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Abstract

The paper considers likelihood-based estimation of multivariate models, in which only
marginal distributions are correctly specified. The unknown joint distribution is modelled
with a copula function, which may be misspecified. In a GMM framework, we study
robustness and efficiency of resulting estimators, propose improvements to existing esti-
mators and discuss tests of copula validity. It is shown that radially symmetric copulas are
robust against misspecification in problems about sample means if the true joint density
is also radially symmetric. Efficiency results suggest that knowledge of the true copula
is redundant only if the covariance matrix for relevant moment conditions is singular. A
simple simulation supports the theoretical result about robustness of the Frank, Farlie-

Gumbel-Morgenstern and Ali-Mikhail-Haq copula families.
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1 Introduction

In multivariate economic models, one is often ready to assume marginal distributions but is
reluctant to impose a joint distribution. For example, in a panel setting, economists often use
a specific likelihood for each cross section separately (e.g., probit or logit) but avoid modelling
the joint distribution of the cross-sections over time. Similarly, in selectivity models, it is often
desired to allow for unrestricted dependence between the disturbances in the primary and the
selection models, each of which has a well-defined likelihood.

The usual way to handle the indeterminacy of the joint distribution is to assume inde-
pendence of the marginal distributions and employ quasi-MLE or to assume joint normality
and employ pseudo-MLE (e.g. White, |1982; |Gourieroux et al., [1984). In certain cases these
approaches result in a consistent estimation while a “sandwich” covariance matrix may be
used for valid inference.

However, these approaches suffer from major weaknesses. First, there are important cases
when using a pseudo-likelihood does not result in consistent estimates. (Green| (2002, Section
17.9) and [Wooldridge, (2002, Chapter 13) discuss such cases. Second, as we show below, there
are estimators that dominate traditional QMLE under non-independence.

The copula approach used here allows to replace normality or independence with an alter-
native assumption about the joint distribution. Clearly such a replacement is only warranted
if the new distribution possesses some useful properties such as ease of computation, robust-
ness to misspecification, and improved efficiency. Arguably, copulas (or at least some of their
families) may have such properties in certain econometric models. The copula approach also
incorporates multivariate normality and independence as special cases.

The copula approach is relatively new to econometrics. A note by Lee (1983)) appears to
be the earliest application of this approach in econometrics. Copulas have recently received
a lot of attention in finance literature. They are used to model dependence in financial time
series (e.g., Patton) 2001} Breymann et al., 2003)) and in risk management applications (e.g.,
Embrechts et al., 2003, 2002). Bouyé et al.| (2000]) provide an extensive discussion of prospects
for copula in finance. Use of copula in other subfields of econometrics still appears rather
limited. [Smith (2003) incorporates copula in selectivity models and provides applications to
labor supply and duration of hospitalization; (Cameron et al.| (2004) use copula to develop a
bivariate count data model with an application to the number of doctor visits.

We start by presenting some basics on copulas. This is done in Section Section
introduces the GMM representation of the likelihood-based models used in the sequel. We
show that imposing a joint distribution amounts to adding moment conditions.

Imposing moment constraints makes consistency of the resultant estimator conditional on



the moment validity. Moreover, there are infinitely many alternative multivariate distributions
that can be used. Section [4] shows that estimation of means remains robust against copula
misspecification as long as the used copula and the true joint density share a symmetry
property. A simple simulation employs most commonly used copula families to study their
robustness properties.

It is well known that additional moment conditions cannot reduce asymptotic efficiency if
properly used. However, sometimes the additional moments do not help even if properly used,
i.e. are redundant in the sense of Breusch et al.|(1999). In Section |5| we develop conditions
for such redundancy.

Section [6] proposes tests of copula validity that can help deciding on the copula. Section [7]

concludes.

2 Preliminaries

Definition 2.1 (Nelsen, 1999, p.40) An M-dimensional copula is a function C : [0,1]M —
[0, 1] that has the following properties:

i. Cluty.. s um—1,0,Umt1,...,upr) =0, m=2,..., M — 1.
ii. C(1,...,Lum, 1,...;1) =y, m=1,..., M.

iii. C is M-increasing: for every M-box B = [ay,by] X [ag,ba] X ... X [ayr, bys], whose 2M

vertices (c1,...,cy) are in [0,1]M ] the C-volume of B, defined by
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where cj1 = aj and cjo = b; for all j € {1,..., M}, satisfies

Ve(B) > 0.

Property (iii) implies for M = 2 that C(a1,a2) — C(a1,b2) — C(b1,a2) + C(b1,b2) > 0 for
any vectors (ay,az), (b1, b2) € [0,1]% such that a,, < by, m = 1,2, i.e. C(a,b) is non-decreasing
in (a,b).

It follows from the definition that an M-dimensional copula C' is an M-dimensional cdf
whose M marginals are uniform on [0,1]. One may also note that for any M-dimensional
copula C, M > 3, each m-marginal of C, 2 < m < M, is an m-dimensional copula.

The following well-known theorem establishes existence of such a function for any joint

distribution function of random variables. We restate it with no proof.



Theorem 2.1 (Sklar|, |1959, p.229-230) Let H be an M-dimensional distribution function
with margins Fy,...,Fyr. Then there exists an M-dimenstonal copula C such that for all
Tm ER,m=1,... .M

H($1,,xM):C(Fl(.’L'l),,FM(.CEM» (1)

If By, ..., Fyoare continuous, then C' is unique. Conversely, if C is an M -dimensional copula
and Fi,...,Fy are distribution functions, then the function H in is an M -dimensional

distribution function with marginals Fy, ..., Fyr.

Thus, a copula is a multivariate distribution function that connects two or more marginal
distributions so that to exactly form the joint distribution. A copula thus completely parame-
terizes the entire dependence structure between two or more random variables. It is important
to note that a given joint distribution function H defines only one set of marginal distribution
functions F,,, m = 1,..., M, whereas given marginal distributions do not determine a unique
joint distribution (and the implied copula).

To connect copulas to likelihood-based models, let h and ¢ be the derivatives of the distri-
bution functions H and C, respectively; let f,,, be the derivatives of the marginal distribution

functions F,,, m =1,..., M. Then,

8MH(x1,...,:UM)
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M
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m=1
i.e., the joint density is the product of the copula density and the marginal densities.
In what follows we restrict our attention to the bivariate case (M = 2). We let the marginal
densities f; and f be functions of an unknown parameter vector § € RP and the copula density

¢ and the joint density A be functions of an additional parameter vector p € R?. Then
Inh(z1,z2;0, p) = Inc(Fi(z1;0), Fa(xa;0); p) + In fi(x1;0) + In fa(z2;0). (2)

Note that p parameterizes the entire dependence between the two random variables. See
Appendix [A] for selected copula families used in this paper.
For our discussion of copula misspecification, we let K denote some copula other than the

true copula C and we let k denote the corresponding copula density function.



3 GMM representation

MLE assumes a complete and correctly specified joint likelihood in . For the purposes of this
paper, quasi-MLE (QMLE) assumes correctly specified marginal distributions and maintains
their independence and thus only uses the last two terms in . In panel settings, what
we call QMLE is often referred to as the partial likelihood method (see Wooldridge, [2002,
Section 13.8). Pseudo-MLE (PMLE) assumes an incorrect joint distribution and thus uses an
incorrectly specified copula term in . The (correct) copula term in is therefore what
distinguishes MLE from QMLE (and PMLE).

