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Abstract

This paper explores a remarkable property of the Hodrick-Prescott filter: the
cyclical component of the Hodrick-Prescott filter is equal to the trend component of
the Hodrick-Prescott filter when applied to the fourth differences, plus an additional
term. Our result is remarkable due to its simplicity and its strength in explaining
many aspects of the HP filter that have not previously been studied rigorously. We
first use our result to analyze the consequences of a deterministic trend break. We
find that the effect of a deterministic trend break on the cyclical component is asymp-
totically negligible for the points that are away from the break point, while for the
points in the neighborhood of the break point, the effect is not negligible even asymp-
totically and a characterization is provided for it. Second, we apply our result to show
that the cyclical component of the Hodrick-Prescott filter when applied to series that
are integrated up to order 2 is weakly dependent, while the situation for the series
that are integrated up to order 3 or more is more subtle. This result contrasts with
the conjecture in the literature that the HP filter renders a cyclical component that
is stationary when it is applied to series that are integrated up to order 4. Third, we
characterize the behavior of the Hodrick-Prescott filter when applied to deterministic
polynomial trends and show that the cyclical component reduces the order of the
polynomial by order 4. Finally, we give a characterization of the Hodrick-Prescott
filter when applied to an exponential deterministic trend, and this characterization
shows that the filter is effectively incapable of dealing with a trend that increases
this fast. This result suggests that the HP filter should not be used for series that
are measured in nominal terms such as GDP, consumption, investment, and house
prices.
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1 Introduction

The Hodrick-Prescott (HP) filter is a long-standing standard technique in macroeconomics
for separating the long run trend in a data series from short-run fluctuations. Introduced
initially by [Whittaker| (1923)) and popularized in economics by Hodrick and Prescott, (1997)),
the HP filter is universally used in macroeconomics. The cited paper by Hodrick and
Prescott has thousands of citations; yet, the impact of this work may go beyond that, since
the HP filter has become an obliteration by incorporation. While the HP filter has a long
and venerable history, it has recently being analyzed more formally in de Jong and Sakarya:
(2016)), Cornea-Madeira, (2016), and [Hamilton| (2016). These papers analyze the properties
of the HP filter rigorously and reconsider its usefulness in the context of macroeconomics.

The HP filter calculates the trend of a series vy, t = 1,...,T by minimizing

T T-1
Z(yt —Tt)2+)‘2(7t+1 — 27 + 1), (1)
t=1 t=2

over 7 = (7,...,7r). The parameter A\ here is a smoothing parameter that for quarterly

data is typically chosen to equal 1600. The minimizer, which we will label 77, is referred to
in the literature as the “trend component,” while ¢, = y; — 7y is referred to as the “cyclical
component.” By writing the minimization problem as a vector differentiation problem, it
follows that there exists a unique minimizer. The trend component 7, and the cyclical
component ¢y are both weighted averages of {y;}1_,, and in|de Jong and Sakaryal (2016), an
exact formula for the weights is found. This paper also explores the statistical properties of
the cyclical component when the HP filter is applied to a unit root process, and considers
adjusting the smoothing parameter for the data frequency. |Cornea-Madeira| (2016)) also
provides an exact formula for the weights by using the Sherman-Morrison formula.

In this paper, we derive a remarkable property of the HP filter which allows us to derive
more general results that are not present in the literature. We first use this elegant result to
explore the effect of a deterministic trend break on the cyclical component. It is shown that
the cyclical component consists of two terms when the HP filter is applied to a series that
has a deterministic trend break at an unknown time point. The first part comprises the

residue of the structural break, while the second part is equivalent to the cyclical component



in the absence of a structural break. Our main result is also applied to the processes that
are integrated up to order 4. We show that series that are integrated up to order 2 exhibit
weak dependence properties, while for series that are integrated of order 3 or 4 the law
of large numbers does not hold for a large class of unbounded functions of the cyclical
component. This result shows that the widely known conjecture “... the HP filter will
render stationary series that are integrated (up to fourth order) ...” by |[King and Rebelo
(1993)) is incorrect in some dimensions. The authors’ conjecture depends on assuming that
the first order condition of the minimization problem in Equation that is valid for
t=3,4,...,T — 2 holds for every t € Z. We call this approach the “heuristic approach”
throughout the paper. On the other hand, our representation provides a rigorous analysis
of the HP filter. In addition, we give a closed form formula for the cyclical component of a
polynomial trend and an exponential deterministic trend by using our new representation.

In Section |2 of the paper, we provide an explanation of the “heuristic approach.” In
Section [3| of the paper, we establish our main result. Section [4] explores the consequences of
a structural break; we show that a deterministic trend break has asymptotically no effect
on the cyclical component ér; if ¢t is away from the structural break point. In Section [5]
we show that for series that are integrated up to order 2, the cyclical component possesses
weak dependence properties; on the other hand, for the series that are integrated of order
3 or 4, the law of large numbers fails to hold for a large class of unbounded functions of the
cyclical component. In Section[6] we characterize the behavior of the HP filter when applied
to a polynomial trend and an exponential deterministic trend. Section [7] summarizes the

findings of the paper.

2 Explanation of the heuristic approach

Letting B and B denote the forward and the backward operators, respectively, the first

order conditions of the problem in Equation can be written as

(14 X) — 208 + AB2) 77y =y, (2)
(=2AB + (14 5\) — 4AB + AB?) 77y = . (3)



(—2)\B + (1 + 5)\) —4)\B + )\BZ) 7A'T’T,1 = Yr—1, (4)
((1 + )\) — 2)\B + )\BQ) 7A'T7T =yr, (5)

while for t = 3,4,...,T — 2,
(AB?> —4AB + (14 6)) — 4AB + AB?) 71y = y. (6)

By defining |1 — B> = (1 — B)(1 — B), the first order condition in Equation (6) can be

written as
ye = (A1 = BI* 4+ 1) 77 (7)

Analyses of the HP filter based on the first order condition of Equation (|7)) are for example
King and Rebelo| (1993)), (Cogley and Nason! (1995)), McElroy (2008)), |Phillips| (2010)), and
Phillips and Jin| (2015). Such an analysis cannot be more than a conjecture, since the first
order conditions of Equations — are ignored. |King and Rebelo (1993))’s conjecture
(i.e., the HP filter will render stationary series that are integrated up to fourth order) is
based on a simple manipulation of the first order condition of Equation and the identity

Yi = T1¢ + Cry, Which give
e = (N1 — B[* + 1)7'\[1 — Bl*y,.

Thus, one might conjecture that ¢, should possess stationarity properties if y; is integrated
up to order 4, because |1 — B|*y; = (1 — B)*(1 — B)?B2B?y; = A*y,». Conjecturing along
these lines, we might also suspect that the HP filter is capable of removing a quadratic
trend, since |1 — B|'y, = |1 — B|*? = 0. However, we will show that both conjectures
are incorrect in general, since the first order condition of Equation fails to hold for
t=1,2andt =T —1,T. After all, it is easy to see (for example, by calculating the cyclical
component of a quadratic time trend in a software package) that the cyclical component of
the HP filter when applied to a quadratic trend is not equal to zero. Similarly, we will show

that the heuristic reasoning needs to be refined when considering the cyclical component of



processes that are integrated of order 3 or more, since the cyclical component at the end of
sample is integrated of order 1 or more rather than being integrated of order 0 as claimed
in the heuristic approach.

The results of the aforementioned papers should be interpreted as the results derived
from an approximate problem that will likely be valid for values of ¢ away from the begin
and end points of the sample and for large values of T. However, such findings cannot
render exact results for the HP filter. This paper will seek to derive an exact result for the
HP filter that allows us to address those issues formally. Note that the approach taken in
this paper towards the analysis of the HP filter is completely different from the approach
of|de Jong and Sakaryal (2016|) and Cornea-Madeiral (2016).

