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Abatract

Wil rcvla.ﬂ the ﬂ.nﬂ.l]"ﬂﬂ- of dcrete i:u:nmp:.r-:.twc atatica ef-
fecta mm the cla.a.z.lca.l conanmer expenditure minimieation
framework, naing fechmguez that explon the order and
latfice pmpcrtlca of the problem, withow reference fo
topological properfisa. It 12 ehown that these compara-
fve atatice effectz give rue fo clazace of partial orders,

which m turn mduce lattice atruciurea that define th-:
critcal pomta of comparability |:£:|1' the behavior of the

utility function), meeta and jona, which are naed o de-
rive auficient conditiona, from the gquaal-aupermodular
claza of properties, for a good(z) to be a net aubattute
or complement of another. Bxamplea demonatrate the
analyaa.
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o, INMTRODUC TION

Tha subjaci maifaxr of {los papar 15 & umpls problam . Compazafirs 2iadics 1o 1he
dasss axpandiinrs minimisafion problam . Tha propossd approash ts noval and 1ha
anamng com paraiira siadics razalis boih naw and nadnl, o 12 hopad. Tha approach s
parhaps basi nndarsicod as an axdanmen of ravsalad pradaranca analyms.

Wiihin 4 dimsrala comparaliva slalics anmronmand, 1hs tnimiion for 1he propesad
approach s vary mmpls. Wa winh 1o gve snffciend sondificns for 4 good 1o baoa
nal sntefrinia of ancthar good. Supposs wa are prasaniad waih a par of bundlas,
sandidaies o1 bang sxpanddnre mmminng bondlas af a ralavani patr of posas, which
somiradiciad 1he nai snbatiints condvion for 1ha good tn guastion. Supposs alsc 1hai
tn such & saza wa sonld punpoand 1o anolhar pasr of bundlas, which {hamsalras waza
sandidaias oz ]:--ui.:u.E arpandiinza mm.m:l.nnE; ai 1ha sama posa-nihiy Ganismuﬁﬂml
and which d1d indead sadisdy 1he nal sntabiinis condiien fox 1he sama good. H1ha
laval of nhlily ai 1hs fonr bondlas sonld ba ralaiad 1o snsh a wax as 1o axdnda 1ha
posubiliiy 1hai {ha copnal par wars indasd sxpandinrs mmminng, 1han wa wounld
hara =nfhciand sondidicons for 1he som paradiva slalics problam af hand.

This is indaad whai 1ha {hacram s o 1lns papar slaia, albmd somawhal mora formally.
Hui ilns umpls inimiien 1= the gmding bghi. I =nggesiz 1hal tn 1oy dimcreda com-
pamiira slafics framaworl, wa ars 1o =aal idormadirs banary compansons baiwaan
bondlas. 5uch com panscns wall ba all 1he mors maamngdol 1 1hay azsa 1ranmdivae, and
indaad 1 1hs nndadmng banary ralatioms ars reflaxave, anhizymmain: and iranaifive
‘pariial ordars). Thos wa axpoad {ha oxdar sirncinzs of 1he consnmplion =al, az &
parially czdazad sal waih parial cxdexs) which gva naa 1o 1he zaq mzed com pazafime
slafics impheations. Naxd, onr inimiion sngge=is 1hai wa ara 1o saazch rerdemadzzally
for aliarnativa pars of bondlas which can ba nsad 1o axclods candidaia pars of bundlas
from bang sxpandinrs mimminng, o {hay do nod sadiady 1he ragmrad com pazafive
siafiss rasnld. Joans and masls promdas 1he nalnral candidaias for snch aliarnatra
pars of bondlas. Thos, tn addidion 1o 1ha ordar siznsinrs of 1he consnmplion sal, wa
alsc axgeoad 1ha tndncad fadkcr siznsinza ol iha sai. Tha fnal siap 1o cnzinimizen 12 1o
ralaia 1ha laval of nhhiiy ai an ongnal par of bondlas, waih 1he proposad alisrnatra
par, 1hair joan and maal. WWa can doilns waih 1ha roperasdofas dass of propariias on
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funsiions [saa Lﬁlﬁ:am and Shannon [199%) and alsc Yanodd (199270 Wa hara 1hns
all 1hs ingzedianis foz 1he proposad ladbse pregrammzny approach. I zales on 1he ox
darflathcs sirneines of 1he problam withond rasonr=a {o 1he fopelogeal propariies of
1he problam [as in 1hs sfandard impheil {fnnciion 1heoram based com paralira sialics
analyms ).