It is well known that likelihood-based models can be represented as GMM models based on
likelihood equations (see |Godambe, |1960, 1976). The expected value of the score function for
the correctly specified joint log-likelihood (|2)) is zero. Furthermore, if the marginal densities are
correctly specified, the same is true for the marginal log-likelihoods. Hence, under classical
regularity conditions, the following four moment conditions hold at the true values of the

parameters (0,, po):

E% In f1(z1;6,) =0 (A)
EZ In fo(x2;60,) =0 (B) (3)
Efy nc(Fi(21;0,), Fa(x2;600)ip0) =0 (C)

(D)

Ea@p Inc(Fi(x1;6,), Fa(x2;6,); po) = 0. D

We call moment conditions (A) and (B) the marginal moments and (C) and (D) the true
copula moments. Note that as stated in , the GMM problem is overidentified: it involves
p + ¢ parameters and 3p + ¢ moment conditions.

Here we will assume that the marginal distributions are correctly specified but the copula
function may not be. If the copula is incorrectly specified, then copula moments (C-D) may
not hold. If they do we will say that the copula is robust. In this case, (C) and (D) in (3] are
replaced with

E& Ink(Fy (21;0,), Fa(22;60); pF)

k
i pz (4)
B nk(Fy(21560), Fa(x2;6,); o)

0
0, (D)

where plg is the dependence parameter of copula K. We call (C’-D’) the misspecified copula
moments. For the sense in which a parametric model for the density is correctly specified
see, for example, |Wooldridge| (1994, p. 2672).

Our primary focus is estimation of 8,. GMM is an appropriate framework for our analysis
because it allows studying robustness and efficiency of various likelihood-based estimators of

0, (MLE, QMLE, PMLE) by considering misspecification and redundancy of copula moments.



Specifically, consider MLE versus QMLE in terms of efficiency. MLE of (6,, p,) maximizes
the joint likelihood in ([2)). This is equivalent to the optimal GMM estimation based on the

expectation of the score of the joint likelihood, i.e.,
E g In fi(21:00) + By In fa(w2:60) + By In c(Fi(21;05), Fa (223 00); po)
Ea% Inc(F1(x1;6,), Fa(z2;0,); po)

We show in Section that this is equivalent to the optimal GMM based on .

At the same time, QMLE of 6, maximizes the joint likelihood assuming independence of

=0. (5

marginal distributions. This is equivalent to the optimal GMM based on

0 0
E% In f1(x1;6,) + E@ In fo(xe;6,) = 0. (6)

We will show in Section that the optimal GMM based on @ is no more efficient than the
optimal GMM estimator based on
[ E%lnfl(svl;ﬁo) ] -
E% In fo(x2;6,) ’
which we will call the Improved QMLE (IQMLE).
Thus MLE and (I)QMLE are equally efficient only if the extra copula moments in do

not help improve efficiency of estimation of 6,. In GMM literature this is known as partial

(7)

redundancy of copula moment conditions given the marginal moment conditions in estimation
of 0, (see Breusch et al., 1999, Section 4).

Similarly, PMLE of (,, p¥) maximizes the joint likelihood in ([2)) with a misspecified copula.
This is equivalent to GMM based on

E& In f1(21;00) + EZ In fo(xa; 0,) + EZ Ink(Fy (215 0,), Fa(x2;6,); pF) _0. ®

Ea% Ink(Fy(21;60,), Fo(xa; 0,); pF)

Since we assume correct specification of the marginal distributions, the moment conditions in

do not hold if and only if the moment conditions in do not hold, i.e. if and only if the
copula moments are not robust to misspecification.

Finally, for robust misspecified copula moments, we will show in Section [5.2] that PMLE

is dominated by the optimal GMM estimator using (BJA-B)-(4C’-D’), which we will call the

Improved PMLE (IPMLE). Thus the question of relative efficiency of IQMLE versus IPMLE

for 6, is that of partial redundancy of the misspecified copula moments.

4 Robustness of copula terms

Redundancy applies to valid moment conditions. We therefore first discuss robustness of

copula terms to misspecification. We seek to characterize an incorrect copula K, for which



the copula moments in hold in the population.

4.1 A Theoretical Result

Let X1 and X5 be random variables with joint distribution function H, marginal distribution

functions Fy and F3, respectively, and copula C. Let (1, u2) be a point in R2.
Definition 4.1 (X1, X2) is radially symmetric (RS) about (ui,p2) if

H(py + 21,2+ 22) = 1= Fi(pa — x1) — Fo(pe — 22) + H(pa — @1, p2 — @), (9)
for all (z1,x2) in {R?|J{zo0}}.

Essentially, RS requires that any two points equally distant from (1, pe2) that lie on the
same line identify tail segments under the joint density function that have equal volume. It
is clear from @ that the true joint density h(xy,x2) satisfies h(u1 + x1, o + x2) = h(ug —
21, g — x2) under RS. Moreover, if z1 or zo in (@ is taken to be equal oo, it follows that
Fi(pi + x;) = 1 — Fi(pu; — x;), or Prob(X; — u; < x;) = Prob(pu; — X; < z;), i.e. X; and
X2 are marginally symmetric (MS) about (u1,u2). RS is therefore a stronger symmetry
concept than the usual (univariate) symmetry of random variables. It is however weaker
than joint symmetry, which holds when A(u1 + z1, 2 + 22) = h(p1 + z1, p2 — x2) = h(u —
X1, 2 + x2) = h(pg — x1, 2 — x2) (see Nelsen, 1993, for details). Many commonly used
distributions are RS. For example, bivariate Normal, bivariate Student-t, bivariate Cauchy and
other elliptically contoured distributions are RS. For a discussion of the elliptically contoured
family of distributions, see Mardia et al. (1979, Section 2.7.2).

Now consider some copula K # C.
Definition 4.2 A copula K is radially symmetric (RS) if
K(l—u1-v)=1—-u—v+ K(u,v) for all (u,v) in 1% (10)

Radial symmetry of copulas requires of the copula function what radial symmetry of ran-
dom variables requires of the joint density function. Eq. suggests that for the rectangles
[0,u] x [0,v] and [1 — u, 1] x [1 — v,1], the volume under the copula density function is the
same for any (u,v).

It can be shown that (marginally) symmetric random variables X; and X» are radially
symmetric if and only if C' satisfies (10))(see Nelsen| 1999, p.33). So if (X1, X2) is RS then
holds for the true copula C'. However, may hold for many other RS copulas.



It is sometimes easier to verify radial symmetry of a copula function K by checking whether
the copula density k satisfies the equation k(1 — v,1 — u) = k(v,u),Vu,v. For example, for
FGM family it is easier to verify that the density function satisfies this condition than to
verify that the copula function satisfies . In contrast, for other families in Appendix |A]it
is easier to check . Using one of the methods, one can establish that the independence,
FGM, Normal, Plackett, and Frank families are RS, while the Logistic, AMH, Joe, Clayton
and Gumbel families are not. Interestingly, |[Frank| (1979) shows that the only Archimedean
copula family (see Appendix [A| for the definition) that satisfies is the Frank family. Joe,
AMH, Clayton and Gumbel are all Archimedean copulas that are not RS.

Theorem 4.1 If (X1, X3) are RS about (u1, p2) then

0
E(?TL Ink(Fy (p1 + x1), Fo(ue + x2),p) = 0,Vp € RY,

where k is any RS copula density.

Proof: See Appendix [B| for all proofs that are not given in the main text.

By Theorem the misspecified copula moment condition in (C’) can be used to consis-
tently estimate the symmetry point (i, o) as long as the copula function and the true joint
density share the property of radial symmetry.

Note that the theorem does not state anything about moment condition (D) in and
the true copula dependence parameter p. Generally, under the regularity conditions, (D’) will
hold in the population for some value of (6, p) but not necessarily for (6,, p,). However, (C')

holds under the conditions of the theorem no matter what value of p is used in (C').

4.2 An Illustrative Simulation

To illustrate the result of the theorem and to study the behavior of both the misspecified copula
moments (C’) and (D’) in finite samples, this section presents results of a simple simulation
concerning a sample mean problem.