3 Main result

The main result of the paper introduces a property of the HP filter in the following theorem.

Theorem 1. Let §r1 = A%ys, gro = A%ys—2A0%ys, yror-1= APy —20%yr, yror = A%yr,
and fort =3,4,....,T — 2, 47, = Ay,po. Then fort=1,2,...,T

ere(ya, ya, - -, yr) = A1 (Gr1, Uro,y - - -, Urr)-

This simple but elegant result provides insights into the structure of the cyclical term.
To the best of our knowledge, this property of the cyclical term has not been established
before. The result shows that the cyclical component is the trend in the fourth difference
of the original series plus an additional term that only affects the first and last two obser-
vations, for which the fourth difference of y;,- is undefined. This property can shed light
on the behavior of the cyclical component that is obtained from various data generating
processes.

The idea behind our result is the following. Using the first order condition in Equa-

tion and the identity vy, = 774 + ér, it follows that

ere(yis - yr) = A1 — Bl*% (1, -, yr)
—A(1— BP(L- BB By, )
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= M1 — B)*B* (v, ..., yr).

Ignoring the fact that y_1, yo, yro1 and yr.o are undefined, we can now conjecture that

the last expression is approximately equal to

A1 = B)' (s, . - yre2),

which can be conjectured to approximately equal to

/\7A-Tt(A4y37 cee 7A4yT+2>'

Therefore, the conjecture presents itself that the cyclical component in a series ¥, is ap-
proximately equal to the trend in the fourth difference. Theorem [1| corrects and formalizes
the conjecture above by taking into account the first order conditions of Equations —
as well.

Note that the last two observations yrr_; and ypr are important especially if the
original series is strongly trended; for example if y; is integrated of order 3 or 4. In that
case, those two observations possess the properties of a unit root process or an I(2) process
depending on the integration order of the original series. In Section [3, we will elaborate
this observation to show that King and Rebelo| (1993)’s conjecture is incorrect in some
dimensions.

de Jong and Sakaryal (2016|) gives an analysis of the weak dependence properties of the
cyclical component of a unit root process. It is unclear how to extend this analysis to
series that are integrated of order 2 or more. Also, the analysis of de Jong and Sakarya
(2016) does not give a route for a characterization of structural breaks or deterministic
trends (such as polynomial or exponential trends). However, the result that is given in
Theorem [1| allows us to give formal results for processes integrated up to order 4 and for
deterministic trends in a simple and elegant way by providing a full characterization for

the cyclical component of any series.



4 The effect of a structural break

We analyze the effects of the structural breaks to the cyclical component. Specifically, we
focus on the intercept break which is assumed to occur at an unknown date in the middle

of the sample. The next result formalizes this.

Theorem 2. Let

Ug fort=1,2,...,[rT]

Yt
1+ uy fort=1[T)+1,[rT]+2,...,T,

where 4 < [rT] <T —5 and [] is the floor function. Then fort=1,2,...,T

éTt(yla e >yT) = _)\ﬂA?)th,[rT}JrQ + éTt(ula Uz, . .. >UT)7

where Wy jpry42 05 defined in Theorem 1 of|de Jong and Sakarya (2016), and for k € Z

Tlggo \er, ok (Yts - -, Y1) — erprsr(un, s, . ur)| = ApA® fr(k + 1) a.s.,

where fx(+) is defined in Theorem 3 of|de Jong and Sakarya (2016).

The first result shows that the presence of the structural break alters the cyclical com-
ponent éry by —ApuA*wryr42. Following Theorem 1 of |de Jong and Sakaryal (2016),
lwrys| < C|t — 8|73 for t # s; therefore, the cyclical component ¢r; for values of ¢ that
are away from [r7] is not affected much by the structural break. For values of t close
to [rT], the second result shows that the cyclical component is altered by AuA3fy(k + 1)
asymptotically. It is possible to calculate AA? fy(k + 1) by using the formula for fy(k + 1)
in Theorem 3 of [de Jong and Sakarya (2016). In Figure |1, the effect of an intercept break
in the cyclical component is illustrated by plotting AuA3 fy(k + 1) for A = 1600 and pu = 1.
The figure shows that the structural break mainly impacts ép;’s that are 10 time points
away from the structural break point.The figure illustrates that the cyclical component é7y
is affected by the structural break when ¢ is in the neighborhood of [r7T], but this affect

dies out as t gets away from the structural break point.
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Figure 1: The effect of a deterministic trend break of size 1 when A = 1600

5 The HP filter when applied to integrated processes

We consider the weak dependence properties of the cyclical term which is obtained from

processes y; that are integrated up to order 4; that is, A%y, = u,, for ¢ = 1,2, 3, or 4, where

we assume that u; has some stationarity or weak dependence properties. King and Rebelo|
(1993)) have conjectured, based on considering the first order condition in Equation (@

only, that the cyclical component has weak dependence properties for processes integrated

up to order 4. In this section, we show that this can be made precise for bounded functions
of the cyclical component when the process is integrated up to order 4. On the other hand,
for unbounded functions of the cyclical component, we show that the law of large numbers
does not necessarily hold. Therefore, the picture is more subtle than suggested by
and Rebelo| (1993).

The cyclical component {ér¢}. | is a triangular array, and therefore it cannot be a




strictly stationary sequence. On the other hand, it is possible to derive a near epoch
dependence type result. The near-epoch dependence idea goes back to [Ibragimov| (1962)
and is formalized by |Billingsley (1968)), McLeish| (1975)), Bierens| (1983)), Gallant and White
(1988), |Andrews (1988), and [Potscher and Pruchal (1991) with different approaches. The
idea behind the near epoch dependence concept is that the process can be approximated
arbitrarily well by a function of a finite number of strong mixing variables. Such a function
is called the approximator.
To formulate our result, for m > 1 define the approximator ¢7, as

T—2
e = /\ZthsngSIﬂt —s| <m). (8)
s=3

Note that g7, = Aty for s =3,..., T —2. Since Ay, o = A* "9y, forg=1,2,3,4isa
function of us_94g, ..., uss2, the approximator &7, depends only on wi_o_iq, - .., Utsatm.
Also, note that the approximator cannot be defined as A S>_, wry@irsI (|t—s| < m) because
then the approximator would include integrated terms (i.e., yrr—1 and grr) if y is an I(3)

or 1(4) process.
The next result shows that the cyclical component has an approximability property

when the HP filter is applied to a process that is integrated of order 4 or less.

Theorem 3. Assume that A%, = u,, for ¢ =1,2,3, or 4, where sup s, || us ||,< co. Then

for any v € (0,1/2), there ezists constant Cy; > 0 such that for any m > 1,

A ~ ~ ~ ~ Am -2
sup sup H Cry — WranYr1 — WrYr2 — Wre,r-1Yr,r—-1 — WriryYrr — Cry HpS Cim
T>1te[yT,(1—v)T]

and

sup sup | ere — wrnfm — wrefr: — Wrer-19rr-1 — Wrerfrr ||p< 0.
T>1 te[yT,(1—~)T)]

The assumption that ¥, is integrated up to order 4 at most implies that, under standard
moment assumptions, || grr_1 ||, + || Jrr [|l,= O(T*?). This is because the definition of
yrr—1 and ypr involves the second difference of the original process, making g7 7—; and grr

integrated of order 2 at most, and I(2) processes are O,(T%/?) under standard conditions.
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Therefore, under such assumptions,

WrnYr1 + WreYre + Wrer—1Yrr—1 + WrrYrr 9)

will be of a small order for ¢t € [yT, (1 — )T}, since |wrys| < Clt —s| 3 fort,s =1,2,...,T
and t # s by Theorem 1 of |de Jong and Sakarya (2016]).

