yields

> Klealk/n — )] K* [co(k/n — 75)] = op(1).

" 1<i<j<ln

e — 1
n G(X, _
7 2 NGCEI uel

This, together with Lemma 1, implies that

ln

S Gt K lealhfn = )] S K e/ = 1)

n , ,
Jj=1 J=1

1 1
0 0
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This supplement is organized as follows. Section S1 provides a more detailed review of
existing robust inferential methods under temporal dependence. In Section S2, we investigate
CTLS inference in multi-covariate models, providing an extension of Theorem 3 given in Section
4 of the main paper. Section S3 provides the proofs of Lemmas 1 and 2 of the main paper.
The proofs of the theorems in the main paper are given in Sections S4 to S10. Since Theorems
5 and 6 provide the basic tools for other proofs, we arrange the proofs of Theorem 5 and 6 in
Sections S4 and S5, respectively. The proof of Theorem S1 of this supplement is given in Section
S11. Section S12 gives some additional simulation results. Throughout the Supplement, unless

mentioned explicitly, we use the same notation and equations as those given in the main paper.

S1 A Detailed Review of Existing Inferential Methods

The first approach put forward for addressing the dichotomy in inference, between stationary
and nonstationary regimes, relies on so-called conservative methods. In particular, a number
of studies develop procedures that yield robust inference in the presence of NI processes, in
the context of reduced form regressions where the covariate is predetermined with respect to
the regression error. For example, Cavanagh et al. (1995), Campbell and Yogo (2006), Janson
and Moreira (2006), Elliott et al. (2015) study parametric models with a NI covariate. The
aforementioned papers propose test statistics with limit distributions free of nuisance near-to-
unity parameters. This is achieved mainly' via conservative inferential methods, e.g. Bonferroni
methods or by considering test statistics averaged over a prespecified range for the nuisance
parameter space -for a review see Mikusheva (2007) and Phillips (2014, 2015). Although these

! Janson and Moreira (2006) consider conditional inference rather than conservative tests.



procedures provide valid inference under local deviations from a unit root, their emphasis is on
NI models and may not be valid under large deviations from unity (see Phillips, 2014). Further,
their implementation is more involved than that of conventional tests based on studentized
regression estimators (i.e., t-/F-tests). This is due to the fact that the related test statistics can
be more complex, but more importantly because limit distributions are not conventional (e.g.
N(0,1), x?). Therefore, critical values are not readily available from commonly used statistical
tables. The implementation of these methods becomes even more difficult in situations where the
dimensionality of the nuisance parameter space increases, e.g. when the model involves multiple
near unit roots and/or memory parameters, tail parameters (heavy tailed data), TVPs, different
types of nonlinearities in the regression function, etc.

The possibility of fractional predictors has received little attention in the literature on robust
predictive regressions, despite substantial related work on fractional cointegrated systems, e.g.,
Robinson and Hualde (2003), Christensen and Nielsen (2006), Hualde and Robinson (2010), and
Andersen and Varneskov (2021). The specifications considered in the aforementioned studies are
in general structural (i.e. covariates may not be predetermined) and in some cases (e.g., Hualde
and Robinson, 2010; Andersen and Varneskov, 2021) both stationary and nonstationary long
memory are allowed. These methods are mainly semi-parametric (spectral OLS) with respect
to the short memory components of the system and may attain sub-OLS? convergence rates
due to bandwidth parameters. Regression estimators have mixed Gaussian or Gaussian limit
distributions, and therefore inference is conventional in this framework. However, preliminary
memory estimators are required, which makes implementation somewhat more involved. Further,
although these models are quite general, nonlinearities and nearly integrated arrays are ruled out.
For instance, similarly to FMLS (e.g. Phillips, 1995), the spectral LS method of Robinson and
Hualde (2003) relies on (fractionally) differencing the data. It is well known that this approach
may result in severe size distortions when there are near-to-unity parameters.

The relatively recent work of Magdalinos and Phillips (2009, MP hereafter) provides an
alternative approach to inference in regressions with possible nonstationary covariates. This
study proposes instrumentation based on certain linear filtering of the regressors. The resultant
IVX instruments exhibit weaker signals than those of the covariates and, as a result, induce
mixed normal limit distributions in situations where independent variables are unit roots or NI
arrays. [VX instrumentation yields asymptotically vanishing endogeneity, and this is sufficient
for a martingale CLT to operate. Hence, contrary to the OLS estimator, in the presence of
nonstationary data the IVX estimator has mixed Gaussian limit distribution and studentized IVX
estimators have N(0,1) (t-tests) or x? (F-tests) limit distributions. Conventional and nuisance
parameter free inference is achieved for a wide range of persistence in the data at the expense of
a slight reduction in the convergence rate. In particular, the IVX estimator attains a sub-OLS
convergence rate. MP consider multivariate regressions with mildly and nearly integrated data.
The subsequent work of Kostakis, Magdalinos and Stamotogiannis (2015; KMS) extends MP

to stationary short memory regressors, and also provides finite sample improvement methods

’By sub-OLS we mean the OLS rate less an arbitrary slow regularly varying rate.



relating to intercept demeaning. For further work on the IVX method, see, e.g. Yang et al.
(2020), Demetrescu et al. (2022), Magdalinos (2022), Magdalinos and Petrova (2022) and the

references therein.

S2 CTLS Inference in Multi-Covariate Models

In this section we extend CTLS based inference to multi-covariate models as per (4) in the main

paper. Recall that the specification of the aforementioned equation is as follows.

yk = o+ B'f(xp-1) + ek,

where the covariate and the slope parameter 3 are p-dimensional. As in (5) of the main paper,

we may rewrite the model above as
yp = O'F(xp_1) + ex, (52.1)

where F(xj_1) = [1,f(xx-1)"]" and 6 = [u, B']". Define f;_; = f(x}_1), Fr_1 = F(xx_1) and

k=1

{Hn, Vo, An} = {ka_lf];_lf(kn, > GFeaF KL, [-F Ip]}, (52.2)
k=1

where é := yp — 9ILSFk_1 are the OLS residuals, I, is the p-dimensional identity matrix, f_1=
fr1—fF, and f = >}, fi1Kkn/ Y r—o Kin. For the single restriction hypothesis

Hy:B8,=meR, i=1,..,p, (52.3)

we have the following general formulation of the CTLS t-statistic

Bi -7
\/ [H;lAnYJnAmgl

N
n: ;
1

where recall [.].. stands for the ¥ diagonal element of some matrix. We also consider multiple

1)

restrictions of the form

where R is a ¢ X p (¢ < p) matrix and 1 a predetermined ¢-dimensional vector. For the latter

type of restrictions we consider the CTLS F-statistic
. ~ / N -1 ~
F=[RB—n| [H A0 [RB=n].