For copula K, define the sample analogues of misspecified copula moments (C’) and (D’)

in

T
< 0
0 — -1 “ . . 0)-
07(0,p) =T t; 50 Ink(Fy(x1450), Fa(xar; 6); p) (11)
and
_ T 5
6P(0,p) =T " ;:1 o Ink(Fy(x1450), Fa(xar; 0); p). (12)

8



Clearly, if K = C then 6(6,, p,) — 0 since (C) and (D) hold in population. Moreover,
by WLLN, for any misspecified copula for which holds, (6, p%) —, 0. However, for
non-robust copulas, the probability limit may be non-zero.

In order to be able to compare copulas we define a common measure of dependence. There
are very many such measures (see |[Nelsen, 1999, Section 5). We pick one that has a simple

copula representation.

Definition 4.3 For any two continuous random variables U and V whose copula is K,

Kendall’s T measure of concordance is given by
T = 4/ ; K (u,v; p)dK (u,v; p) — 1. (13)
It follows from that
T = 4/ ., K(u,v; p)k(u,v; p)dudv — 1 = 4EK (U, V; p) — 1. (14)

For two random variables, Kendall’s 7 can be viewed as the probability that “large” (“small”)
values of one are associated with “large” (“small”) values of the other (the probability of
concordance) minus the probability that “large” (“small”) values of one are associated with
“small” (“large”) values of the other (the probability of discordance). Importantly, various
copulas cover unequal ranges of dependence as measured by Kendall’s 7 (see Appendix [Al).
We therefore control for 7 in all one-parameter copulas.

In the simulation, we use the fact (see, e.g., Kendall, [1949)) that for the Normal copula
with Normal margins, Pearson’s correlation coefficient

p =sin gT. (15)

This allows us to derive the value of Kendall’s 7 that corresponds to the true value of Pearson’s
correlation coefficient p employed in simulating the joint Normal distribution.

We employ the following procedure:

o X1 m 1 r
Step 1. Generate T realizations of ~ N , by
X m r 1
. 0 10
e generating Z ~ N , ;
0 01

e using the Cholesky decomposition

<X1> 1 0
=m+ Z;
Xo r V1—r?



Step 2. For each realization ¢, calculate

o ui(p) =P(Xit —p),i =1,2, where ®(-) is the Standard Normal c.d.f.;
o ki(p, p) = k(ure(p), uae(p); p);
o 5 (1,p) = g5 Inki(p, p) and & (1, p) = 55 In ke (p1, p);

Step 3. Calculate sample averages

T
5 (psp) =D 01 p)-
t=1

Step 4. Plot the resultant functions 6*(u, p) and 6”(u, p) over a relevant range of p and p.

Step 5. Evaluate the sample means 0* and ¢” and the sample standard errors se(0") = s*/v/T

and se(6”) = s”/+/T at the true parameter values p = m, and p = pf, where

. \/ S (3mos ) = 8 (mos )2
T-1 '

The true parameter values in Step 1 are m, = 0 and r, = 0.3. We use to calculate
the true 7 and then we use to derive the value of p corresponding to the true value of
7 for each copula. We consider the independence, Logistic, Farlie-Gumbel-Morganstern, Joe,
Ali-Mikhail-Haq, Clayton, Gumbel, Frank and Normal copulas. For some of these copulas it
is possible to obtain an analytical solution for p in terms of 7 using (see Appendix [A]),
otherwise we use numerical methods to approximate the true value of p with desired accu-
racy. Note that the independence, Farlie-Gumbel-Morganstern, Frank and Normal families
are radially symmetric.

Table[1] contains the true values of 7 and p for the considered families of copulas. We choose
ro, = 0.3 because it corresponds to a value of 7 within the coverage of all the one-parameter
copula families we consider. Note that the two no-parameter copulas, independence and
Logistic, imply dependence measures that are different from the true.

Figures [1| through [8| of Appendix |C| contain the plots of 6(u, p) and §°(j, p) obtained in
Step 4. The sample size used for the plots is 200. According to Figure [1| the independence
copula is robust: the copula term is identically zero even though the marginal terms are not
independent. The copula term for the Logistic copula is zero for a value of u around 0.33.

Figures illustrate how the one-parameter copulas compare in terms of robustness.
Note that all the surfaces appear to intersect the zero plane at around the true values of the

parameters, which suggests general robustness. As we show below, however, one cannot accept

10



Table 1: The true values for Kendall’s 7 and p used in simulation

Copula ok To
Independence - 0
Logistic - 1/3
Farlie-Gumbel-Morganstern (FGM) 0.872880 0.193973
Joe 1.426845 0.193973
Ali-Mikhail-Haq (AMH) 0.697058 0.193973
Clayton 0.481321 0.193973
Gumbel 1.240654 0.193973
Frank 1.801160 0.193973
Normal with Normal margins 0.3 0.193973

the hypothesis of zero § for all copula families. The benchmark for comparisons is the Normal
copula — Figure

Interestingly, the sample analogue of the Normal copula moment (C) is close to zero at
the true value of u for any value of p and at p = 0 for any value of  — panel (6a). The FGM,
AMH and Frank families display a similar feature — panels (1a), (3a) and (7a). Clearly, when
p = 0, these four families of copulas reduce to the independence copula, which is known to
be robust. When p # 0, 6" is still close to zero at the true m,. This observation suggests
robustness of the FGM, AMH and Frank families. With these copulas, one can use the copula
moment (C) with any assumed p and obtain a consistent estimate of p. The other families do
not exhibit this advantage.

Of course, the FGM and Frank families of copulas are RS. The observed robustness of these
families is clearly a consequence of the theoretical result in the previous section. However, the
AMH family is not RS. Why is the AMH copula robust? To answer this question, write the

AMH copula as an infinite sum of a geometric sequence

1—p(1—u)(l—-wv

):uvZ[p(l—u)(l — )]k (16)
k=0

The FGM copula is then the first-order approximation to the AMH family, which explains
similar robustness.

To test the features illustrated on the figures, in Step 5 we calculate 6* and 67 at the true
parameter values u = m, = 0 and p = p, and evaluate standard errors for these averages.

Table [2| shows these values along with the estimated Pearson’s correlation coefficient 7, as

11



sample size grows from 200 to 30,000. The ratio of the sample average to the standard error

in parenthesis is a test statistic. Under H, : § = 0, it is asymptotically standard Normal.

Table 2: Relative robustness measures for selected copulas, their standard errors, and esti-

mated Pearson’s correlation coefficient 7, for three sample sizes

T=200 T=3,000 T=30,000
8"(mo, po) 67 (ma, po) 8" (mo, po)  6° (1o, po) 8" (mo, po) 67 (ma, po)
Indep. 0 - 0 - 0 -
Logistic -0.15036 - -0.17491 - -0.16269 -
(0.05027) (0.01143) (0.00365)
FGM? 0.00243 -0.00271 -0.00684 -0.01072 -0.00399 -0.00403
(0.02990)  (0.03026) (0.00748)  (0.00747) (0.00238)  (0.00237)
Joe 0.07855 -0.19118 0.03835 -0.10287 0.03922 -0.09700
(0.03015) (0.05752) (0.00857) (0.01450) (0.00260) (0.00452)
AMH 0.02062 -0.00678 -0.00308 -0.01755 0.00218 -0.01101
(0.02964) (0.04951) (0.00709) (0.01218) (0.00226) (0.00384)
Clayton -0.00061 -0.08578 -0.02670 -0.08060 -0.01942 -0.06285
(0.03309) (0.06315) (0.00780) (0.01404) (0.00248) (0.00418)
Gumbel 0.04436 -0.15441 0.01174 -0.05754 0.01579 -0.04967
(0.02682) (0.08081) (0.00739) (0.02055) (0.00223) (0.00640)
Frank® -0.00039 -0.00254 -0.00453 -0.00145 -0.00390 0.00063
(0.02786) (0.11547) (0.00674) (0.00297) (0.00216) (0.00932)
Normal® 0.00984 -0.06024 -0.00599 -0.00481 -0.00348 0.00194
(0.02762) (0.08817) (0.00684) (0.02151) (0.00214) (0.00666)
To 0.3181 0.3042 0.3005
Notes: ¢ denotes copulas for which 6* and 6” are insignificantly different from zero

at the 5% level for every sample size.