The result above is, to the best of our knowledge, the first formalization of King and
Rebelo’s conjecture. We can now prove the following weak law of large numbers for bounded

and continuous functions of the cyclical component:

Theorem 4. Assume that y; satisfies Aly, = uy for ¢ = 1,2,3, or 4, and assume that u,
is strong mizing. In addition, assume that E(|Gir| + |Jor| + [Gr—1.7| + [Grr]) = O(T3/?).

Let g(-) be a function that is bounded and Lipschitz continuous on R. Then

T
7Y (9(ém) — Eg(ér)) = 0.
t=1
Note that in the above result, the term of Equation @[) plays no role asymptotically
as long as ¢(+) is a bounded function. In the case that g(-) is an unbounded function, the
convergence rate of Jrr takes over if y; is integrated of order 3 or more, and Theorem [

does not hold anymore. The following theorem formalizes this.

Theorem 5. Assume that y, satisfies Aly, = u, for ¢ = 3 or 4, and supys; Elui| < oo.
Let g(x) > C|z|P where x € R and C' > 0 is a constant. Also, assume that Up(r) =
T2y, = U(r) on v € [0,1]. Then,

p

T g(er) > CNT!

t=1

T
E WTTsYTs
s=1

If yi is an 1(3) process, then

p

S [((A(0) = A) +Ear(D)(9a(1) —r (@) UM (11)

T
E WrrsYrs

s=1

T-p/2
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If y, is an 1(4) process, then

p p

T3/ , (12

-4 ‘((fx(o) — (1)) +E&9a (1) (ga(1) — QA(Q)))/O U(r)dr

T
g WTTsYTs

s=1

where &, and gx(+) are defined in Theorem 2 and 3 of|de Jong and Sakarya (2016)), respec-
tively.

It is easy to verify that f\(0) — fa(1) + & ga(1)(gr(1) — ga(2)) takes the value of 0.254,
0.022, and 0.002 for A = 6.25, 1600, and 129,600, respectively. The above result gives
conditions under which T='3>7 | g(ér;) is explosive. In the first result, we show that
T-1 Zthl g(ér¢) is bounded below by a process that is O,(T®/27V) if y, is an 1(3) process.
This implies that for p > 2, Theoremdoes not hold. Similarly, 7! Zthl g(¢ry) is bounded
below by a process that is O,(T®P/27V) if y, is an [(4) process, which in turn implies that
Theorem [4] does not hold for p > 2/3.

Therefore, Theorem [5| provides a partial converse to King and Rebelo’s conjecture, as
it illustrates that the law of large numbers can fail for unbounded functions of cyclical

components when the HP filter is applied to I(3) and 1(4) processes.

6 The HP filter when applied to deterministic trends

6.1 Deterministic polynomial trends

Theorem [1] also allows us to establish the behavior of the HP filter when applied to de-
terministic polynomial trends. From Theorem [I a result for the case of a linear trend
y; = a + bt immediately follows. After all, for that case, A%y, = 0, implying that g7, = 0
for t =1,...,T, which by Theorem [l| implies that ¢; = 0. For higher order polynomials,

the result is more complex:

Theorem 6. Suppose that y, =tP fort =1,2,...,T and p € N. Then,

tp—)\CT pr:2,3
(1,29, ... TP) = v

= A ZZ;?) apk’%Tt(L 2k7 s 7Tk) - )\OTtp + )\HTtp pr > 47
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Crip = Y cutre (1,28 —2,0,...,0,(T = 3)F —2(T — 2)F, (T — 2)¥),

p 2p*k+1 -8 . — ki
o= (k) ( ) if p s even (14
0 if p—k is odd,

p—4
Hryp =Y apdre (1,2,0,...,0,(T = 1)F, T%) .
k=0

The above result shows that the cyclical component of a polynomial trend of order p is

AC ifp=23
éTt<1>2p7-"7Tp> = Ttp

AP aptre(1, 25, T*) 4+ ACrpyy — NHpyp  if p > 4.

It follows that for p = 2, é7y = ACpp = 2A714(1,—1,0,...,0,—1,1) = 2\ (wry — wre —
wrer—1 + wrer).  This result and Theorem 1 of |de Jong and Sakarya (2016) together
imply that ¢y takes a value close to zero if t is sufficiently away from the begin and end
points because |wrys| < C|t — s|™ for t # s. In the case of a cubic trend, Theorem [f]
gives éry = NCpy3 = 6A74(2,—1,0,...,0, =T, (T — 1)) = 6A(2wry — wreg — Twrer—1 +
(T — 1)wryr), which suggests that the cyclical component approaches zero slower than the
cyclical component of a quadratic trend in the middle of a large sample. The heuristic
approach that we explained in Section [2| incorrectly suggests that the cyclical component
of a polynomial trend of order 3 or less equals zero. Another implication of the above result
is that for p = 4, ¢py = 24N+ ACrpq — NH7pyy. Note that Cry = 50wy + 10wpe + (—12(T —
2)2+70)wryr1+ (12(T —2)*+ 24T — 34)wyyr and Hryy = 24(wre +wrie + w1 7—1 +Wrer).
In the middle of a large sample, Cry and Hry are O(T1) and O(T—3), respectively, since
lwrss| < C|t — s| 73 for t # s by Theorem 1 of |de Jong and Sakarya| (2016). Therefore, Cry

and Hryy are asymptotically negligible in the middle of a large sample. However, Cryy is
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O(T?) when t is close to the end points, since for fixed k, j > 0 supps, [wrr—k7r—j| = O(1).
This implies that the ¢épy is roughly equals 24\ in the middle of a large sample, while it is
O(T?) near the end of the sample. The reduction of the polynomial order by 4 therefore
only happens in the middle of the sample.

Next, we provide an explicit formula for the cyclical component of a quadratic trend.

Theorem 7. Suppose that y, =t fort =1,2,...,T, and 0 < X\ < co. Then

éTt :(ClT —I— élT)|Zl|t COS(t@) —I— i(ClT — C_'lT)|Zl|t sin(t@) (15)

+ (OlT + élT)|Zl|T_t+1 COS((T —t+ 1)9) + i(OlT - OlT)|Zl|T_t+1 sm((T —t+ 1)9),
where i = —1,
ap = (14+ N)(z1 +20) — 2027 + 20 Y + M2 + 21 72),

br = —2X(z1 + 21) + (1 4+ 5N (22 4+ 21 1) —4X(28 + 27 72) + A2 + 2179,
CIT =2\ (l_)T + C_LT) / (CLTZ_)T - C_LTbT> y
\/1+16)\—1+i< V2 1 )

21:1—

22\ JItioh—1 2VA
~1/2
6 = tan! (21/2 <\/1 T16) — 1) ) ,

and Ci7 is the complex conjugate of Cir.

Note that Cy7 + Cir and i(Cyr — Cyr) that appear in Theorem m are both real-valued.
The above result implies that when ¢ is small and T is large, the cyclical component of a
quadratic trend is approximately equal to (Ci7+Cir)|21| cos(t0) +i(Cir — Cir) |21 |t sin(t6),
and when t is close to the end of sample, the last two terms in Equation take over.
When ¢ is in the middle of a large sample, ¢r; takes relatively smaller values since all terms
in Equation are small. This is because |z;] < 1 for 0 < A < co. Also, it is easy to
see that ¢ry(1,2%,...,T?) = épr_441(1,22,...,T?) for t =1,2,...,T. This property of the
cyclical component appears only in the quadratic trend case.