In the presence of nonstationary regressors, the CTLS estimators attains multiple convergence

rates due to a variation in the degree of persistence, between various covariates, and nonlinear-



ities arising from the regression model (see Theorem 2 in the main paper). This phenomenon
requires matrix normalization for various components in F. Matrix normalization creates tech-
nical difficulties due to non commutability of matrix products -for a discussion see Magdalinos
and Phillips (2018). To avoid these technical difficulties, under nonstationarity we assume g = p
and R = [,. This is general enough to allow for the joint predictability restrictions 3 = 0.

We now state the main results in this multi-covariate Models under the null hypothesis when
the regressor is either stationary or nonstationary as discussed in Theorem 3 of the main paper.

Its proof is given in Section S11.

Theorem S1. Suppose that, in addition to the conditions of Theorem 1 or Theorem 2 in the

main paper, supy>q Eui < 0o. Under Hy : B; = n, we have
T; —4 N(0,1). (S2.5)
Furthermore, under Hy : R3 =n
F —qx2. (S2.6)

As explained in Remark 8 of the main paper, the requirement supjs; Eu‘,ﬁ, < 00 can be

dispensed with when the regression errors are conditionally homoscedastic, i.e. a,% = ¢ for all
k.

S3 Proofs of Lemmas 1 and 2

S3.1 Proof of Lemma 1

We only prove (32). The proof of (33) is similar and relatively simple. We shall first assume
that there exists an A > 0 such that K(z) =0, if || > A and K(x) is Lipschitz continuous on
R. This restriction will be removed later.

Without loss of generality, suppose that A = 1. Set d1,; = [n(7; — 1/cn)| V 1, bonj =
[n(tj +1/cn)] V1 and 8, ; = [n7j]. Recall that 7; = j/(l, +1). Since

len(k/n—15)] <1 onlyif 61 <k <damj, Jj=1,..1, (S3.1)

by letting Ry, ; = Ziﬁgﬂw v, K [en(k/n — 7j)] and

(Sgn,]‘
Rong == % [G(Xak) = G(Xns,,)] on Klea(k/n—1)],
k:(slnd
we have
1 In c n
Snin = 1 ; - 2 G (X k) vk K [cn(k/n — 75)]



5271,,]'

In
= Z nﬁn] o Z Vk K[Cn(k‘/’rl—Tj)}

k=d1n,;

52n]
o Z ST (G (Xug) — G (X)) on K [enlk/n — 7))
j=1 k O1n,j

l’n.

= — Z G n,0n,; Rln,g + Z RQ”’J
1 B 1" Ly
= 2 G0 Ao [ K+ DS 60Xns,) Ry o [ K]+ 7 Ren
J=1 =1 =
ln
= llz G(Xn,an,j) AO/K + Rin + Rop.
niol

Since - Zl" G(Xns,,) = fo n,nt])dt +0p(1) =4 fol G(X;)dt, it suffices to show that
Rjn=op(1), j=1,2. (53.2)

To prove (53.2), we start with some preliminaries. Recalling X,, (,,j = A on Dg«|[0, 1] and
that the limit process &} is path continuous, we have X, () = &} on Dga [0,1] in the sense of
uniform topology. See, for instance, Section 18 of Billingsley (1968). This fact implies that

. : S _ .
lim sup lim sup P (11%1]%}(” | X k]| > N> 0, (53.3)

N—oo n—o0

and by the tightness of {X,, [ }o<t<1, for any € > 0 and § > 0, there is some 6 = d(¢,5) > 0
such that

P ( sup 5 HXn,[nt] - X”7[”S]H > 5) <e (834)

|s—t|<3

holds for all sufficiently large n. In view of (S3.4), for any § > 0, we have

n—o0 1<j<ly, 01n J<l<k<52

lim P ( max max [ Xpp — Xngl| 2 6) = 0. (S3.5)

We are now ready to prove (S3.2), starting with j = 1.
For any N > 0, and any real x € R? define Gn(x) = v(x)G(x) with

L, x| <N,
Env(x):=q 2—|[x[I/N, N <[x|<2N,
0, x| > 2N.



Set

l
~ 1 n
Ry, = ln].;GN (Xns,) [Rm,j — A / K] .

Note that as n — oo first and then N — oo,

PRy, # Fa) < P

max | X k]| > N) — 0. (53.6)

Moreover,

.

l
ON

where Cy 1= supyepa ||GN(X)|| < 00, due to fact that Gy is continuous with compact support.
The result (S3.2) with j = 1 will follow if we prove

max F HRln’j — Ao/KH — 0, (838)

1<j<In

as n — oo. Indeed, by virtue of (S3.7) and (S3.8), we have E HEI" — 0 for each N > 1. This,
together with (S3.6), yields Ry, = op(1).

Since, as n — 00,

2,
Cn
11%2%)%” nk; K [cn(k/n —15)] — /K — 0, (53.9)
=01n,j

to prove (53.8), it suffices to show that max;<;<;, F || An(7;)| — 0, where

02n,j
Ap(r;) = % 3" (vr — Ao) K [ealk/n—13)].
k=01p,;

Let v = v, be integers such that v — oo and ve¢,/n — 0, Thinj = [01n;/7] and Top; =
[02n,5/7]- Noting (S3.1), we may write

62717]'
JAa@Il = [ D (o= A0) K [ealk/n —7)]
k=61n

Ton,j (s+1)y

= 2 Y = A K fealk/n = )] +op(1)

n
s=T1pn,; k=sy
e Ton,j 1 (s+1)v
< Tn > Klealsy/n—m)l = | Y. (vr— Ao)
5:Tln,j 7 k=sy



Tgn J S+1

Z > low = Ao|l [K [ealk/n —75)] = K [ea(s7/n — 13)]| + 0p(1)

s=T1pn,; k=sy
= Aln(Tj)+A2n<Tj)—|—0p(1).