The table entries for the Logistic copula are significantly different from zero. This copula is
not RS and it implies a different measure of dependence (7 = 1/3). This suggests running the
same simulation with common 7 = 1/3 for all copulas. However, this value falls outside the
coverage range for several one-parameter copula families (see Appendix , making a general
comparison infeasible.

As expected, the entries for the Normal copula are insignificantly different from zero for
all sample sizes. For the two RS copula families, FGM and Frank, one cannot reject the null
either. The AMH family is fairly robust, too. For the Joe, Clayton and Gumbel families, the
sample averages are significantly different from zero for at least one sample size which confirms
the observation that these non-RS copulas are not robust in this setting.

Among the one-parameter copula families, several entries in the table stand out. First, the

12



Frank family performs better than the Normal benchmark by a large margin for all sample
sizes except for §# for T' = 30,000, when it is very close to Normal. Second, the FGM family
is relatively more robust than the Normal copula for T = 200 and is comparable for the other
sample sizes. Third, the AMH family also performs well in particular in terms of 6* for the
larger samples. Finally, the Clayton family outperforms the true copula for the smaller sample
size but not for the larger sizes.

In the previous section, it was noted that (D’) does not generally have to hold in the
population for RS copulas. An interesting observation from Table [2]is that sample analogues
of (D) are insignificantly different from zero for RS copulas and significantly different from

zero for others. This does not follow from Theorem [4.11

5 Redundancy of copula terms

We now turn to the question of redundancy of copula moments. We assume that we either
have the true copula moments —D) or the robust misspecified copula moments ’—D’ )
that hold at the true value of 8. We would like to study conditions under which using valid
copula moments (either the true or misspecified ones) does not result in efficiency gains in

estimation of 4.

5.1 Redundancy with Correct Copula

We first prove a lemma that reveals the structure of the variance and derivative matrices of

the moment functions in . Recall that correct specification of the copula is assumed in .

Lemma 5.1 Denote the covariance matriz of the moment functions in @ by C, their expected

derivative matrixz with respect to (6, p) by D. Then,

A G |-G O
G’ B |-G o0
C= (17)
-G’ -G| J E
0 0 E F
and
_ N o -
-B 0
D= , (18)
G+G -J|-E
—FE' —-F

where A, B,E,F, G,J are matriz-functions of (0, p) defined in Appendix @
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Several important observations immediately follow from the lemma. First, (A) and (B)
are uncorrelated with (C) if and only if (A) and (B) are uncorrelated with each other (G = 0).
Second, the optimal GMM based on is identical to the ML estimation in , as claimed
in Section |3] To see this explicitly, note that the optimal GMM on does not change if
is pre-multiplied by a matrix W such that W = D’C~!, if C is nonsingular. But, by Lemma

B4
. I I 1 0
cCcl=- :
000

where I denotes the identity matrix of the relevant dimension. Clearly, this reproduces the

I T I o

W=DC"'=-
0001

MLE first order conditions . Not surprisingly, estimators that use the same first order
conditions yield the same asymptotic variance matrices. In particular, for non-singular C,
the asymptotic variance matrix of the optimal GMM estimator of (6, p) based on can be

written as
Vaum = (chilD)il. (19)

(We use the standard notation according to which “V is the asymptotic variance of an estimator
0” means that “v/N(0 — 6,) converges in distribution to N(0,V).”) By Lemma this is

identical to the asymptotic variance matrix of the MLE estimator of (6, p)

—1
I T I O
VMLE = — 0 0 0 1 D =

In contrast to Vamm, VumLe is defined even if C is singular. In fact the last representation

- T\ —1

(20)

| — |
o =
S =
S =
= o
| I
O =H = =
=H o O O

in involves the outer-product-of-the-score form of the information matrix, while the one
before the last involves the expected-Hessian form of the information matrix. Both are non-
singular under regularity conditions.

By a similar argument, it follows from Lemma that the marginal moments are not
equivalent to the QMLE first order conditions @ To see this explicitly, partition C and D

as follows:

Ci1 Ci2
Cz1 Cag

C =
D21 D22

| D:[D” 0 ] (21)

where Ci1,Ci2,C21,C22,D11, D21, D22 correspond to the blocks separated by the dotted
lines in (L7HL8)). The optimal GMM based on does not change if the moment conditions

14



(7) are pre-multiplied by a matrix Wy; such that Wy; = D1,'C 1, if C11 is nonsingular.
11 g
Now, using Lemma [5.1}

Wiy = Dy,/Cy = — [ T 1 ] - [ G -G } Ci .

The last term is what distinguishes the optimal GMM based on the stacked marginal moments
from summation @ employed by QMLE. Call the GMM estimator based on @, the
Improved QML estimator (IQMLE).

Schmidt| (2004) shows that correlation between marginal scores used in the optimal weight-
ing matrix results in efficiency gains over summation and that there are interesting cases when
the two estimation methods are equally efficient. A trivial such case is when there is no cor-
relation between the marginal scores, i.e. G = 0. We provide a formal statement and a proof
of this relative efficiency result in the following theorem. The logic of the proof will be used

again when we compare PMLE and IPMLE.

Theorem 5.1 (Schmidt, 2004|) Let Vigure and VoumLe denote the asymptotic variance ma-
trices of the IQMLE and QMLE of 0,, respectively. Then, Voure — ViQuLE 15 positive

semi-definite.

Proof. Define A = [I 1]. Then, @ can be rewritten as pre-multiplied by A. Corre-
spondingly, the variance matrix of the moment functions in @ can be expressed as AC114/,
where Cq1 is the variance matrix for the moment functions in @, defined in (21)). Similarly,
the expected derivative matrix for the moment conditions in @ can be expressed in terms of
the relevant matrix for as ADqq.

Then,
Voumre = [(AD11)'(AC11A") 1 (ADq11)] 7Y, (22)
while
Vigure = [D11'Cyi D] (23)

But Vomre — ViguLe is positive semi-definite (PSD) if and only if V;(QlMLE — V(iiILE =
D11’CI11D11 — D11’'A'(AC11A")"1ADy; is PSD. The last expression can be rewritten as
D1,/Cy, /21 - O A/ (ACT2Cl2AN) - 1ACT?|C1;/* D11, This is PSD because the matrix
in brackets is the PSD projection matrix orthogonal to C}{2A’ . O

Conditions under which the copula moments do not help in terms of efficiency for 6 can be
derived by comparing Vigwmre with the upper left p xp block of V. When C is non-singular,

the comparisons can be equivalently made to the upper left p x p block of V.

15



Breusch et al| (1999)) (henceforth, BQSW) developed a very useful toolbox for analyzing
redundancy of a set of moment conditions given another set of moment conditions. However,
their analysis assumes nonsingular C. For this reason, we do not employ their results here

but compare Vigmrg with the relevant block of Vg directly.
Theorem 5.2 Vg for 0 and Vigure are equal if and only if

J-C4,CiicCl, —EF'E =0, (24)
where C4; = C4,' = [-G'  —G].

The cumbersome expression in has a simple interpretation in terms of singularity of C.
It states that the linear projection of moment condition (C) on moment conditions (A), (B)

and (D) is uncorrelated with moment condition (C). More specifically, can be rewritten

as follows
o]
a %h’lfl 8
-1
E %lnc—ﬂzlﬂn %lnfg wlnc =0,
a%hac
where
A G O
Q21 =[-G' -G E], Q@1=|G B 0
0 0 F

and the arguments of the moment functions have been suppressed for brevity. In other words,
(C) has to be a linear combination of (A), (B) and (D) for the copula information to be
redundant in terms of asymptotic efficiency of estimation of #. Thus C has to be singular.