Note that it is also possible to derive an expression for the cyclical component of a cubic

13



trend along the lines of Theorem [7}

ére =(Cip + Cip)lzl’ cos(t) +i(Cip + Cip)|z1 " sin(t0)

+ (O + Cop)la|" ™ cos((T = t + 1)0) +i(Cp + Cp) |~ sin((T — £+ 1)6),

where C7 and (5, are the complex-valued terms that depend only on z; and 7', and
Cir # Csp # Chp. For the sake of brevity, we do not provide the explicit formulas for C;

and C5;.

6.2 Deterministic exponential trends

The following result characterizes an exponential deterministic trend by using the result of

Theorem [11

Theorem 8. Let y; = exp(t) fort =1,2,...,T. Then

¢re = CAp(Crexp(1), Coexp(2), exp(3), ..., exp(T — 2), Cyexp(T — 1), Cyexp(T))
(16)

where C' = exp(2)(1 — exp(—1))*, C; = (1 —exp(—1))72, Cy = C1(1 — 2exp(—1)), C3 =
1—C1, and Cy = Cyexp(—2).

The result above implies that the cyclical component of an exponential deterministic
trend can be formulated in terms of its HP filter trend. Since the cyclical component equals
the trend in an exponentially increasing sequence, Theorem |8 suggests that the HP filter
is not capable of removing an exponential deterministic trend from a series.

The next result shows that the cyclical component of an exponentially deterministic

trend is as explosive as its HP filter trend when ¢ is close to the end of sample.
Theorem 9. Let y; = exp(t) fort =1,2,...,T. Then for k >0

lim érr—k (exp(l),exp(2), ... ,exp(T))
T—oo T (exp(1), exp(2), .. .,exp(T))
_ _ 1) exn(— Hlk=1)+ filk +2) + &Hn(k + 1Dga(2)
=OAT G = oA G Rt 1) + gk + Dga(j + 1)) exp(—)
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Aalk) + fulk +1) + 6Hoa(k +1ga(1)
DocoIalk = g) + falk 45+ 1) + &aa(k + 1)ga(j + 1)) exp(—j)

+C(Cy— 1A

This result shows that the HP filter is not capable of removing the trend in deterministic
exponential trends, since ¢p; is as explosive as 7p; when t is close to the end of sample.
For example, for A = 1600 and k& = 0,1,...,5, the limit in Theorem [J] takes the values
2.37,0.38, —0.42, —0.76, —0.9 and —0.95, respectively. A trivial remedy to this problem is
to take the logarithm of {y;}Z_, which will become a linear trend after the logarithmic
transformation. It was argued in the beginning of Section [6] that the HP filter is capable
of removing a linear trend; therefore, the cyclical component of the transformed {y;}L,

would be zero.

7 Conclusion

This paper derives a simple but elegant property of the HP filter, which highlights the
behavior of the cyclical component when the HP filter is applied to various processes. Our
result is remarkable due to its simplicity and its strength in explaining many aspects of
the HP filter which have not been studied rigorously. Our main result is used to analyze
the effect of a deterministic trend break. We find that a deterministic trend break affects
the cyclical component, and this effect is not negligible even when the sample size is large.
Next, our main result is applied to the integrated processes of order up to 4. We conclude
that the cyclical component of the series that are integrated of order up to 2 possesses weak
dependence properties and the Law of Large Number and the Central Limit Theorem type
results would hold. On the other hand, the situation is more subtle when the HP filter
is applied to the processes that are integrated of order 3 or more. We find that the Law
of Large Number and the Central Limit Theorem type results might fail to hold for the
unbounded transformation of the cyclical component of the processes that are integrated
of order 3 more. Lastly, our main result allows us to derive a closed form formula for
the cyclical component of the deterministic polynomial trends such as quadratic or cubic
trend, and deterministic exponential trends. It is shown that the HP filter reduces the

order of polynomial by 4 in the middle of the sample when it is applied to the polynomial
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trends. We show that the HP filter is not capable of removing the trend in the deterministic

exponential trends.
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Appendix 1: Mathematical proofs

Throughout this Appendix, we define summations with empty index sets to equal 0.

Proof of Theorem[1. First, we rewrite the minimization problem of Equation as a min-

imization problem over ¢; =y, — 7. We then obtain

T T-1 T_1
Z c;+ A Z Cep1 — 20+ 1) — 2A Z(ym — 2y + ye—1)(Coy1 — 260 + 1)
t=1 t=2 t=2

T—

Z Yir1 — 2U + Yoo 1) .
t=2
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The last term of the expression above is irrelevant to the minimization problem. Applying

summation by parts twice gives (Rudin, 1976, Theorem 3.41 on p. 70)

Tf
Z(yt-i-l — 2y + Y1) (1 — 2¢e + 1)

fay

I
[N}

~
—

2 2
Ay 1A%

-
I|
N

N

(A2yt — A2yt+1)ACt + APyrAPer — A%ysAcy

-+
Il
w

~
v

A'ypiac, + A%yser + (A%yy — 20%3) ca + (A%yr_1 — 20%7) ey + Ayrer,

~+

=3

and therefore, it suffices to minimize

T T-1 T-2
Z EHNY (a1 — 20 +cm1)* — 2) Z Ayioc
t=1 t=2 t=3

—2AA2y301 —2A ( Yyq — 2A yg) Co — 2\ (AzyT_l — 2A2yT) Cr—1 — 2>\A2yTCT

T-1 T—
FAY) (1 —2e4ci-1)* =2 Z TiC— 21101~ 2N 1262 —2Njr 1071 —2NrrCr,
t=2 t=3

IIM’%

over (cy,...,cr) where {jr:}1_, is defined in Theorem |1 The first order conditions for ¢

fort=1,2,T7 —1,T are

(1 +X) = 2AB + AB?) ér1 = AA*y3 = A, (17)

(=2AB + (1 +5)) — 4AB + AB?) épy = A (A%, — 2A%;3) = Ajips, (18)

( 2)\B + 1 + 5)\) —4)\B + \B ) CT T—1 — A (AQyT_l — QAQyT) == /\gT,T—la (19)

( 1 + )\ —2\B + )\B2) CrT = )\A Yyr = )\yTT, (20)
respectively. Also, the first order condition for ¢; for t =3,...,T — 2 is

(AB®> —4AB + (14 6)) — AAB + AB?) ¢ry = A ypy0 = Airy. (21)
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The analogy between the first order conditions of Equations — and the first condi-
tions of Equations —@ now reveals that éry(y1, o, - - ., yr) = Tre(AG7T1, AUre, - . ., AJrr) =
Nre(Ur1, Ur2, - - - JrT)- O

Lemma 1. Forr € (0,1) and k,l € Z,

A Wr ey T = Ik =1).

Proof of Lemma [l We use the definition of weights in Theorem 1 of [de Jong and Sakaryal

(2016) and write that

lim w
T 5os T,[rT)+k,[rT)+1

= Tim (fra(k = 1) + fra(DIQIT] + K +1 - 1=T))

+ Jim fra@ET] 4k + 1= DIEFT] +k+1-1<T)

+ i fra(2(T = [1T)) =k — L+ DIET) +k+1—1>T)

+Jim (Enagra(rT) + K)gra((rT) + 1) + dragra (T — [T] — b+ Dgra((rT] + 1))
+Jim 6ragra(rT] + Kgra(T = [1T] — 14 1)

+ Jim Eragra(T = [1T) = s+ Dgra (T = [1T) — 1+ 1)

= hlk—1),

since hI’IlT%OO fT)\(k—l) = f/\(k—l), llmT*)OO fT)\(T) = 07 hmTHOO gT/\(T> = O, hI’IlT%OO fT)\ =

&y, and limp_, o ¢y = 0 by Theorem 1-3 of |de Jong and Sakarya, (2016]). O

Proof of Theorem[J First, we write that
Yo = pl(t > [rT]+1) 4 uy,
where we assume that 4 < [rT] < T — 5. By using the result of Theorem [} it follows that

éTt(yla Y2, ... 7yT)
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=\ (A%ug, A%uy — 28%u3, uA*T(5 > [rT) + 1) + Atus,
AT > [PT) + 1) + Atug, A?up_y — 20, A%ur).