Recall that supy~; £ ||vg|| < oo by condition (b). Therefore, it follows from the Lipschitz conti-
nuity of K(z) that

52n]

EAg,(rj) <0222 % EHvk—Ao||<Cﬂ—>0
non., A o
n,j

uniformly in 1 < j < [,. Similarly, in view of condition (b) and the fact that maxi<;<;,, [Asn(7j)—

fK‘—>Owehave

+y
1 S
1222;” BAun(m) < 'y<r§<a7§ vE g kzj v A 1r<%zgn Asn(7) = 0,
S
where
~e Ton,j
Agn(m) = —= > Klea(sy/n—5)].
3:T17L,j

In view of the results above, (S3.5) holds true, and this completes the proof of Ry, = op(1).
Next, we show Ry, = op(1). Let Roy, = i Zé-":l EQnJ’, where

62n,j

Rong == % [GN(Xun) = On(Xns, )] on Klea(k/n—1)].
kzéln,j

In view of (S3.6), we have

PRy # Bon) < P( max [ Xuill = N) =0,

as n — oo first and then N — oo. For the asymptotic negligibility of Rs, it suffices to show
that Ra, = op(1), for each fixed N > 1.

By definition, G (x) is continuous with compact support. Hence, for any € > 0 there exists
a 0. > 0 such that |Gy (x) — Gn(y)| < € whenever ||x — y|| < 0. Write

Qs = : X, —X < )
o = {w 1%22 51n,j§rln§akxg52n,j X will < 0c}

By virtue of the facts above and (S3.9), it is readily seen that

max F |:HR2n7j
1<j<In

195,)]



§2n,j

c
< B{ Xoi) — G (Xng)|| &2 K [ealk/n - 7))}
- 1%%§7z51n,j§r{1falﬁxﬁd2n,j G mk) Gt nZ)H "y (SZ:HHW‘H [Cn( " T])]
=01n,j
c d2n,j
< esupE |lu] = Z K [cn(k/n —75)] < Cne,
k>1 [N —
717l,j+1

where C'y is a constant depending only on N. Now, for any 71 > 0 and 72 > 0, let € = 112 and
no be large enough so that, for all n > ng [recall (S3.5)],

P Xnk — > 0c | < mo.
(5 o, i, Vs = Kot >5) <

Hence, for all n > ny,

¢ (|7

where Q5. denotes the complementary set of {25, and Cy is a constant depending only on N.

This yields Ron = op(1), for each fixed N > 1, and completes the proof of Ra, = op(1).
Finally, we remove the restriction on K and then conclude the proof of Lemma 1. If K

has a compact support, there exists A; > 0 such that K(x) = 0 holds for all |z| > A;. If

K is eventually monotonic (without loss of generality, we assume K > 0), for any ¢ > 0, we

l
_ 1 & _
>m) < P(Q) 40t 1 D F || Reny
ni

can also choose a constant Ajc > 0 such that K (z) is monotonic on (—oo, —Ai¢) and (Aje, 00)

and f|x\>A16 K(z)dz < e. As a consequence, it follows from [ K < oo that for any € > 0 and

A > max{A, A1} + 1, there exists a K. s(x) such that
/ K — Koal < 2, (83.10)

where K. 4(z) = 0if |x] > A and K a(x) is Lipschitz continuous on R. It has been shown in
the first part that, for any € > 0 and A > max{A;, A1} + 1,

o Z C"ZG o) Uk Koo [en(k/n — 7)]

/ G n,[nt] tho/KeA—i-Op —)d/ G Xt thO/KeA

To show (32) it suffices proving that as n — oo first and then € — 0 (implying A — o0),

Snei=1 Z C”ZG i) Uk K [en(k/n — )] = op(1), (S3.11)
j=1

where K () = K (z) — K a(z).
The proof of (S3.11) is similar to that of (S3.2). For any ¢ > 0, set A as in (S3.10). First,



note that as in (S3.9),

Cn = | = "R
sup [ | [enlk/m = )] [eab/n ) < 4) = [ |R(@)lda] 0.
=1 -

1<j<in
when n — oco. Hence, for n sufficiently large,

Alj,_cnz‘Kcnk/n—Tj”ICn’k/n—T]|<A /]K )|dx + € < 3e,
k=1

uniformly in 1 < j < [,,. On the other hand, it follows from the monotonicity of K(z) on
(—00,—A) and (A, o0) that, whenever n is sufficiently large,

Ay = %" S| K [enlk/n — )] [I(calk/n — 75| > A)
- %” K[en(k/n — )] I(calk/n — 7, > A)
k=1

N

< / K(z)dz < / K(x)dx < e,
|z|>A—cn/n |z|>max{A1,A1}

uniformly in 1 < j <1,. Using these facts, when n is sufficiently large, we have

ln

In n
Z an ‘ [cn k/n—Tj)]’ < llz (A1 + Agj) < A4e.
k=1

Now, for any § > 0, let
n

In
n,e,N Z ;n n k) Vg K [Cn(k/n - T])]
j=1

Using the fact that Gn(x) is uniformly bounded, we have

P(HSn,EH > 5) < P(Sn,e 7& Sn,f,N) +P(||Sn,6,NH > 5)

< P <1I£1ax | Xnkll > N)+0 lEHSneNH
< P ( max | || X, k|| > N) +671Cx sup E ||Jug|
1<k<n k
In n
Z N K lealk/n = 1)
"oi=1 k=1
<

< P (1@5x | X pnll > N) +Cived !t =0,

as n — oo first, N — oo second and then ¢ — 0. This proves (S3.11) and hence completes the

proof of Lemma 1. O



S3.2 Proof of Lemma 2

We first prove (35) and, without loss of generality, assume K > 0. Using similar arguments as
in the proof of (S3.2) or (S3.11), it suffices to show that, as n — oo,

Z Z K [en(k/n — 73)| K [cn(k/n — ;)] — 0.

k=1 l<l<]<ln
Set N j = %n(n + 7). Note that c,(k/n — 1) > cn(j —9)/(2(ln + 1)), if & > 1y, 5, and
len(k/n— 1) > en(d —14)/(2(1, + 1)), if K < npjij. In view of the fact that K(x) < 1/|x| for

sufficiently large?, we have

L= Loy anmn (k/m — 7)) K [en(k/n 7]

1<z<]<ln
C In+1 cp
< I Z ng(K[%(k/”_Tz)] + K [en(k/n—15)])
Ti<i<i<t, ™ J k=1
< ¢ L <O logl e, — 0.
Cn — J—1
1<i<j<ln

as required.