Since Vg = Vawmu for non-singular C, and Viguig is equal to Vg for 6 if and only
if C is singular, thus equality of Viqure and Vga for 0 is impossible unless (C) is a linear
combination of (A), (B) and (D).

Corollary 5.1 If (C) is a linear combination of (A) and (B) with p known then
1. E=0;
2. J - C§C ¢y, =0;

3. IQMLE is efficient.
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We therefore have redundancy of copula knowledge in (C) and (D) given the knowledge of

the marginals in (A) and (B) if only the copula moment (C) is not informative given (A) and

(B).
Examples at the end of this section illustrate how one can apply the redundancy results

in practice.

5.2 Redundancy with Misspecified Copula

Now suppose incorrect but zero-mean copula terms in ’ ) and (4D’) are used in estimation.

When is such knowledge redundant in terms of efficient estimation of 67

Lemma 5.2 Denote the covariance matriz of the moment functions in (@ that employ the

copula moments C') and ) instead of (@C’) and (@D}, respectively, by C¥, their expected
derivative matriz with respect to (0, p¥) by DX. Then,

A G |-K -P |
ok G B |-I -Q
K -L| NV
P Q| V W
and
N .
B 0
Dk = :
K+L-M| -8
P+Q-R|-T

where A,B, G are as in Lemma[5.1, K,L, M,N,P,Q,R,S, T,V,W are matriz-functions of
(0, p*) defined in Appendiz @

Lemma [5.2] can be used to make the following observation. The optimal GMM estimator
using (3]A-B)-(4C’-D’) is not identical to the PML estimator. This is in contrast with Lemma
in which MLE coincided with GMM using —D) because we had knowledge of the correct
copula. More specifically, the optimal GMM estimator based on —B)— '-D’) is unchanged
if —B)—’—D’) are pre-multiplied by matrix Wk = Dk/(Ck)_1 if C¥ is non-singular. Using

Lemma [5.2| it can be shown that

I T I O

+Z(CH) ™,
0 0 0 I

Dk’(ck)—l - _ [

17



where Z contains G’ —K',G —L,N-M R —-V,P',Q, V' — S W —T'. Clearly, Lemma
becomes Lemma if k¥ = c. In this case, Z = 0, WK = W, the optimal weighting
retrieves , and PMLE is equivalent to MLE.

For k # ¢, correlation patterns impossible in Lemma [5.1) now provide potential efficiency
gains over PMLE. We call the GMM estimator using (3A-B)-(C’-D’) the Improved PML
estimator (IPMLE).

Theorem 5.3 Let Vipyg and VpyLy denote the asymptotic variance matrices of the IPMLE

and PMLE of (6,, p’g), respectively. Then, Vpyre — VipMLE 18 positive semi-definite.

Proof. Define

A =
0 0 0TI

111]10]

Then, can be rewritten as (3)) pre-multiplied by A. Correspondingly, the variance matrix
of the moment functions in can be expressed as AlelA’ . Similarly, the expected derivative

matrix for the moment conditions in can be expressed as ADX,

Then,
Vpumre = [(ADX)(ACKA") "1 (ADYX)] L, (25)
while
Vipuee = [DX(C*) DXL (26)

VpumLe—Vipmee is PSD if and only if Vil p—Viiy g = DX CK 'DE_DK A’(ACkA/) "1 ADK

is PSD. Rewrite the last expression as
Dk/(ck)—l/z []I _ (Ck>1/2A/(A(Ck)1/2(Ck)l/zA/)_lA(Ck)l/z](Ck>_1/2Dk.

This is PSD because the matrix in brackets is the PSD projection matrix orthogonal to
(Ck)1/24/, O

Clearly, (I)PMLE does not improve precision of estimation of 6 over IQMLE if and only
if the upper left p x p block of V(I)pMLE is equal to Vigmre. We focus on Vipympg because by
Theorem if IPMLE does not improve over precision of IQMLE for 6, then neither does
PMLE. Vipyrg is only defined when CK is non-singular, thus we can apply the redundancy
toolbox of BQSW.

18



Theorem 5.4 Vipyipe for 6 and Viguie are equal if and only if
M - C3§C1{ €, — ST (R — C4Cy{CY,) = 0, (27)
where Cf% = [-K' - L], C=[-P —Q.

In 1’ M — CgkCiiCf, and R — CglICﬁlC?z can be viewed as covariance matrices
between copula moments (C’-D’) and the error in the linear projection of the true copula

moment (C) on the marginal moments (A-B). More explicitly,

2 f D | (28)

%lnfg
>/

% In f1
& n fo

Clearly, when both of these matrices are zero, holds for any S. Also, if only is zero

and S = 0, holds for any R and C’z’llc.

Inc— Co1Cyi

_ ) o
M — CkCiC), =E 55k (ae

R - CiC{lCY, =E 9 (;6 Inc — Cz1Cqi [

Corollary 5.2 If (C) is a linear combination of (A) and (B) with p known then
1. M~ C3C{Cl, = 0;
K
2. R - C4;C{CY, =0;
3. IQMLE and IPMLE for 0 are equally efficient.

By the corollary, knowledge about robust but misspecified copulas is redundant in estima-
tion of # given (A) and (B) when the true copula moment (C) is not informative given (A)
and (B).

5.3 Examples

The following four examples illustrate how the redundancy results can be used in practice.
The first three examples show problems where the copula moment conditions are redundant
and thus IQMLE is efficient. The last example considers a situation when copula moment
conditions are not redundant in general and IQMLE is generally inefficient.

Bivariate Normal with common mean. Assume Normal marginal densities with

a%:agzlandm:,ug:,u

1 _ (z1—w)?

e 2
V2T

iz p) =
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1 @-w?
e 2
2T

Let the true joint density be Normal, i.e.,

Ja(xos i) =

1 _ (@1 =%+ (@a )% —2p(y —p) (z—p)

h(xy, xo; b, p) = ———e 2(1-0p?)
( ) 21/ 1 — p?

Then, the implied copula is the Normal copula

1 _P(P(Zl*H>2+P<12*H)2*2(w1*H)(ZQ*H))

c(F1(w1; ), Fo(wo; p); p) = N 20-7) ,

where p is the copula dependence parameter (Pearson’s correlation coefficient). Thus we have
the setup of our simulation in Section

The relevant moment conditions are

E{X —u} =0 (4)

E{Xy—pu}=0 (B)

E {7((X1—M)'0-:_(1X2—M))P} -0 (©)
_ p(XFHXE) +u(1—p) A (X1+X2) = (14p?) X1 Xa+p® —p2 —p—p2p? 200 | _

8 { (r—1)*(p+1)* =0. (D)

(C) is clearly a linear combination of (A) and (B) for known p. By Corollary the true
copula moments are redundant for estimation of p. Furthermore, by Corollary any valid
misspecified copula moments do not help improve precision of estimation over IQMLE of p.
IQMLE of p is efficient.

Section[4.2] provided evidence of robustness of independence, FGM, AMH and Frank copula
families. None of them would allow to improve efficiency over IQMLE of .

Note that using the Normal moment generating function, one can show that

1 0 ] 1 0 ]
p 1 —p 0 -1 0
C=1_, _, 2 0 - D=1 5, 0 )
P P ) 1+p ,
1+p N S v
L 000 oG 0 ot |

where det(C) = 0, and

1+
Vuee = ViguLe = Tp

Bivariate Normal regression. Let y = x8 + ¢, where y = (y1,42)',x = (21, 22)".

Suppose x is non-random. Let € = (e1,€2)" ~ N(0,3), where

2
g
> 1 P2]
p 03
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and 02,03 are known but p is not.