Laiiica Pms:umminﬁ maihods hara a ralafaray shod, bod ramarkabls, 1zack racord
iz aconcmic:. Milprem and Shannen [199%) tnizedncad crdinal lafiee program ming
maihods 1o ssonomics.® Thar main som paradirs sladies {hacram siafas 1hai o & fons-
f10m which 12 bong marimmad 1= quam-snparmedalar® and 1he sonsizaind safs, wika
a laifica, aza sizomg sl comparabls, 1han and cnly 1hen, 1he corzasponding ophmusar
sais aza sirong sal scomparabls and 1he ophmuaad objaslira 12 sald gnam-snparm odolar
tn 1ha ralaran! paramaiazs od1ha problam . L= suggasiad abowa, quasx-snparmodolandy
ralaias 1o 1ha babhamor of funciions af 1ha joan leasd nppaz bonndland maad Jgraatasd
lowar bonnd) of & paar of prands, ma-4 712 1is Talnas ai 1he cngmal par of poands.
Sizong sal comparababiy 12 2ai comparabihiy 1hai again nhlisas 1he lafiice =irncinzs
ol 1ha nnduﬂ.]inﬁ tal [molila say =al inslomen which doas nod) i:n:-mpu.ﬁns 1ha =ai
tnslomion of joans and maals of pars of peands 1o 1ha =ais 1o ba compazad®

Thiz 1= an tmpre=zavrs and ganaral ze=nli. The 22w s 1he appheabadiiy of 1lns
ihaoram [ax wall ax adjsceni {hscrams by Milgrom and 5Shanmen [199%), Yanoid,
719920, Lofomadon, (19960, and cdheza)io & vanaiy ol aconoemass problams, 2omailnng
which can ba snrpnungly difficoli in problams wih bodgeiary irads-offs beiwasn
ranalas. Tha appicalion prasaniad hara damonsizaias how snch dificolizan max ba
ovarsoma, by apdmnng 1hs maibodelogeal approach pof forward in Anjomadon 1996,
namaly 1hai & mosi sniical alamani in 1he apphcation of 1ha laifiss programming
aprroash s 1he chowa of appropoais nodadnng padial cxdeds]), and corresponding
laiiica =irnsinra, appropnals 1o sach spacithc problam .

Tha plan of 1ha papar 15 as {ollows; sasiion | E;i'r-u:. oxdar 1haoralic defimbions of nal

sulaiiinies and com gdamanis which ara nsad 1o medivais 1hs hanary ralahions whish
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s argnad muzi ba safizhad by padial orxdars appropmala for comparafira siafics
analyas 1o 1hs sonsnmer axpanddnre mimmasafion problam . Tha approash s padly
damonsizaiad in 1ha spacial casa el iweo goods. Saciion 2 naes 1ha gansral ponaplas lad
ond 1o 1he fimd saciion 1o =iais soficiand somddions {ox a good 1o ba a nel 2nbafrinia
or complamani of ancthar. Sashion 3 demonziraies in 1ha cass of {hras goods, which
al=sc E;i'r-u:. 1ha Ard dascoplion of Fed Sobridndr and Fed Coaplemend Pavkal Dedesr.
Saghon t axiends 1he soemaiznciion of =nch parhal cxders whan 1hezs a1e many goods.
Sachiom b rarmais tha 1hecrams of section 2 in bght of 1he spacific padial cxdars po