The proof of (34) is similar to that of (35) and, hence, the details are omitted. The result
of (36) follows easily from (34) and (35). Finally, (37) follows from similar arguments as those
used in the proof of (S3.2) and the fact that as n — oo,

1 &

(%)2;71: (T A K[cn(k/n—Tj)])4

INA
\]
—~
S [$
~—

[\

(— l_" K? [en(k/n — Tj)])2

k=1 nog

+8(2)*Y (ll K[cn(k/n—n)]K[Cn(/ﬂ/n—Tz)])Q

AN
[\)
Q
[\&}
—~
‘Q
N
~—
[\
/N
‘H
Y
3
—~
™
~
S
|
S
=
N—
_l_
0]
~
[}
=

due to (35) and (36). O

3Since [ K < oo and K > 0 is eventually monotonic, we have that K is decreasing on (A1, 00) for some A; > 0,
and

K(m)/2§/ K(t)dt -0, = — o0,
2

Similarly lim zK(z) = 0. Hence, K(z) < 1/|z| when z is sufficiently large.

T—r—00

10



S4 Proofs of Theorem 5

We only consider My, i.e., (26), since the limit result for Sg@gn given in (25) follows easily
from Lemma 1 with G(z) = Ip4+1 and v, = F(x_1)F (x5_1)"0}".

Set Qrpn = /2d'F(x}_1)0% ﬁZ?L:lK[cn(k/n—Tj)], where o € RPHL. Using (35) in
Lemma 2 with G(z) =1 and vy = [o/F(x3_1)0ox]?, we have

ZQi,n = % [a/F(kal)Uk ZKQ cn(k/n—15)] +op(1)
=1 k=1 noi
= F [O/F(Xl)O'Q}Q/KQ + Op(l), (84.1)

where the second equation follows from Lemma 1, with K(x) replaced by K2(z), and Ay =
E[a/F(x1)09)*. In view of (S4.1), it follows from the classical martingale limit theorem (e.g.,
Hall and Heyde (1980), Theorem 3.2 or Wang (2014), Theorem 2.1) that to prove (26), it suffices
to show that

(1).

max
1<k<n

Note that for any A > 0,

1/4

max
1<k<n

< {Z Qk o {IF (xk-1)o]| > A}} {Z Qi {IF (xi-1)on]| < A}}
k=1

k=1
= I (A)Y? + I, (A4

Similar arguments used in (S4.1) show that the first term above is

IN

I11,(A) chn Z B (xi—1)ok 1 I {IF (xr—1)ol > A} *ZKQ cn(k/n —7j)] + op(1)

k=1 ]1

e E [|F (x1)oz|* I {|F(x1)2] > A}/K2 +op(1) = op(1),

where we take n — oo first and then A — oco. On the other hand, using (37) in Lemma 2 with
G(z) =1 and v, = 1, the second term

4

T (4) < ol ' 4" ()30 3 <= S Klealh/n—m)] = op(1),
k=1 "

for each A > 1, as n — oo. Combining these facts, we establish (26). The proof of Theorem 5 is

now complete. ([l

11



S5 Proof of Theorem 6

We only consider My, ,,, i.e., (28). The result for [Sé;n}n, Sé;ng"} given in (27) follows directly
from Lemma 1 with G(X, 1) =F (X, 1) F (Xn’k)' or G(Xpi) =Q(Xnk), and v =o', m =0
or 2.

Set Qi = /2d'F(Xpp_1)ok \/—%Z;’;l K [en(k/n — 7;)], where o € RPYL. Noting that
fol F (X, [nyg)dt is a continuous functional of X, 1, the limit result of (28), jointly with (27),

will follow if we prove that, for any o € RPTL,

[Xnv[nﬂ, g@knuk] = [Xt, MN <0,E(U%)/O1 [a’F(Xt)]th/Wﬂ (S5.1)

on Dgryr[0,1]. First, note that by using (35) with vy = o7 and G(.) = &/F(.) first, and then
(32),

n

2
ka,n =

k=1

Cn

M=

In
[WF(Xoi1)]” 02 ll S K2 [ealk/n — 7)) + 0p(1)
1 " j=1

1
)/0 [a'F(Xnv[nt])]th/K2+0p(1). (S5.2)

n

i

= E(O‘

=N

It follows from A3(a) and the continuous mapping theorem that

[nt] nt|

L n
1 1
= 5’7 f—’Xnnv an

N [Blt,th,Xt,E(U%) /01 [a/F(Xt)]th/K2:|a

on Drrxrrxrexr|[0,1]. Recall A1 and that Qy,, is a functional of &, &t—1,.... By Theorem 2.1
of Wang (2014) or Theorem 3.14 of Wang (2015), the limit result of (S5.1) will follow if we prove

max |Qk,n| = op(1), (55.3)
and

LN Qo = o) (55.4)

\/ﬁ P k;,’l’b - OP 9 -

which is what we set out to do next. In view of the continuity of ||F(.)||*, it follows from (37)

with v, = Ué that

1<k<n

4 n
[max |Qk,n|] <Yal,
k=1

12



< Jlalf* (= )ZHF I fZKcn kfn=m)] | =op(1),

yielding (S5.3). Similarly, using the fact that [,,/c, — 0 and (34) in Lemma 2, we have

ln

Tk: ‘an’ = ‘(XH\/»\/ZZHF n,k—1 H ‘O’k Z Cn k/n—T])]

A

- II\/TC”ZHF nmu\aufz ea(k/n = )]

= OP( in> =op (1),

which shows (S5.4). The proof of Theorem 6 is complete. O

S6 Proof of Theorem 7

We start with the following lemma.

Lemma S1. Suppose that:

(a) foreachi=1,....,q, gi: R — R is an AHF function with limit homogeneous function H,

and asymptotic order my, ;

(b) xp = [xp1, ...,mhq]', Xy is a Re-valued continuous process, and in Drq|0, 1] there are deter-

ministic sequences dip, — 00, © = 1,...,q such that X, (p) = Xi, where
Xn,k = dz’ag{dln, et dqn}ilxk;

(c) either ez = o, where m = 0,2, and Assumptions A3(b) and A4* hold, or
e, = opug with supys; Fuj, < co, and Assumptions Al(c), A3(b) and A4* hold;

(d) h:R? — R is a continuous function, and there exist co > 0, > 0 and v > 0 so that for
every X,y € RY,

[h(x+y) = h(x)| < colly[* (1 + [IxI[ + [[y])”- (S6.1)