Then,
1 ,M
fl(yl;mlaﬁ) - 726 207 ,
V2mat
1 _(p==ed)?
Falyziwa, B) = ——e 272
h(y;%, 5, )_;e_%(y_xﬂ)'gfl()'—xg).

LN
Then, the implied copula is Normal,
2 92 _l< (610’%762p) (620’%761/)) e% _ 6%
\ 070 €1 +e€2
c(Fy(y1; w1, 8), Fa(yz; 22, B); p) = i5—25e °\ \7i75+" 173 ) i 20l

2 2 ’
o105 — p°

where ¢; = y; — ;8,1 =1, 2.

The relevant moment conditions are

E{ual =0 (A)
1
Eq%# ;=0 (B)
E _p(a%a%meg—&—alagaxgq—a%pwzeg—agpmlel) -0 (C)
022(01202—;)2) o
F 0'%0’261624-;) €1€2— 0'2pe —cr%pe%—l—po%og—/ﬁ -0 (D)
(0103 —p%)?

Again, (C) is a linear combination of (A) and (B). The use of (C) and (D) or any other zero
mean copula terms does not help estimate 3 more precisely than IQMLE.

The covariance and expected derivative matrices are

- 2 -
1 PT1Z2 __px1T2 0
o] oi03 oi03
2
PT1T2 ES) __pPTiT2 0
2 2 2 2 2
C 0703 02 010%
B _pTiTp _ pTiTp (x201+$102 ZPMW)P 0 ’
%0} o?o% o403 (005 —p?)
O' o2 +4p?
0o o 0 ek
L (c205—p2)"
— 2 —_
_* 0
o2
1
2
_ % 0
2
O3
D=
p(2w1z20?a§—px2a§—pa%z§) 0
(0'20'2 )O’ 0'2
192—P7)0103
o202+
0 _ 21 5+0° .
L (0'10'27p) J
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2 2 2
oio5—p

7 2, .2 32
z507+T705—2pT122

C is singular. Vg = ViqQuiLe = , which is also the variance of the GLS

estimator of 3, (x'X 7 1x)71.
Bivariate Normal with common variance. Assume Normal marginal densities with

2 __ 42 ;2 — —
of=o05=o0"and u; = p2 =0

1 o
fi(z1;0) = e 27,
( ) V2oro?
1 _ 95
f2(x27 0’) = e 20‘22

V2ro?

Again, let the true joint distribution be Normal, i.e.,

o g gy — L Bl -
(x1,29;0,p) = me
Then, the implied copula is Normal,
02 _p(-r%ﬂ-&-z%ﬂ—?tf%l%)
c(Fi(z1;0), Fa(zo;0);p) = ———e 2ot =p?)o?

= 2
The relevant moment conditions are

X12—02 | _
E{s5 =1 =0

A

Xp2—02 | _ 0 B

204
((3p0'47p3)(X12+X22)7406X1X27202p(a47p2))p

(4)
E (B)
gl }:o. (©)
E (D)

2(02—p)*(02+p)’02
_ po?(XP+X3)—(p*+0h) X1 Xa—p(o*—p?) } —0

(0%+p)*(02—p)* b

(C) is not a linear combination of (A) and (B). But (C) is a linear combination of (A), (B),
and (D). Thus holds and C is singular.

B 1 2 2
%01 208 208 0
2 1 _ 0
C— 208 204 208
e _ﬁ _i p2(40.8730.4p2+p4) _ 202/) 3
208 208 08(02—p)2(02+p)? (02=p)%*(02+p)?
0 0 B 202 ot p?
L (02=p)*(a®+p)?  (02—p)*(c°+p)?
_ . _
~ 30T 0
1
D ~ 3T 0
- P (p*—30%) 202p
ot(o?=p)2(c?+p)?  (02—p)*(0?+p)?
20°p _ o+
(02=p)* (02 +p)? (02=p)*(c°+p)*
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By Theorem IQMLE of o2 is efficient, in fact Vg = VigmLe = ot + 0.
Farlie-Gumbel-Morganstern copula with general marginals. For i = {1,2}, denote

the marginal p.d.f.’s and c.d.f.’s by

fi = fi(wi; 0)
and

Fi=Fi(eit) = [ f(z0ds
respectively.

Assume the FGM copula. Then
c(u,v;p) =14 p—2pu — 2pv + 4puv

Our moment conditions are now

Eq+%i=0 (4)
Ei+%2:=0 (B)

E{ %02phtphfiteiil =0 (0)
E { 1+pigflé1_—l:22pg§41;2F1Fz } =0 (D)

In general, (C) is not a linear combination of (A), (B) or (A), (B) and (D). So the copula

based terms are not redundant in general and IQMLE is generally inefficient.

6 Validity of copula terms

Suppose we are ready to assume the correctness of the marginal distributions (the marginal
moments in (3)) but are doubtful about the correctness of the joint distribution (the copula
moments in (3])). One may test the validity of a copula by testing the validity of the moment
restrictions (C) and (D) in (3). There are at least two ways to do that.

It was noted earlier that the moment conditions in are usually overidentified. There are
at least as many marginal moments as marginal parameters (or more if the marginal distrib-
utions share parameters), plus there are as many copula moments as there are parameters in
total. Since the parameters are overidentified, the moment conditions in imply restrictions.
Consequently, if the model that led to the moment conditions is incorrect (i.e., the assumed
joint distribution is wrong) then at least some of the moment conditions will be systematically
violated in the sample. This suggests the possibility for testing copula validity by a test of
the overidentifying restrictions (see, e.g., Hansen, [1982; [Newey and West), |1987).
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We will need more notation. For m = 1,2 and ¢ = 1,..., N, denote f,i(0) = fin(x1:;6),
ci(0,p) = c(F1(z14;0), Fa(x2:;0); p),

%mfu(e)
S5 In f2i(0) & In f1,(0) S nei(0, p)
i0.0) = | ) =] 7 ;om0 = | 7 .
bi(0,p) 2 1ei(6,p) 9:(0) [aaplnfzi(ﬁ) rillp) =1 %
agplnci(97p)_

Note that 1; is a (3p+q)-vector. Let

. 1 1 1 &
G0.0) = 5 D il 3O)= 5D al0), T(0.p)= 5> ril0p
1=1 i=1

i=1
Following our previous notation, let Co = Et)(6,, po)1(0s, po)’s C$1 = Eg(0,)g(6,)', C94 =
Er (6o, po)7 (00, po)’s C9 = C31' = Eg(00)7 (00, po)’, and Dy = Eﬁw(eo), D¢, =E29(0,),
D$, = E%r(@o,po), D3, = Ea%,r(eo,po), where expectations are with respect to the joint
density h(z1,x2).

Proposition 6.1 Let (é,pv) denote the optimal GMM estimate of (0, p) based on (@) Then
N (0, ) Cg (0, p) ~ X5, (29)
This test is a specification test which, given that the marginal distributions are correct,

should capture copula misspecification. A consistent estimator of C, such as

szé (0, p)

is usually used in . It is however important to note that the statistic in can be used
only if C in non-singular, i.e. if copula terms are not redundant.

The second way to test copula validity we propose is based on a two step procedure.

Proposition 6.2 Let 0 be the optimal GMM estimate based on Eg(0) = 0. Let p be obtained
by minimizing (0, p)BZ (8, p), where
B, =C3, —D3%(D?,Ch - ) 1'Ch - T2
310‘1’1_113" (D3:C1y _lD‘l’l) ‘D3’
+D (Dolco -1 ) lD
Then,

N#(0, )BT (8, p) ~ x;- (30)
Similarly to Proposition consistent estimates of the elements of C, and D, will be
used in practice for calculating the test statistic in (30)).
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7 Concluding remarks

We have proposed considering likelihood-based models in a GMM setting, in which knowledge
about the joint distribution can be represented as copula moment conditions and efficiency
and robustness of estimators can be assessed in terms of redundancy and robustness of the
copula moments.