Note that

Tre(x1 +y1, T2+ Yo, .-, 0 Fyr) = Tre(21, 2o, - x7) + Tre(Ya, Yo, - - -, YT),

therefore,

éTt(yla Ya, - - 7yT)
=\7r(0,0, uA*T(5 > [PT) + 1), ..., pA*I(T > [rT] +1),0,0) (22)

+ M (A%us, Ay — 2023, Aus, ... Atup, Aup_y — 20%up, A%ur).

Also, note that A*I(t+2 > [rT]+1) = A%[(t+2 = [rT] + 1), thus the first term after the
equality in Equation is equivalent to

Nor(0,0, pAI(5 = [PT) + 1), ..., uAN*I(T = [rT] 4+ 1),0,0)
T-2

= )\ZMA3I(S +2 = [rT] 4+ Dwrpys

— Aﬂi(](sj% =[rT]+1) =3I(s+1=[rT] + 1)) wrs

ALY (BI(s = [rT]+1) = I(s — 1 = [rT] + 1)) wrys

s=3

= —AuA wry )40,

where the first equality is obtained by the weighted average representation of the trend

given in Theorem 1 of |de Jong and Sakarya, (2016)). The above expression gives that

ere(Yu, Y2, - - Y1)
= — )\,uAngt’[rT]Jrg + /\’TA'Tt(A2U3, A2U4 — 2A2U3, A4U5, ey A4UT, AQUT_l - QAQUT, A2UT)
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= )‘MASth,[rT]+2 + Cre(ur, ug, .. ., ur),

where the last equality follows from Theorem [T}
Next, we need to show the second result of the theorem. The first result of the theorem

implies that

Tlgn |éT,[rT}+k(y1a Yo, Yr) — éT7[rT]+kz(Ul, Ug, ... ur)|

= 711_{1;0 ‘)\MA W, [rT)+k, [TT]+2|

=l Th_{{‘lo (WP ) ke 1) 42 — WD Tk 1) +1 + WL [Tk [rT] — WT T4k, [rT]—1|

=Alpl[fa(k = 2) = 3fa(k — 1) + 3/a(k) = fa(k +1)]
=ApuAPfr(k+1)]  as.,

where the third equality follows from Lemma O

Proof of Theorem[3: By Theorem [1] and the definition of ¢, in Equation ,

A ~ ~ ~ ~ AT
sup H CTt(yb Y2, ... >yT) — WrnYr1 — WreyYr2 — Wry,r-1Y17,7-1 — WnitY1rT — C1yt Hp
telyT,(1—)T]
— N (11 T ~ ~ ~ ~ ~ Am
= sup H TTt(yla Y2, .vy ?/T) —WruyYr1 —WrYr2 — Wrt, T-1Y17,17-1 — WTTYTT — CTy Hp
te[YT,(1—)T]

— —2
=X sup | Zthngs — ZthsﬂTsIW —sl<m) |,

telyT,(1—v)T]

<A P leml 1 gzs llp 1(1 = 5[ > m)[(T" = m).
h

From the discussion in de Jong and Sakarya, (2016) following their Theorem 1, it follows

that wpys can be split into eight parts, as

Wrts = fTA t - 5 Z thsa (23)
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where |frA(0)] < 1; for m € {1,2,...,T},

|[fra(m)| < Cm ™ (24)

for some constant C' > 0 independent of T'; and

sup sup sup  |T° Zw%[rTLJ < 00. (25)
T>11<s<T re[yT,(1—v)T] =2

For m > 1 and T' > m, noting that sups<.cr o || Jrs [[,< 16sup,s || us ||, if APy, = u, for
p=1,2,3, or 4,

T-2

D Nwre| 1| Grs [l It = s| > m)I(T > m)
te[vT( 'Y)T] s—3

T-2

<16 s S ifralt = (=] > m)sup el
te(yT,(1-v)T] §

416 s SIS uli sl m)sup o, 10>

te[(YI,(1-7)T =3 =2

T—-2 T—2
<32) | fa(h)] sup H Us |l +16Z sup Zwm! sup | us [lp
j=m 3 te[yT,(1—)T

< SQCsup | ws |lp Zj_?’

] =m

8
H6T2sup [ [y sup sup sup |70 w17 > m)
s>1 T>11<s<T te[yT,(1—)T) =2

= 0(m™?),
by the results of Equations -. This shows the first assertion of the theorem. To

show the second assertion,

sSup sup | ére — wrnm — wrelre — Wrt,r1Yr,r-1 — WrtTYTT ||p
T>1 te[yT,(1-7)T)
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<\su su w
>~ T>Iit€[7T P ” Z TtsyTs ||p

T-2

§32A2|fm<j sup || us [lp +16AZ sup anslsup | us = O(1),
5=0

_3 telyI,(1-NT =2
by a reasoning similar to that of the proof of the first assertion. O

Proof of Theorem[]]: We write that

T
T 12 ére) — Eg(ery))

t=1

=7! Z (9(er) — Eg(ers)) + T Z (9(ere) — Eg(ere)).

te{l,... THtg[vT,(1-7)T] te[(YT,(1—~)T]

The first term is bounded in absolute value by 4y sup,cg |g(z)| where v can be chosen
arbitrarily small. Therefore, it is sufficient to show that the second term vanishes as

T — oo. Let ary = wraYr1 + Wreldre + Wrer—197r,7—1 + Wreryrr and note that

TS lglen) - Eglen)|

te[yT,(1—7)T1
<7 Y glér) — glérs — ar)] (26)
teyT,(1-v)T)
+T70 " glere — are) — Eg(ér — ary)| (27)
te[yT,(1—7)T
+T70 Y |Eg(ér —ar) — Eg(én)l, (28)
te[yT,(1—)1

by the triangle inequality. For the expression in Equation (27)), it is sufficient to show
a weak law of large numbers. This result follows analogously to the proof of Theorem 6
of de Jong and Sakaryal (2016). Therefore, we only need to show that the expressions in
Equation and vanish in the limit. In order to do that, we first establish the result
for the expression in Equation then the result for the expression in Equation (26)) will

follow.
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We write that

7! Z |Eg(¢re — ary) — Eg(Cry)|

telyT,(1—)T]
<r! Z E\g(ére — art) — g(Ere)]-

te[yT,(1-7)T]

Since ¢(-) is Lipschitz continuous, we have

T Z Elg(érs) — g(éry — apy)| < LT Z Elary|, (29)

te[yT,(1-)T] te[yT,(1—)T]

and by the definition of ar; and Theorem 1 of de Jong and Sakaryal (2016), we have
E’aTtl