forward. Saciion 6 somclondas,

1. DI CRETE MET 5UBTITUTION EFFECTS AMND SUITABLE
FARTIAL OQRDERS

Inozdaz {o apdy laiies program mng {achmqnas 10 1he com pazadire siaiics analyus
ol 1ha comsnmar axpandiinrs mimmisation problam, 1ha consnmplion =4l musi ba
andowad wilh parial oxdazs]), whish can umuolanscnsly assomm odats 1ha dazsopiion
of such affacis, whils anabhng 1he apglication of 1hase com pazadiva slafics fachmyqnas.
For 1ha laifax 1ha somsnmplion =ai and fsanbla sais {hazan) musi ba dosad nodar
ralavani joims and maais. For,inilos saifing, joans and maais tdaniify 1ha srnaal poands
of comparatahiy. I1 1= 1ha natnra of 1ha bahanor of 1ha nhliiy {nnsdion af jaans and
maais, ms-a-11s s bahamor al pars of J1nsomparabla)] alamanis of {ha sonsnmplion
tal, which will anabls 1hs danwalion of snfhiciand sondifions fox snch som paradira
slafics analyus. Lssordingly, 1he nndadnog parial cxdeds) on 1he sonsnmpdion 2ai
will ned only ba imporian tn descnbang 1he som pazative siadies affaci, bod wall alao
ba 7ary imporiani 1o delarmimng 1ha sizangih of 1he snffciani condibions danvad *
Thux, wa bagn by com=irnsting parial cxdars dascnbang nai snbadiiniion affacis from
a mimm al sal of banary ralafions 1hal musd hold whanarar nal snbadiinlion affacis can
ba analysad. Thasa bimary zaladions azs smply 1hose 1hai aze tmphad by 1he waal

anom of raraalad prafazamca.
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Consnmar prafarancas ara raprasandad by a nhliy foncdwen, T 0 X — B dahnad
orar 1ha sonsnmplion sal, X Jadamani & € X ) snbael of 1ha sommeduy spasa BE,
t.* Tha

In parisnlaz, 1he comsnmar has prafaramces owar o goods, named 1+ = 1,

di=crala com paraiiva =iafice gnasiion 1o ba addrazsad is 1hai od1he naf subairiniabidaiy
ol good 1 fox good f, 1o 1he axpendiinre mummisation problam . Mors praasaly, gvan
pusas g =gy fulsnd B o= g B oG B B Fu)y ik g gt ERY L and
2uch 1hai waibend lozs of ganazalily [wle.g. bazsaliaz) gy < p', aiianabls otliy
laval &, and sorrasponding sxpendinre mimminng bondlas, § and &' 14, F =
argtate{p -2 |# EX T2l x i}, and umlady for #'), 1ha comparatabiy of #; and
R S or # € #012 1ha 1amma T

Tahila imphey {nnsiion basad com pazadirs siafics approachas, waih 1ha laddiss pro-
gramming approach cphmisars nasd ned ba assnmad 1o be nmgna. Tharadozs, wa ad-
juai 1ha abors slafemand acscrdingly. Hod 1he approach has alac o drawbask, namay
ihai o doas nod allow for 1he inTashigation of sinel tnaquahiy ralahions ax smggasiad

abora. This is alus {akan ol acconnd 1o 1hs {ormal dafimiicon Balow:

Darorrorx 1.1,

Tal Good 112 a Ftengly Fed Sobredsde of good ool poce pax g € BY,,

F = :Fll"'IFI-:II FI = :Fl|"'|F|.-I|F:'|FI-+I|"'|FI-:I| 'Tlh F < F:-I and ai "'11‘1]1‘]:'1“
nhliiy laval &,

arghain g0 | T o) a3 <, argrain 4 2 | Tals dl
af X - T apXx -

whara <, ts1ha rérswgly Jomer-Ba 0 2ol zalahion® sompadibls waih a parial oxdar, Ly

on 1hs sonsnmplion sl X | which imphas, whanavar = s rl:

51 w2 oat

Sush padial ordars on1he sonsnmpdion sal wall ba callad Fed Sabrddnder Pardkal Oedeer
‘danciad W5F Qs

“Balnr 1o mll anod 4o -;.'I.l‘ll.'l.E'l.'I.ll todwroox ko (daa [P o Eun-;. szl Us Lema [P 1
'I'l'l.l AL i.'l.va.ﬂﬂ..'l.ﬁ u-.[!;uu-a.l mll bo s oan 4o oan mrﬁ.'l.!; Linm ko asmon ol Euﬂ-ll oado 1lma tadason.
]'[:n'rn ‘ay mhoio 1k u and #n:ﬁ.n:{;l o sernmn 1o asizasl I.'l.'a.ﬂﬂ.'l.E ol Enn-i.ll whoin 1ko asmo sad
I.'l.';.ﬂ: ﬂ{ ul'ﬂl Eﬂﬂ';. m&