In considering copula robustness, all of the copula families that we compared to the normal
benchmark except the Frank family are not comprehensive, i.e., they do not cover all possible
values of the dependence measure 7. This makes such copula families relevant for modelling
only certain degrees of dependence to which our robustness comparisons would apply.

For the Frank and Normal families, 7 € (—1,1), so they are comprehensive. Given the
simulation results, the Frank copula appears as useful in modelling any degree of dependence
as the Normal family. It would be desirable to make comparisons with other comprehensive
copulas such as the Plackett family. Similarly, comparisons of the Logistic copula to copulas
with the same coverage should reveal its relative robustness.

The behavior of the AMH family of copulas was quite similar to that of the FGM family
in our simulation. This was due to the small value of the dependence parameter p. The first
order approximation in is in this case quite accurate. It may not be so for larger p.

Finally, our results on copula robustness are problem-specific. For example, they are
generally inapplicable to problems involving higher moments of a distribution. In similar sim-
ulations with problems other then sample-mean problems, radially symmetric copulas may not
be robust to misspecification, but it should still be possible to compare robustness properties

of copula families since the true copula is known.
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A Selected copula families

1. Independence copula:

C(u,v) = uv
c(u,v) =1
T=0

2. Logistic copula:

oy
Clu,v) = U+ v—uw
c(u v)_2u7v
T (ut v —uw)
T=1/3

3. Farlie-Gumbel-Morgenstern family:
Clu,v,p) = (14 p(1 - w)(1 — v))
c(u,v,p) =14 p—2pu — 2pv + 4puv
p € [=1;1]
T=2p/9 €[-2/9,2/9]
4. Joe family™:

C(u,v,p) = 1= (1 =w)” + (1= 0)" = (1 —u)’(1 = v)")"/"

p € [l,00)
o(t) = —log(1 - (1—1)")
T €[0,1)

5. Ali-Mikhail-Haq family™:

C(u,v,p) = 1= p(I—u)(1—v)
p€[-1,1)
p(t) = logw

T € [-0.182,1/3)

6. Clayton family™:

R CH p=0
C(U,U,P)—{ (U_p+1)_p—1)_1/p, p#o
p € [0,00)
1
t)y=-(t"-1
e(t) p( )
p
=——¢€|0,1
r=_tseln
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7. Gumbel family™:
C(u,v,p) = exp [~((—nw)” + (—nv)")/*]
pE[l,00)
o(t) = (—logt)”
p—1
r=2""¢lo,1
» [0,1)

8. Frank family™:

Cluvp) =4 ) =0
U,’U, = —pPuU_ PV _
T e RET]L w0
p € (—00,00)
e Pt —1
fH=-mnS——~
o(t) n——
Te(-1,1)
9. Plackett family:
uv, p=1
Clu,v,0) = (14 (ut) (0-1) /(A (@t 0) (7~ 1) duvp(p—1))
2(p—1) , p#EL
p € (0,00)
Te(-1,1)

10. Normal family:
Clu,v, p) = P2(® " (u), 27" (v); p)
pe (_17 1)
2 .
T = _arcsinp € (-1,1)

Note: * denotes Archimedean copulas, i.e. copulas generated as

C(u,v) = ¢~ (p(u) + ¢(v)),

where ¢ : I — [0, 00], continuous, ¢'(¢) < 0 and " () > 0Vt € (0,1) is called the generator function. It can be
shown (see, e.g., [Nelsen) 1999} p.130) that for Archimedean copulas, Kendall’s

_ 0]
Tf1+4/0 S

B Proofs

PROOF OF THEOREM [T}
We show that Ea—‘i Ink(Fi(p 4+ x1), Fa(pe + z2); pk) =0, where p = (u1, p2)’, holds for any RS K.
By the chain rule, aiu Ink(Fi(p1 + 1), Fa(pe + x2); pk) contains terms of the form
1 Ok(F1(p1 + x1), Fo(pz + x2); p*)
k(F1(p1 + 21), Fa(pz + 22); p%) OFi (i + i)
Due to MS of (X1,X2) and RS of K, fi(ui + x:) = fi(us — x:) and k(Fi(pr + z1), Fa(pe + x2)) =
k(1= Fi(ur+z1),1 — Fo(p2 +x2)) = k(Fi(u1 — z1), F2(u2 — x2)). So the first term in is the same whether

evaluated at (z1,z2) or (—x1, —z2). Similarly, the last term is the same whether evaluated at z; or —x;.

X filpi + @), i=1,2. (31)
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Furthermore,

Ok(Fi(u1+w1), Fa(uatwa) p®)  _ 9k(1—=F1(m+21),1—Fa(ua+w2);p®)
OF; (pi+zs) O(1—F;(pi—wy))
_ Ok(F1(p1— w1() Fo(pa—w2);p* )
Ei(pi—=i)

Thus, g7 Ink(F1(p1 + 1), Fa(pz + 22); ) = — g5 Ink(FL (1 — 1), Fa(p2 — 22); p*).

Denote g(z1,x2) = % Ink(Fy (1 + 1), Fo(pa + x2); p%) - h(p1 + 21, o + 22; p). From the above, it follows
with RS that g(—z1, —z2) = —g(z1, z2).

We thus have

E% lnk(Fl(/“ +m1),Fg(,u2 +£Ez);pk) = f_ f_ xl,xg d:ljldxz
= f f 1’1,3}2 d$1d£t2

+ f_ fo g(z1, z2)dz1dx2
+ fo fo (z1,72)dz1dT2
+ f7 g(z1, v2)dz1dT2
= fo fo g(—z1, —m2)dz1dT2
+ fooc ff g(—z1, —32)dz1dT2
+ fo fo g(z1, x2)dz1dz2
+ fo f_ g(x1, z2)dz1dz2

0.

PROOF OF LEMMA By the information matrix equality (IME),
2

_ {0 0 ;. ,
A = E{ae lnfl(xl,ﬂ)ael lnfl(xl,O)} = —Em lnfl(xl,a). (32)

Similar for B, F.
By the generalized IME (GIME),

0 0 o2
E= E{%IHC(Fl(wl;9),F2(wz;9);p)8fp,IHC(Fl(w1;0)7Fz(wz;ﬂ);p)} = _]Eé’TBp’ Ine(Fi(z1;0), Fa(22;0); p)
(33)
and, for i = 1,2,
E alnf(oﬂ 0)ilnc(F(x'9)F(x'9)' ) p = & In fi(z:;0) =0
89 [3 iy 8pl 1 1, s L'1 2, P - 898 I 7 7y — U.
Also by GIME and (2),
E{ -0 (@i 0) o [In fi(1:0) + In falw2:0) + Ine(F(@1:0), Fi(2230); p)] b = — 82lf( 9)
90 n ji(Zi; 90’ n j1{Z1; n j2(x2; nc(ri(zri;0), F1(r2;0);p = 8989’ n JilTi;

for ¢ = 1,2, which, along with , implies that

G EE{;H lnfl(xl, )889/ lnfz(xz,e)} E{%h’l.ﬁ(.’[h )860, lnC(F1(x1,9) Fl(xz,e),p)}
and

E{%lan(wg, )80’ lnfl(:vl,@)} = —E{%lnfz(l‘z, )89/ 1HC(F1(:E1,0),F1(:L‘2;9);p)} el

29



Finally, by GIME and (2),

E {% lnc(Fl(xl;9),F1(x2;9);p)% [In f1(z1;0) + In fa(z2;0) + Inc(Fi(z1;6), F1(m2;0);p)]} =

= ~Eydy nc(Fi(2130), Fi(2:0); p).
With G as defined above and

0 0
3= 5 { 2 el (01:0), Fi(02:0)ip) g el (0130), Fi(a230): ) |

this implies that

2

o}
Eoee ne(Fi(w1:0), Fi(2230); p) = G+ G = J.