Then as n — o0,

n
Cn

~ Cn = ~
€k K;mh(Xn,kfl) = ﬁ Z 6% Kknh(Yn,kfl) + OP(l)a
" k=1 " k=1

13



where

~ 91($k 1) gq(wkq)] ~ [ ($k1> (mkq>:|
Xk 1= e : and pi=|Hgy | — ), -, H, : .
n |:7T91 (din) Tgq (dgn) Y "\ din g dgn
Proof. We only prove Lemma S1 with e, = ojuy. The proof for e = o} is similar but

simpler. Let Z,r = X1 — Yni. Lt follows from the definition AHF that

q

HznkH <ap Z(l + ‘xk,i/dinlégi) < 2anQ(1 + HXn,k
i=1

),

ag. (djn) . .
where a, = maxi<j<, % — 0 and § = maxj<j<4g;. Observe that there is a continuous
J

function hg : R? — RY such that y,; = ho(X,,x). Therefore, by the condition (d), we have
c n n
# > ek Kinlh(Znj—1) = (Fnp—1)| = 0p(1) - == > _ €f Kpnha (X p-1), (S6.2)
" k=1

where

ha(x) = (14 IxID* 1L+ [xI)° + [ ho(x) 1"

is continuous. Recall that F (u2|F,_1) = 1, and o}, is Fx_; measurable and stationary. It is
k

readily seen from A3(b) and supy>; Fuj < oo that

AL 1 &
mgr;lgzxg_mE . Z e — F (O’%) =F . Zez - K (O‘%)
k=j+1 k=1
1 & 1 &
<FE EZJ,% [uz — E (uj|Fr—1)]| + E EZ [0 — E(ag)]‘ -0,
k=1 k=1

for any 0 < m = m,, — oo. Hence, condition (b) of Lemma 1 is satisfied with vy = €7 and
Ao = E (07). The desired result follows from (S6.2) and (32) in Lemma 1. O

We now turn to the proof of Theorem 7. It suffices to prove the op(1) approximations in (30)-
(31). The weak convergence results in the aforementioned equations are a direct consequence of
Theorem 6. Further, the proof of (29) is identical to that for (30).

The proof of the op(1) approximation in (30) is simple. Indeed, by recalling that Ky, =
22”:1 K [cn(k/n — 75)] it follows from the condition (b) in Theorem 7 that

n
c _ _
nTnn ’;1 LAF(x_1)F(x1)' L, 0 K

n
C
=: 77; § Hp (X 5—1)Hr (X j—1) 05" Kin + A1y,
" k=1

where Ay, isa (p+1) x (p+ 1) matrix that is determined by the definition AHF. It follows from

14



Lemma S1 with ek = o0} that Ay, = op(1). Therefore, (30) follows directly from Theorem 6.
We next prove (31). We write

n n
C _ C
\/ 7nlnn 1;—1 L F (xpo1)opuy, Ky = \/ fn;; g_l Hy (X 1—1)0k Kinug + Ao,

where Ag, is a (p + 1)-dimensional vector. In particular, the first element of Ay, is zero, and

the j + 1 element

[AQNL‘ Y. ﬁﬂ'_l Jn ZRf] jnal'k 1])0k Kypug, ,j=1,.

k=1

with Ry, given in the definition AHF. For A > 0, set

Cn

[A2n]j (A) = fJ ! ZRfJ jn’xk 1])I{|$k lj/djn| < A} o Kip ug.

k=1

nl

Note that as n — oo first and then A — oo
P ([Azn]j # [Dan); (A)) <p ( max [z-1/djn| > A) . (S6.3)
For any € > 0 and A > 0, we have
P ([180);] 2 €) < P (12300]; # [Bonl, (4)) + € [[80n] (4)] (86.4)

Furthermore, for any A > 0, as n — oo we have

2 Cn,
B[], (W] = w2 ZE(RJ@ djns 21,51 {@r-15/djnl < A} o}) K,
[afj(dj”)r P4 S Bod) Ky - 0 (S6.5)
s (djn) Ji niy, P R ’

where Py, is given in the definition AHF, and we have used (36) of Lemma 2 with G(x) =1 and
vr, = E(0?). In view of (56.3)-(S6.5), as n — oo

P (‘[AZTL]]" > 5) — 0,

for all j =1,...,p+ 1. The proof of Theorem 7 is now complete. U

15



S7 Proof of Theorem 1

The CTLS estimator for 3 is

[ n 1-1 n
B = D Zifi 1| D Zinl
Lk=1 k=1

_71 n

[ — - ZZ: esKsn
- (D] e [ R
Lk=1 i k=1
n -1 n n
_ K
= YA . 7y, — 725:1 Csan
A
k=1 k=1
which gives
z n - " S e K
nly - c = c €
MWn i3 = |-2N"7,.F N L e — ==L (871
Cn (16 16) [nlnz F kl] nly Z g |:ek anl K, :| ( )
k=1 k=1 s
It follows from Theorem 5 that
n n n Cn f’ K
Cn =/ N Cn , Cn, nln —1frsn
oy 2Bl = D el = g B e
k=1 k=1 k=1 nly, £as=
Cn = Cn_ nl Es 1f; 1K5n
= — fr._1f,_ K, £ 1 Kpp—2
nln’;klklk Zklk &S K
Sp / K- [E{f(x)f(a)) — B {E6a)} E {£(x1)')]
/K - Py, (S7.2)

Moreover,
n sKsn
/C szn[ek D€ ]
2ot Kon
/ Cn
= —— anv €k
[ nln Zk 1Kkn Z ] ! fk 1 ]

C
= A, - Tn ZKIka—lek-

Again by Theorem 5 we get

16



and

Cn —
”% ;Kkanlek —a N (0,/[(2 B (UgF(Xl)F(Xl)/)> :
In view of these facts, we have
Cn Zn €5 sn Cn
Zyy [ek - 81] KpnFr_1ex
Ve Z ST e | = A Z
—a N <0,/K2 - AE(agF(xl)F(xl)’)A’) =4 N <0,/K2 : @0) . (S7.3)

where we have used the fact that AE(03F (x1)F(x1)")A’ = ®;. The desired result follows by
combining (S7.1), (S7.2) and (S7.3). O

S8 Proof of Theorem 2

Similarly to (S7.1), we may write

2, (5-5) - [ Yoy o [ 3 o - S,
(S8.1)

It follows from Theorem 7 that

nl 1zzknfk 1Dy
k=1
Yo o K
_nl 1sznfk 1Dy 1——2) 122 ”l”CH S lemDn1
= nly s=
L f K

= fr_1f; 1 KinD,, ——D f._ 1K n D

nl kzlklkl kn Zkl kn nlnzlekn n

_y / K [ /O ' H () e () di /O He(X)dt /0 Hf(Xt)’dt]
- [ [ Ao ya = [0 (55.2)