<\wru |E|\yr| + |wr| E\yra| + |wrer—1|E|Jrr-1| + |wrer | Elgrr|

8 8
< (Ifrat = DI+ 1D why DElGril + ([ fralt = 2)[ + D whyo|) Elgir]
k=2 =2

8 8
+([frat =T+ D)+ D whr DElGrr | + (fralt = T) + | D whr ) Eljrr|
h=2 k=2

< sup | foa(t = S)|E(gr| + |[Gr2| + [Grr-1] + [Fr7])
se{1,2,7—1,T}

8

+  sup | wh Bz + rel + Grr—i] + [5rrl)
se{127-1,T} 45

8
<O sup |fra(t— )|+ G sup | Zwliits‘? (30)
se{1,2,7-1,T} se{12T-1T} 45

where the last line follows from the fact that E(|§r1| + |Jra| + |[Tr.r-1] + [Grr]) = O(T%/?)
under standard moment assumptions if y; is integrated up to order 4. Therefore, we use

the upper bound for Elaz;| in Equation to rewrite for the expression in Equation (29)
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as follows

Z Elg(er) — g(Cre — ar)|

te(yT,(1-1T]
< CLLT3?7 ! Z sup  |fra(t — )]
re T (L yy7] SE 2T LT}
8
+CLLT3PT 1 Z sup | Z wh .|
tely T (1—y)1] SEL2T-1LTY jp
Note that
Th—r>I010 327! Z sup | fra(t — s)]
v T AL yyr] SE 2T 1T}
< lim T%°770 % sup  sup [ fra([rT] — s)]
o telyTo (1] "€ (=] s€{1,2.T—1,T}
= lim T32T (1 -29)T +1) sup sup | fra([rT] — )|
oo rely,(1—7)] s€{1,2,7-1,T}
< Cg lim T32T7 (1 —29)T+1)  sup sup  TP|[rT) —s|7?
T 500 refy,(1—v)] s€{1,2,7-1,T}
=0,

where the last inequality follows from the fact that | fry(m)| < C|m|=3 form € {1,2,..

(de Jong and Sakaryaj, 2016, Theorem 1). Similarly, we write that

8
lim 73271 Z sup Izw%sl

T—oo _
teyT,(1—y 1) ST -LTY Gmp

8
< lim 797770 Y7 sup sup | Y wh ]
o0 teyT,(1=7)T] rely,(1-7)] se{1,2T-1T} 75

8
= lim T732TY((1-29)T+1) sup sup  |T? Z wh, 0T,
T—o0 rel -y se{127-17y =y

25

T}



since supps sup; < <p |17 S, wr,7),s| < 0o for any r € (0, 1) by Equation (18) of|de Jong
and Sakarya (2016)). Therefore, we have shown that the expression in Equation van-
ishes as 7" — oo.

Lastly, we need to show that the expression in Equation (26)) vanishes in the limit,

which is implied by

lim 7! Z Elg(érs — ary) — gler)| = 0.

T—o0
te[yT,(1-7)T]

Lemma 2. Fork,j > 0,

lim WTT—k.i+1 — 0
T—00 ’ It ’

Th_I}OlO wrr—kr—; = falk —J) + (b +5+1) + &gk +1)ga( +1).

Proof of Lemma[3. We use the definition of weights in Theorem 1 of [de Jong and Sakarya
(2016) and write that

Tll_I}Olo WT Tk j+1

ZTli_I&(fT,\(T—k—j— D)+ fra(MI(T —k+j=T))

+ Jim (fra(T =k + DIT =k +j <T) + fra(T + k= HIT —k +j > T))
+Tlg£lo (Erngra(T — k)gra(j + 1) + dragra(k + 1)gra(j + 1))

+ lim (Aragra(T — k) gra(T — j) 4 Erangra(k + 1)gra(T — j)) = 0,

since im0 fra(T) = 0, limp_,o0 gra(T) = 0, limy o0 gra(F+1) = ga(J+1), imyo0 Ern =
&y, and limp_, o ¢y = 0 by Theorems 1 and 2 of |de Jong and Sakarya, (2016)).

Similarly, we write that

lim Wr,r—k,T—j
T—o0
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=t (fra(k =) + fra(TIQRT =k —j = 1=T))
+ lim fra(2T —k—j— DIQT —k—j—1<T)
+T1£I>I;OfTA(k+j+1)I(2T—k—j—1 >T)
+ Th_ffolo (Erngra(T = k) gra(T — j) + ¢ragra(k + 1) gra(T — j))
+ Tlglgo (@ragra(T" = k)gra(j + 1) + &ragra(k + 1)gra(j + 1))

=k =3)+ falk+7+1) + &k +Dga(j + 1),

since limy_,o fra(m) = fa(m) and limr_, gra(m) = gx(m) for all A > 0 and m € Z, and

limy o &7y = &\ by Theorems 2 and 3 of [de Jong and Sakarya; (2016)). O

Proof of Theorem [5 First, we write that

T

T
T g(er) > CT " |erl?

t=1 t=1

T p

A Wrts gTs
1

S=

T
=C7 ! Z
t=1

p

> CONPT 1

Y

T
E WrTsYrs
s=1

where the first inequality follows from the fact that g(x) > C|z|P, and the first equality is
due to Theorem (1} This gives the result in Equation ((10)).
Next, we will show that the results in Equations and hold. If y; is an 1(3) or

an [(4) process, we have

T-2 T-2
Z wTngTs S Z |wTTS||gTs|
s=1 s=1
T-2
<CAT = 1"*gr1| + C1|T = 21 *|giral + Y IT — |,
s=3

since |wrrs| < C1|T — s|™ for s = 1,2,...,T — 2 by Theorem 1 of de Jong and Sakarya
(2016). Furthermore, sup,<,<r 5 E|frs| < Cosupy Elug| < oo by the definition of gz, given
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in Theorem |1} Since ZST;SQ T — 5|2 < 3> ,m™? < oo, ZST:})Q lwrrs||grs| = O,(1) aus.
This implies that

=0,(1) as. (31)

T—2
E WrTsYTs
s=1

If y; is an 1(3) process, then

p

T
Z wrps T~ %jjp,

s=1

T—2 p

Z wrrs T i, + wTT,T—lT_l/QgT,T—l + wTTTT_l/QgTT
s=1

= |wrr e T Grr—1 + wrpr T 2gpr + O, (T3

p

T
(wrrr — wTT,T—1)T_1/2 Z uy + Op(T_l/Q)
k=1

9

where the second equality is implied by the expression in Equation , and the third
equality follows from Theorem [1| and the assumption that A3y, = wu,, since Urr—1 =

. . d
Ayr_ — 20%yp = — Zle up — ur and Jpr = A%yp = Zle ug. Since Ur(1l) — U(1),
we obtain

T p

(wrrr — wrrr—1) T2 Z ug, + 0p(1)
k=1

L ((£2(0) = A (D) + E,ga(1) (92 (1) — g2 (2) U],

by Lemma [2] and by the continuous mapping theorem. This shows the result in Equa-

tion ({11)).
If y; is an 1(4) process, then

p

T
Z wrrs T~ 2irs| = |wrrr 1 T grr—1 + wrrr T e + O, (T7%2)["

s=1

k p

T
(wrrr — wTT,Tfl)Tig/z Z Z uy + Op(ng/Z) ;

k=1 l=1
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where the first equality is implied by the expression in Equation . The second equality
follows from Theorem (1| and the assumption that A%y, = u, which imply that grr_1 =
AQyT_l — 2A2yT = — ZZ:I Zle u; — ZZT:1 up and gTT = AQyT = 25:1 Z;ﬂzl uy. Since
Ur(r) = U(r) on r € [0, 1], we obtain

p

Tk
(wrrr — wrrr—1) T2 Z Z w + 0p(1)
k=1 1=1

(12(0) = (1)) + Erga(1)(ga(1) — 92(2))) / U(r)dr

p
d
e

by Lemma [2[ and by the continuous mapping theorem. This completes the proof. O

Lemma 3. A?(t + 2)P = Zi;g coit® for t = 1,2,...,T, where cpy is defined in Equa-
tion .