PrOOF OF THEOREM [5.1} See text.

PROOF OF THEOREM By and (23),

w2 2 )

Using partitioned inverse formulas, the upper left p x p block of Vyie can be written as 37!, where & =
A+B+J-G-G —-EF'E

A+B+J-G-G' FE
E F

VMLE =

Also,
-1
_ , A G A G A G I -G
VIQlMLE = ([_G _G]+[H H}|:G' B >|:G’ B (|: G B ]I:|+|:—G/:|>
-1
A G -G
- [-¢ -@] -G'-G+A+G+G +B-G-G' (34)
G B -G’

Thus, Vigyp = 2 if and only if

A
J-EF'E=[-G -G] [ ¢
G B

%)

PROOF OF COROLLARY [5.1}

1. If (C) is a linear combination of (A) and (B) then covariances between moment functions in (C) and (D)
are linear combinations of covariances between (D) and (A-B), which are all zero by Lemma

2. Rewrite J — C4,C,'CY, as

0 _
E { (80 Inc— 0310111

This is identically zero because, due to linearity of (C) in (A-B),

21
glnc—cglcfll 99 nfl =0
00 %mfz
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3. By Theorem [5.2]

PrROOF OF LEMMA By construction, blocks A, B, G of matrices C¥ and D¥ are the same as in Lemma

However, GIME does not apply now. (For convenience we use p instead of pk.)

V= E{ae Ink(Fy (21:60), Fa(2;0); p) 5y In k(Fi (215 6), Fa(w2; 6); )}
+ E{aeap Ink(Fy (21;0), Fa(x2; 0 }z

—PEIE{%lnfl(ﬂcl;@)aipllnc(Fl(xl;G) Fi(z2;0); )} # Eaja 75 In fi(21;0) =0

and

2

/ 0 g 0
-Q' = E{% lnfg(xg;ﬂ)a—p, 1nc(F1(ac1;9)7F1(m2;0);p)} # _EaTW In fao(z2;60) = 0.

GEE{%Inﬁ(ml, )89, In fo(xo; )} + ]E{ 80 In fi (21 )aef lnk(Fl(xl,0),F1(x2;9);p)} =K
and
]E{ 4 In fa(z2; 0) a/ In f1(z1; )} £ E{ o In fo(z2;0) a, lnk(Fl(xl,0),F1(:L’2;0);p)} =L
o9 o0 o0 o0
However, by GIME and (2)),

Eaeaae/ Ink(Fi(21;0), Fi(z2;0); p) =
IE{ Ink(Fy 3101749)71[71(562;9)§P)3i [In fi(z1;0) + In fo(z2;0) + Inc(Fi(z150), Fi(z2;0);p)]} =K' + L — M,
and
Ea:?ae/ Ink(Fi(z1;0), Fi(z2;0);p) =
—E{aap Ink(Fi(21;0), Fi(22;0); p) 507 [In f1(21;0) + In fa(z2;0) + IHC(Fl(ﬂcu9),F1(a:2;9);p)]} P LQ_R

o2 1o} 9]

-T=E 9p0 /lnk(Fl(mlﬁ),Fl(M;@);P):*E{a*plnk(Fl(l"l;@),Fl(xz;a);P)aT),1nC(F1(961;9)7F1(902;9);P)}7
and
S E-L W k(Fy(21:0), Fr(22:6): p) = —E 4 2 i k(Fy(21:0). Fr (22: 0): p) 2o Inc(F (1 0), Fy (22: 0): p)

898 , 1(ZT150), £'1(T2; sP) = 90 1(%1; s 11123 5P ap, (L1 (215 y '1(T250)5 p .
Finally,

9] 1o}

N=E %lnk(Fl(xl,G),Fl(xg;ﬁ), )86'/ lnk(Fl(xl,G) Fl(ZEQ, ), ) #M

and

WEIE{%lnk(Fl(xl;9),F1(x2;9);p)aip,lnk(F1(961;'9) Fi(z2;0); )} #T.

PROOF OF THEOREM [5.3} See main text.
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PROOF OF THEOREM By Theorem 8(C) of Breusch et al| (1999), (C’-D’) are redundant for 6 given
(A-B) if and only if

-K' -L -S
/ ] CiiDu1 = [ ] B,
P -Q

K+L-M
PP+Q-R
for some matrix B : ¢ X p.

This is equivalent to

, e
-M - [-K' —L]Ci} G,]——SB
e
-R-[-P' —QJCi} o ] =-TB

T is symmetric and invertible, so we can substitute B from the latter equation into the former to obtain
M- [-K' —L|C;yCi, =ST '(R-[-P' —QJC;yCha),

which completes the proof.

PROOF OF COROLLARY
1. By , M — Cgl{Cﬁlcgg is identically zero under linearity of (C) in (A-B).
2. Asin 1.

3. By Theorem

PROOF OF PROPOSITION See proof of Lemma 4.2 of [Hansen, (1982).

PROOF OF PROPOSITION First note that, by standard optimal GMM results, 0 satisfies
VN0 - 6,) = —(D3,/C31 ' D31) "D Co T VNG(0,) + 0,(1). (35)
The first order condition for p can equivalently be written as
70, 5B (0. 5) = 0
8p/ ) )
D5;'Bo ™ VNT(0,5) = op(1) (36)
Now, by the mean-value theorem, we have
\/ﬁf(é» p) = \/ﬁ":(em po) + D31 \/N(é —0o) + Dg2\/ﬁ(/3 — po) +op(1). (37)
Substituting into , pre-multiplying by DS,'B, !, and solving for v/N(p — p,) using yields

VN(p—po) = —(D3:'B;'D33) 'D%'By VN7 (6o, po)
+(D%:'B, 'D3,) 'D3,'B, ' D%, (DS;'CS; ' DS,) ' DY,/ Ch TV NG(6,)
+op(1) (38)
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Substituting and into and simplifying results in
\/Nf(é7ﬁ) = Ro\/ﬁ&(eova) +OP(1)7
where

Ro

I - D3,(D%;'B,'D3;) 'D3;'B,*

®(00,p0) = 7(0o,p0) — D31 (D51’ Co1 'DSy) 'D31'CS115(60)

Note that vV N@(0o, po) ~ N(0,Bo), and thus Bg 2V N(6., po) ~ N(0,I). Also, note that R,B; 'Re =

B,'/?[1 - B,"/*D3,(D$,'B; ' Dg2) 'D3:'By " By,
Thus, the test statistic in can be written as

NR(0,p)B3 h(6, p), (40)
i.e. as a quadratic form in standard normals with the coefficient matrix

P=1,,,— B,Y?D%, (D% B, D3,) 'D3,’B, 2. (41)
This matrix is idempotent (it is in fact the projection matrix orthogonal to Bo /2 92). The x>-test in

follows immediately because tr(P) = p + g — rank(D33) = p
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C Plots of simulated sample moments
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Figure 1: §*(u) for no-parameter copulas: (a) Independence copula; (b) Logistic copula.

(1a) (1b)

Figure 2: 6" (u, p) and 6°(u, p) for one-parameter copulas: (1) Farlie-Gumbel-Morganstern.
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Figure 4: 6*(u, p) and 6”(, p) for one-parameter copulas: (3) Ali-Mikhail-Haq.
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(4a) (4b)

Figure 5: 6" (u, p) and 6”(u, p) for one-parameter copulas: (4) Clayton.

(5a) (5b)

Figure 6: 6" (u, p) and 6°(u, p) for one-parameter copulas: (5) Gumbel.
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(6a) (6b)

Figure 7: 6"(u, p) and 6”(u, p) for one-parameter copulas: (6) Normal.

Figure 8: 6#(u, p) and 6”(u, p) for one-parameter copulas: (7) Frank.
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