Further, by letting £,, = diag{l, D, }, we have
Cn anl esKsn:|
7o e, — Lzs=17877sn

Py, Z . [ R Y

1 c c - 1
= —D—1 2N Zikns LY K, ek
[ nln Zk ) Kkn n Z n p] nln n ; mn fk_l

17



n
C _
= B,/ —L,;! ZK;ka_lek.
nl, P

Again by Theorem 7 we get jointly with (S8.2)

B, >y B = {_ /0 CH )t fp] , (58.3)
and
\/; 1ZK/ka 1€k —d MN< /K2 (%) /01 [ Hf(l.Xt) Hf(Z:)(;?;‘)(/Xt)/ ] dt) .
Therefore,

Cn Z 1 esKsn Cn A1 -
1/ E V4 5= =B —L E K, Fi_
kn |:ek‘ ZS len :| n nln n knt k 1€k‘

k=1
1 Hel(X /
—4 MN O,/K2 E(6?)B () .| atB’
o | He(Xy) He(X)He(Xy)
=4 MN <0,/K2 : E(af)<1>2> (S8.4)
In view of (S8.1), (S8.2) and (S8.4) the CTLS estimator for 3
”l JK? 2\q—1
B—pB)—q¢ MN (072‘E(‘71)‘I’2 ;
o (87) (/%)
as required. ([l
S9 Proof of Theorem 3
See Theorem S1 and hence the details are omitted. O

S10 Proof of Theorem 4 and additional explanation for (15)

We start with some preliminary results. We first derive the pseudo-true limits of the OLS
and CTLS estimators under misbalancing (MB) assuming that the conditions of Theorem 4
hold. Recall that d,, denotes the normalizing sequence of Assumption A3(a) for the case p = 1.
Set fi == f(xr—1), fmup = fu(xp—1), and Q, = diag{\/n,/nny,, (dn)}. Furthermore, for a
sequence ay, let ay, :=ap —n~! >_j—1 a;. Similarly, for a function A(t), A(t) == A(t) — fol A(s)ds

OLS under MB. Let [ﬂ, B} be the OLS estimator for the parameters of (10) when the fitted
model is given by (14). Suppose that the conditions of Theorem 4 hold. Then by Assumption
A3(a), there is a sequence dy, such that d, 'z, = X; in D[0,1]. In view of this and the

18



continuity of the limit homogeneous functions of f and fjs, standard arguments (e.g. Park and
Phillips, 2001; Theorem 5.2) give

1 f
)" [ E ]
—1 1 / —1 1 —1
[ Z [ Sk ] [ Sk ] O ] 7Tf(dn)\/ﬁQn ;
(

! 1 HfM(Xt) - ! Hf A
o {/0 [HfA,f(Xt) H3 (&) ]dt} 5/0 [Hfl\l(Xt)Hf(Xt) dt]

= |:/1 f{fMHfM:| [ fo Hf fO fM fl HfM fol HfMHf ] B:: [ Mo ] ‘
0

f() HfMHf

In fact, the following joint weak limit holds

- 7rf1\1( n) %
e R K

CTLS under MB. Similarly, consider the CTLS estimator (in this case, the CTLS in-
struments are: Zy, = farrKiyn). Using similar arguments as those used above together with

Theorem 7 we get

L Cn _
L(dn) 4 _ 7rf1\/I (d )Wf(d ) 3 _ nlmrfM (dn)ﬂ-f(dn) Ek} anfk
flan T (dn) nlors, (dn) =k knJ M.k

Jy Hy(X)H,, (X)dt

’ Bf(]l ﬁfM (Xt)HfM (X)dt

—

OLS estimator for 02 under MB. Next, we consider the variance estimator for o based
on the OLS residuals é;. Write

W;2(dn)5’2 = 72 _1 Z €L = 7T n)n_l Z (fk — ,L] — BfM,k)2 + Op(l)
. o 7 (dn) 5 ?
-y < i — 77 (A~ ;f(( )Gt ) s )+ o)
1
=y /0 [Hf — 1. — BuHj,,)* =: 02, (S10.1)

Hence, we roughly have the following approximation

52~ W?(dn)of + 02 (510.2)
CTLS t-statistics. Next, we introduce some additional notation. For any asymptotic
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homogeneous function g : R — R (and some kernel function K) set

R ' — 1 fl Hg(Xt)dt 2
Ay = |: /0 Hg(Xt)dt, l:| y Vg i= fol Hg(Xt)dt f(())l Hg()(t)dt ] /K .

Note that for some AHF function f, the definitions above and straightforward calculations yield

1
AViA :/K2/0 H¢Hy. (S10.3)

Furthermore, for any function ¢ : R — R set gx = g(zx—1) and define

n n
Agn = 1[-3,1], Vyn = >_Kp, [ ! g’; ] Lo =n"t Y 6,
k=1 9k 9
where g = > 1| King(zk—1)/ > p—q Kin (cf. (7)), and é; are the OLS residuals based on the
fitted regression function g(xx—_1). In the following, we assume g = f (correct functional form)
and g = fys (misbalanced model).
Without loss of generality, we shall consider t-statistics that utilize the studentization of (13).

Hence, under correct functional form the CTLS t-statistic is

where § is the CTLS estimator of £ in (10). Under misbalancing, the CTLS t-statistic is of the

form

- B8

2 r — M0
TM = ZKknvak 2 ] )
k=1 \/O Af]\hnvf]VIv”Af[u,n

with 3 being the CTLS estimator based on the fitted model (14).