Proof of Lemma[3. The Binomial Theorem gives the following equality

(t+m) = i (Z) thmpk

k=0

By the Binomial Theorem,
A*(t+2)P = (t+2)P —2(t + 1)P + 1P
~ (P ~ (P
= thor=k _ 2 th 4t
> (f)er 2> (f)+
k=0 k=0
p—1
= cut" (=27 4 17)
k=0
p—2
=2 cml"
k=0
where ¢, = (£)(2°7% — 2). The last equality follows from the fact that ¢,,_; = 0. O

Lemma 4. A%(t + 2)P = i:é apt® for t = 1,2,...,T, where ay is defined in Equa-

tion (14)).
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Proof of Lemmal[{} By the Binomial Theorem, we have
At +2)P

=(t+2)P -4t +1)P +6tP —4(t — 1)’ + (t —2)?

_ i (Z)t’fzp’f - 4i (Z)t’“ + 617
—4;; (Z) th(—1)p* +§ (Z) t*h(—

= Z aptt + (7 — AP + 617 — 4P + 17)

(o = (Z) (2777 — 4 —4(=1)PF 4 (—2)P7F).
This implies that

(P) (2r=++1 —8) if p— k is even
Qpk =

0 if p — k is odd.
Note that ay, = 0 for Kk =p —1 and k = p — 3, since p — k is odd in both cases. It is also
easy to see that a,, o = 0. Thus, we conclude that
-4

Yt+2) Z ap ptt.

k=
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Proof of Theorem [0 Let y, = t* for t = 1,2,...,T. Theorem [I] implies that
éTt (17 2p7 s 7Tp) = A%Tt(nga gTQ; s 7QTT)7

where

p—2
g1 = 3" — 2P+ +1= Zcpkv
k=0

[\

”
Jro= (4 =28 +2) — A -2 £ 1) = 3 cu(2 - 2),
0

il

Jraot = (T = 1) = 2T = 2 + (T = 3)") — 2(T7 — 2T — 1) + (T — 2)")

N
[N}

=D ew((T =3)" = 2(T - 2)"),

k=0
p—2
Jrr =T = 2T =1 + (T = 2)" = > _ (T — 2)%,
k=0
by Lemma [3] and for ¢t = 3,4,...,T — 2,
p—4
gre = ANt +2)P = Z apktk7
k=0
by Lemma [4]
Also, note that
Tre(1 + Y1, T2 + Y2, .- T+ yr) = Tr(w1, T2, - 27) + Tre(Yn, Yo, -

31
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(32)

(33)

(34)

(35)
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therefore,
éT%(172p7"‘77ﬂv ::Af7%<0707gT37"'7§7¥T727070>+_A$7%(gT17gT2707"'707gT¥T717gTT)-

By replacing y7; with the expression in Equation fort =3,4,...,T — 2, we obtain

$7%<07079T37"'7@71T727O70)

p—4 p—4
= 774(0,0,) " am3®, ) a(T = 2)%,0,0)
k=0 k=0

N

= ap?7:(0,0,3% ... (T —2)*,0,0),

S

e
Il

0
where the last equality follows from the linearity of 77, (de Jong and Sakarya, 2016, Theorem

1). Similarly, by replacing §r1, Yre, Yrr—1 and grp with the expressions in Equations —

and by the linearity of 774, we obtain

f7%<gT17gT?707‘"707g7¥T—17gTT>
p—2
— A k k k k
= etre(1,25 =2,0...,0,(T = 3)F — 2(T — 2)*, (T — 2)").
k=0

Thus, we have

éT%<172p7'-~77v§

=AY autr(0,0,3% ... (T —2)%0,0)
k=0
p—2

A (1,25 = 2,00, (T = 3)F = 2(T = 2)%, (T - 2)h).
k=0

By using the identity in equation (37), we write that #7,(0,0,3"% ... (T — 2)*,0,0) =
Tre(1,28 0 TR) — 274(1,2%,0,...,0, (T — 1)*, T%), which gives

éT%<172p7"'7jvﬁ
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=AY aptr(1,28 ..., TF)

k=0
p—2
A eptri(1,2F —2,0...,0,(T — 3)F —2(T — 2)% (T —2)%)
k=0
p—4
“AD amdre(1,28,0,..,0,(T = 1)F, 7).
k=0

In order to conclude the proof, we write that
7re(1,2P, ..., TP)
=tP — (1,27, ..., TP)

p—4
=1 =AY aputr(1,2%, . TY)
k=0

p—2
A eutr(1,28 =2,0...,0,(T = 3)F — 2(T — 2) (T — 2)")
k=0
p—4
A aptr(1,28,0,..,0,(T = 1)F, 7).
k=0

]

Lemma 5. \2* —4X\23 + (1 4+ 6))2% — 4z + X\ = 0 has four roots 21, 25, 23 and z; where

VI+16A -1 V2 1
z1=1-— +1 - ) (38>
22\ VIT16A—1 2V

and22:zl_1, Z3 = Z1, z4:21_1.

Proof of Lemmal[d Note that Az* —4X23 4+ (14+6X)22 —4X 2+ X = A(z—1)*+22. Therefore,

we write that

Mz — 1D+ 22

(VA =172 +i2) (VA = 1) — iz) (39)
0.
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First, we consider v/A(z—1)?+iz = 0, which is equivalent to v/Az%4(i—2v/\)z+v/X = 0.

A tedious calculation shows that this quadratic equation is equivalent to
VA(z = 21)(z — 2) =0,

where 2, is defined in Equation and zp = 27 .
By the fundamental theorem of algebra, the polynomial equation in Equation has
four complex roots where two of the roots are the complex conjugate of the other two.

Therefore,
Mz =D 422 =(z—21)(z — 27Nz — 23) (2 — 24),

where z3 = z; and 24 = 2 L O
Proof of Theorem[7]. Fort =3,4,...,T —2, the first order condition for ér given in Equa-
tion as

AéT’t_l,_Q - 4/\6T,t+1 + (1 + 6)\)67} - 4)\6T,t—1 + >\6T,t—2 - 0

The above equation is a fourth order difference equation, which has four roots 21, 2o, 23 and

z4 given in Lemma[5] It is possible to write that
ere = Cirzy + Cozy + Csz) 4 Cuzt,

by using the fact that z, = 2; ', z3 = z;, and 24 = 2, ', which are implied by Lemma .
Note that the HP filter always produces trends and cyclical components that are real

as long as the original series is real. Thus,

éTt = :Tt7

ClTZ§ + Cng_t + 0325 + 0421_t = C_’ngi + éngt + égZi + 6421_t,

which implies that C5 = Cy7 and Cy = Cb.
Furthermore, Theorem (1| implies that é74(1,2%,...,7?%) = Are(1,—-1,0,...,0,—1,1)
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and ¢, r—¢41(1, 22, T%) = Mrr_1(1,—1,0,...,0,—1,1). Equation (20) of de Jong and
Sakarya (2016) implies that ery(1,22,...,T?) =
err—ie1(1,2%,. .., T%)[] Therefore, we write that

éTt(la 227 s 7T2) = éT,T—t-i—l(la 22a s 7T2)7

T+1 T+1) -

t —t ~ =t ~ Z—t T+1 _ —t - t ~  ZTH+1z=—t ~ t

T+1

which implies that Cy = Cipz; 7. This identity allows us to write that

éTt(l, 22, ce ,Tz) = ClT(Zi -+ Z{itJrl) + C’lT(Ei -+ zfitJrl). (40)

Next, we use the first order conditions for ¢ = 1 and 2, given in Equations and
, to solve for constant Cp. Let

ar = (1+X)(z1 + le) — 2)\(zf + le_l) + /\(zf + le_Q)

b= =2X(z1 +20) + (L5 (2f + 21 ) =AM + 20 ) + A +2 ),

then Equations and are equivalent to Cyrar + Cirar = 2\ and Cypby + Cirby =
—2), respectively, when g, = t2 for t = 1,2,...,T. and épy = Cyp(2t + 21 ) + Cip(ZL +
Z?itJrl). These 1mply that ClT = 2)\(Z_)T + C_LT)/(CLTZ_)T - C_LTbT).