We now turn to the proof of Theorem 4. We start with (15). Using Theorem 7 the CTLS

t-statistic under misbalancing is

~

C ~ C 6
\/ 7; Ty = \/T E Kinfu, k /
in O'QAf]W7an1\47nAf]\/[,n

Cn B Zinfr n 2k Zin i
e \/5-2AfM anM,n'A/f \/62AfM7anM7n"4/fzv1,n
gy @y P 2k Zinfi

2 22 en !
\/ﬂ-f g nlan‘M(dn)‘AfM,anMﬂAfMﬂ
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[ — " Zpn
cn 1 nlnﬂ?M(dn) Zk knUWk

nly 7y (dn) \/ﬁfzﬁl 2
Nbp, T

7 (dn) AfM nVfu JLA,fM n

far
B[ K- [y HiHy, e 1
_ 10.4

\/U*%AfI\/IVfJMA

where o2 is defined in (S10.1). (15) follows directly from (S10.4).
Next, we show (16). Recall that the divergence rate under the correct specification is

7¢(dy)y/ ™. In fact, under correct FF and under H; we have
f cn

Cn, S Cn - ra /é
1 = > Kinfi
I T T S

A~

Cn - ~ B —p
= YN Kknfk
W}(dn)nln ; \/6'2/4f,nvf,n
B
Zanfk ——
nlnﬂ- \/02 nlnnﬂJ% Af,nvf,nA/f,n
K- (Y (X)) Hp(X)dt
g Op o +Bf Jo Hy (i) Hy (i)t (S10.5)

7Tf(dn)nln \ /O'ZAfoA/f

Result (16) follows directly from (S10.3), (S10.4) and (S10.5). This completes the proof of
Theorem 4. g

We finally consider supporting arguments for (17). First, note that (S10.2) together
with (S10.4) postulate the following approximate behavior.

Far = mp(dp)y | 20 MK Jo Ayt . (S10.6)
tn \/ 72 02+02)AfMVfMA’fM

Furthermore, by (S10.5) we have.

nly, B K-y HyHy
Cn A /0'2AfoA/f

Combining (S10.5) and (S10.6), the ratio of the two test statistics is

T~ 7p(dy)

(S10.7)

1 =
\/(ch(dn)ﬂf + 02) AfMVfMA/fM fo HyHy

7Ty ~
—
JORAG VA [V H, Hy
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1 7 1 7
NS 02 + 02\ Jo HpHpar Jo HiHy
\/ Hfo fo HfMHfM

. + o2 \/fo HfMHfM fo Hfo fc(dn)af + 02
= “ > - 7
HfMHf g

where the lower bound above is due to the Cauchy-Schwarz inequality.

S11 Proof of Theorem S1

We only prove (52.6), as the proof of (52.5) is similar.

We first assume that the conditions of Theorem 2 hold, together with supy>, Eui < oo.
Define L, := diag {1, 7 (d1p), ..., 75, (dpn) } and YV = Y3 eiFy1F)_ K2 . Since the the
OLS residuals in model (S2.1) satisfy

& = [(9 - éLS)/Fk—l} 2 +2 [(9 - éLS),Fk—l] ex + ep,

it follows that

n
B = SR KE, = Vit R 2R, s11.1)
k=1
where
n ) / 2
Ry, = Z[(0—0L5> Fk_1] Fk—lF;c—lKlgm
k=1
n . /
R2n = Zek [(0—0LS> Fk_1:| Fk—lF;c—lKl%n'

b
Il

1

We next show that, for j = 1 and 2,

L R

= = op(1). (S11.2)

In fact, given that the covariates satisfy an FCLT and the regression function is continuous,
standard arguments (see, e.g., Park and Phillips, 2001; Chang, Park and Phillips, 2001) give

Ny (éLS - 9) = 0p(1). (S11.3)
This result implies that

n R ’ 2
CT” [(0 _ aLS) EnL‘ankl] LFyF, LVK2
" k=1

CTnﬁglRlnﬁgl
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2 n
-1 5\ Cn -1 4,9
< n \/5(9—0L5> Ly .nlnkz_lHﬁ" Fia || K,
Cn 4
—1 n —1 2 —1
= 0r () 3o i K, = Op(n ™),
where we have used Lemma S1 with h(z) = ||z||* and the similar argument as in the proof of

Theorem 6 (c.g. the proof of (S5.2)), yielding

n 1
S e B KR / K /0 | He ()] dt.
k=1

Hence (S11.2) is true with j = 1. Similarly, using (S11.3) again, we have

N Ro £

nly,

IN

IN

2¢c, - - / _ _
= e [(9 - oLS) Fkl] LR F,  LTUK2
" k=1
— ; ! Cn = _ 3
202 | V/n (0= Bus) Lafl =3 lexl [ €7 Fuma| K,
" k=1

Op (n12) - 237 (241) £, Puca [P K2,
k=1

Op (ml/?) -0p (1) = op(1),

i.e., (S11.2) is also true with j = 2.
In terms of (S11.1) and (S11.2), we claim that, as n — oo,

Cn

nly,

L7V Lt = LWLt +op(). (S11.4)

nl

Now (52.6) under the conditions of Theorem 2 is a direct consequence of Theorem 2 and (S11.4).
To see this, set D}, := \/%Dn, L= %En, with D,, defined in Theorem 2 and recall £,, =
diag{1,D,}. Under the null hypothesis,

F

with

(8-8) [ At (8- 8)
i (p-8)] M.t [p1 (8- 8)]

My = (D M1 D) ™ (D AL - L VLl - LA (D 1, D) T

Next, note that by (S11.4) and Theorem 2

1
LWt = 227, 57 4 op(1) =4 E(a%)/K2 / Hy (X;) Hp (X;) dt.  (S11.5)
0
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Further, by (58.2)
DM, D =y /K-<I>2, (S11.6)
with ®5 defined in Theorem 2. Moreover, using (S8.3)
D YALLL = B, —4 B, (S11.7)

with B defined in (S8.3). Combining (S11.5)-(S11.7),

2 fKQ —1 ! / Id—1 2 fKQ -1
M, —q E(o?) S0,'B [ Hr (Xi) He (X,) dt B'®;! = E(0})--——®5%, (S11.8)
0

(J K) (J K)’

where we have used the fact that
1
Py = B/ Hy (X)) Hr (&) dt B/,
0
see e.g. (S8.4). In view of (S11.8) and Theorem 2,
MD; (B = B) »a N(0,1,).

and the result follows.
We next prove (S2.6) under the conditions of Theorem 1, together with supy>; Fuj < oo.

By using Theorem 1 and similar arguments as in the first part, it suffices to show that

;Tnffn —p /K2'E[U§F(X1)F(X1>/]- (811.9)

Note that (S11.1) still holds. (S11.9) will follow if we prove

% in op(l), j=1,2, (S11.10)
and
;T”Vn —p /KQ-E [03F (x1)F(x1)'] - (S11.11)

The proof of (S11.10) is simple. In fact, by recalling A2 (i.e., x; and Fj = F(x;_1) are
stationary with E [|F1|* < 0o), the OLS estimator in this case satisfies

\/ﬁ(ém—e) = 0p(1) (S11.12)
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and maxj<g<p Hn_l/ng_lH = op(1). It follows from these facts that

n 2
Cn P !
—_— E [(0 — GLS) Fk_1:| Fk—lF;c—lKlgn

nl,, nl, pt
< 71”[(9&8‘_ )H ZHFk " KR,
< Vi (ous o) [, e ] e,

= op(1),

where, in the last equality, we have used the result:
c n
S IRl KR o [ KB
" =1

as explained in Remark 14 with G(z) = 1. Similarly, we have

1 = A ! / 2
3 HRQTL = k;E—1 ek [(0_0LS> Fk—l] Frp1F,_ 1K,
< y ~1/2 H
< || (bus - 0) | s [ t2pcs }j\ekrum P K,
A —-1/2 Cn 2 2 -2
< [Hﬁ(ew_e)\ max || FHM o S (14 ) [Pl 2,

" k=1
= op(1),

where, in the last equality, we have used the fact that

n
Cn

S @) IR o [ KB )R]
n

k=1
Next, we prove (S11.11). Let [A],s denote the (r,s) element of a matrix A. In view of
Lemmas 1 and 2 with G(z) = 1 (c¢f. Remark 14), it suffices to show that, for any m := m,, — oo,

n/m, — oo,

1|
Apsn = dnax ;;1 [exFr_1F}_] . — E[0fFx1F}_y] | — 0. (S11.13)
=J

Note that A,s, < Rsp, + R4y, where

R A
R, = mgrjnggim EE kz;_l [Ul%Fk—lF;c—l]rs [ui - F (u%|.7:k_1)]
=j
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Jjtm

1
Ban = Inax B mk2l{[giFk—1F2—1}rs—E[Ui%Fk—lFZ—l]rs} :
=j

Since aiFk,lF;_l is strict stationarity and ergodic, it is readily seen that R4, — 0.
To consider Ry, set A\ := [Jsz_lefl]rs and U = [u% - F (u%\]—'k_l)]. Then for all
A > 0as m — oo first and then A — oo,

1| 1|
Rs, < max —F Z Ml {| ] < AYUk|+ max —F Z M {| M| > A} Uy

T m<j<n—-m m m<j<n—m m

k=j+1 k=j+1
1 Jjtm 1/2
< - 2
S AL et 2 v
k=j+1
1=
L 2 2
+omax B3 NI {0 > A} [E (1Fi) + o]
k=j+1
1 1/2
< A{SupEui} + 2E\M|IT{|M] > A} — 0.
m g
Combining all these estimates, we establish (S11.13). This completes the proof. O

S12 Additional Simulation Results

Table S1: Empirical Size of CTLS tests: T
(nominal size 5%; NI regressor, GARCH(1,1) regression errors)

c=0 c= -5
0 -0.95 -0.5 0 0.5 095 -0.95 -0.5 0 05 0.95

n=250 | 0.083 0.060 0.052 0.062 0.087 0.062 0.054 0.050 0.060 0.069
500 | 0.077 0.057 0.050 0.061 0.077 0.060 0.051 0.051 0.055 0.059
750 | 0.070 0.059 0.052 0.058 0.070 0.060 0.056 0.058 0.0567 0.061

1000 | 0.065 0.054 0.048 0.056 0.069 0.054 0.051 0.045 0.049 0.055

c=—10 c=-—20
0 -0.95 -0.50 0.00 0.50 0.95 -0.95 -0.50 0.00 0.50 0.95

n=250 | 0.057 0.053 0.055 0.058 0.062 0.056 0.054 0.056 0.056 0.058
500 | 0.055 0.049 0.048 0.050 0.055 0.053 0.049 0.047 0.049 0.053
750 | 0.055 0.055 0.055 0.057 0.055 0.050 0.051 0.053 0.056 0.055

1000 | 0.052 0.049 0.048 0.046 0.053 0.052 0.048 0.045 0.047 0.053
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Table S2: Empirical Size of CTLS tests: T (nominal size 5%; fractional regressor, cond. homoscedastic regression errors)

d=0.25 d=0.5 d=0.75 d=10.8

ol -0.95 -0.5 0 -0.95  -0.5 0 -0.95 -0 0 -0.95 -0 0

CTLS n=250 | 0.053 0.052 0.053 0.056 0.051 0.049 0.067 0.053 0.049 0.071  0.056 0.049

500 | 0.052 0.052 0.050 0.055 0.050 0.047 0.064 0.053 0.049 0.069 0.054 0.052

750 | 0.051 0.055 0.056 0.056  0.055 0.055 0.066 0.057 0.055 0.067 0.057 0.056

1000 | 0.051 0.052 0.049 0.051 0.049 0.049 0.059 0.052 0.050 0.061 0.052 0.050

OLS n=250 | 0.050 0.052 0.052 0.074  0.059 0.053 0.158 0.085 0.051 0.184 0.093 0.052

500 | 0.052 0.050 0.048 0.072 0.055 0.051 0.161 0.085 0.054 0.184 0.091 0.055

750 | 0.052 0.051 0.052 0.068 0.058 0.053 0.155 0.081 0.053 0.178 0.086 0.051

1000 | 0.060 0.048 0.049 0.067 0.053 0.047 0.155 0.077 0.049 0.183 0.086 0.049
d=0.9 d= d=1.1 d=1.2

ol -0.95 -0.5 0 -0.95  -0.5 0 -0.95  -05 0 -0.95  -0.5 0

CTLS n=250 | 0.077 0.057 0.051 0.084 0.059 0.051 0.089 0.060 0.052 0.089 0.063 0.053

500 | 0.073 0.058 0.052 0.077 0.059 0.054 0.081 0.063 0.054 0.082 0.061 0.051

750 | 0.073 0.058 0.054 0.076  0.059 0.052 0.078 0.060 0.051 0.079 0.061 0.051

1000 | 0.066 0.054 0.050 0.070  0.054 0.049 0.072  0.055 0.050 0.072 0.054 0.051

OLS n=250 | 0.235 0.107 0.053 0.278 0.117 0.053 0.308 0.121 0.052 0.325 0.126 0.052

500 | 0.242 0.102 0.054 0.287 0.114 0.054 0.319 0.120 0.055 0.337 0.123 0.056

750 | 0.230 0.098 0.052 0.272 0.109 0.051 0.301 0.117 0.051 0.322 0.119 0.053

1000 | 0.229 0.102 0.053 0.278 0.111 0.053 0.310 0.118 0.054 0.327 0.120 0.055




8¢

Figure S1: Empirical Power of CTLS tests: T Plotted against (.

(5% nominal size; p = —0.95 = —0.95; fractional regressor, cond. homoscedastic regression errors)
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