By using the polar coordinate form, we write that z; = |z1|(cos(#) + isin(f)) where
0 = tan™! (21/2(\/1 T 16A — 1)*1/2> .
Then, when we replace z; with its polar coordinate form in Equation (40]), we obtain

ére =(Chr + ClT)|z1|t cos(tl) + i(Cyr — C_’lT)]zllt sin(t6)

‘l‘(ClT + élT)|Zl|T_t+1 COS((T —t+ 1)9) + i(ClT — ClT)|21|T_t+1 sm((T —t+ 1)9)

]

'Equation (20) of |de Jong and Sakarya (2016) states that 7ri(y1,92,-..,y7) =
TP r—t41(YT, YT —15 - - 5 Y2, Y1)-
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Lemma 6. A?exp(t + 2) = CCiexp(t) and Alexp(t + 2) = Cexp(t) where
C = exp(2) (1 —exp(—1))* and C; = (1 — exp(—1)) >

Proof of Lemma[f. Note that
A? exp(t + 2)

— exp(t +2) — 2exp(t + 1) + exp(t)
— exp(t +2) (1 — 2exp(—1) + exp(—2))
— exp(t + 2) (1 — exp(—1))?

= CC exp(t).

Similarly, we can write that
Atexp(t + 2)

=exp(t +2) —4dexp(t+ 1)+ 6exp(t) —4dexp(t — 1) + exp(t — 2)
=exp(t+2) (1 —4exp(—1) + 6exp(—2) — 4dexp(—3) + exp(—4))

= exp(t + 2) (1 — exp(—1))*

= C'exp(t).
]
Proof of Theorem[§ Let y, = exp(t) for t = 1,2,...,T. By Theorem [1} we write that
éTlf (eXp(1)> eXp(2>7 < 7eXp(T>> = )\%Tt (nga gT?a cee 7:&TT) s
where by Lemma [0]
g1 = exp(3) — 2exp(2) + exp(1) = CCyexp(1), (41)
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Jra = (exp(4) — 2exp(3) + exp(2)) — 2(exp(3) — 2exp(2) + exp(1)) (42)
= CCexp(2) — 2CC exp(1)
= CCi(1 - 2exp(—1)) exp(2),

grr-1 =(exp(T' — 1) — 2exp(T" — 2) + exp(T — 3)) (43)
— 2(exp(T) — 2exp(T — 1) + exp(T — 2))
=CC, exp(T — 3) — 20C, exp(T — 2)
—CCy (exp(—2) — 2exp(—1)) exp(T — 1)
=CC,((1 — exp(—1))*> = 1) exp(T — 1)
=C(1 = Cy) exp(T — 1),

grr = exp(T) — 2exp(T — 1) + exp(T — 2) = CCy exp(—2) exp(T), (44)

and for t =3,4,...,T — 2,

gre = exp(t) —4dexp(t — 1) + 6exp(t —2) —4dexp(t — 3) + exp(t — 4) (45)
= Cexp(t).

By using the expressions in Equations —, we write that

(U1, Y12, - - - Y1T)
=71¢(CCy exp(l), CCyexp(2),Cexp(3),...,Cexp(T — 2),CCsexp(T —1),CCyexp(T))
=C7r(Crexp(l), Coexp(2),exp(3),...,exp(T — 2),Csexp(T — 1), Cyexp(T)),

where the last line follows by the linearity of 714, and Cy = (1—2exp(—1))Cy, C5 = (1—-C)
and Cy = Cy exp(—2).
Therefore, by Theorem [1] we have

cre(exp(1), ..., exp(T))
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=CA7(Cyexp(l), Cyexp(2),exp(3),...,exp(T — 2),Csexp(T — 1), Cyexp(T)).

Proof of Theorem[9 By Theorem

er(exp(1), .. exp(T))
=CAr(Chexp(1), Cyexp(2),exp(3),...,exp(T — 2),Csexp(T — 1), Cyexp(T))
=CArri(exp(l), exp(2),...,exp(T))

+CA1((Cp — 1) exp(1), (Cy — 1) exp(2),0,...,0,(Cs — 1) exp(T — 1), (Cy — 1) exp(T)),

because for any sequences {x;}_, and {y: }_,, Tri({xs+vye Yy = 7re({we Jo )+ 7 ({ye )
forallt=1,2,...,T.

Evaluating the above expression at t = T'— k£, dividing it by 77—, and taking the limit

as T' — oo gives

=CA\

(1) exp(2),...,exp(T))
Lo fim B D) eXp( ), (Ca = 1) exp(2),0,...,0,(C5 = 1) exp(T — 1), (Cy — 1) exp(T))
Too 7rr—k(exp(1),exp(2),...,exp(T)) :

lim C:T,T k(exp(1),exp(2),...,exp(T))
T—o0 TTT Lle

By using the weighted average representation of the HP filter trend given in Theorem 1 of

de Jong and Sakarya (2016)), we have

Trr—k((C1 — 1) exp(1), (Cy — 1) exp(2),0,...,0,(C5 — 1) exp(T — 1), (Cy — 1) exp(T))

lim
T 00 Trr—k(exp(1),exp(2),...,exp(T))
Wr,7—k,1
=(C1 — 1) exp(1) lim (46)
' OOZS 1 WrT— kseXP()
4 (Cy — 1) exp(2) lim YTk (47)

T=o0 37 Wrp-k,s exp(s)
T-—-1 T _
4 (Cs— 1) lim exp( )wTT kT—1 +(Cy—1) lim exp( )wT,T kT

T=oo S0 Wy g exp(s) T—oo ST wpp g s exp(s)

(48)
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The expression in Equation can be written as

=T _
(Cy —1)exp(1) lim Texp( Jwrr—i1
T—o0 28:1 wT,T—k,s eXp(s - T)

-T -
= (C1 —1)exp(1) lim T_elxp( JWrr—ka .
T—o0 ijo wTvavafj eXp(_j)

=0,

where the first equality is due to j = T — s. The result follows from the fact that
My oo wrr—gy = 0, and limy_ee 32,5 wrr—kr—jexp(—j) = Yoo (falk — §) + falk +
j+ 1) + &gk +1)ga(j + 1)) exp(—7) by Lemmal[2]

The expression in Equation is zero by an argument similar to the one above.

Setting j =T — s, then the first term in Equation equals

(C3 —1)exp(—1) lim Wr.r-hT-1

=00 33 Wik exp(—j)

Nk =1)+ filk +2) + Hga(k + 1)ga(2)
Dok =) + falk + 5+ 1) + &oa(k + 1)ga(j + 1)) exp(—j)’

and the last term in Equation equals

= (C5—1)exp(—1)

WrT—k,T

(Cy—1)

lim —=— .
T—=o0 ijo wTvavafj eXp(_j)

Lk) + [k +1) + Sk + Dga(1)
doimolhlk —3) + falk + 5+ 1) + &oa(k + 1ga(d + 1) exp(—3)’

by Lemma [2l This completes the proof. O]

— (Ci—1)
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