72 muoads :|.I11I‘|I.'I.E io 1ko v mmmniy; ol a0 sibibinhox cfords wao - m.-a.u-l oaso r - mmnoiy; U
dozmod wmilm 1lez sx l.::.u:n.l.‘h-cl I-:.nru:.‘l

B saband A L » ponol [5 -:] u l‘l:u:l:.ﬁl - lnmwoa-ilax snband a, 4 E] 4, E Ioa ook & E A, snd
!'E.H - -: r = 5. This dodazlina w dwo {0 Vmaoid.
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Good 1 1s & Padiwere Fed Fobrgdide of good ol pnea pair g p € IE_'|'_+ and
aliainabla ntliiy laval §,1d1ha =af zalation <, abora s 1aplacad wih <z 1he padd were

som padibla =ai ralafzon.'”

Hi=jinibs defimiions aborva, 1han good 1 1s & Szongly [FPaihwiza) O en Mai

Subafinia al posa pair (g, p'Jand ai ai{ainabls nhliiy Lavd &.

Focd 112 & Sizongly [Fathwina) Nal Sobsidnda of good ¢ Jeverpmdere ), o od 1n
a Mrongly ‘Pathwira ) Nl Sobaidnda of E;n:hnd_r- al avary =nch ponsa par, g, f' E Il’.'_:'__'_.
and laval of ai{ainabls ohliy &.

b Gecdiima Fasuply “Padleare , Fed Conpleaend odgood f ol poca par g, g E

L

parial ardaz s tn fa) s raplasad waih a padial ordar, % e, on 1ha sonsnmplion sai

+ and afiainabls nthiy laval & [avarywhazal, a2 tn [a) abora, 1 1ha unduﬂ]inﬁ

X which imphas, whanavar # £, 2"

01 ::; LA N

Such parial orders on 1he consnmplion sel will ba callad Fed Fonmplemendr Pardal
O+l e+r [dansiad NCF Qs

1 wall prova convamiand balow, 1o 1he consirnsiion o Mad Sobsiyinda [ Complamani )
Parfial Oxdars, as tn dafimizon 1.1, {0 assoma 1 = 1 and f = w,tn1hs nama, and avary
ralavani indaxing of goods. Simce {lns involvas no loss of ganeralily wa wall adopd o
from now on wihend {nrther commani.

Dafimiiom 1.1 gives nacassary rasinclions on W 5F Qs and NOF O 1o sondifions 51
and 01, wih repasi 1o good 1 [good 1 mora ganarally) comparatahiy. Howarar,
nung ravaalad pradazancs, wa can asfablinh {hai defimiicn 1.1 smggasis {wo fnrthar
rasinslions on W5F Qs and NOP Qx| 1o ordaz 1o padorm 1haix dassnplirs zols waihn

1ha sonfaxd od1bhs axpanddinre mummisation problam . ¥Whanarar »,r' a1s ax pandiinzas

mmminng bundla: ai poeas p, 5 raspaciiray, as i defimiien 1.1

Hi: p-rgp-l' and Hz: p'-llgp'-l

1lo puiponm of 1lo dodiwiding sloan in s mask sn {ko; woledo 40 plreiosl sidinbados of soasamphna
taadlos. Tlo dckaziins mazos alosa 1kad sk l:.a.u:l"i..'l.ﬁ I-ll.‘ll..ll o1doas 2ood and to lﬁ.ilu.

0 galand A odn ponol [5. E] n pebl mina-lamarctlen snbond 3, 4 “x 8, cE fnionska £ A [!' E .H]
1loio omeds v [ 3 [l E .ll] 1ok ksl & o 3 [.ﬁ.:.‘lnﬁl-ln'l.l I?‘?ﬂi-].



For obmons reaasons wa wall call oIf pasrs safisdpng Hiand H2, Hechr Fowrerdend pars
‘al poses g p'), and azgne thal NSPO/NCFPQ comparatabiy muosl inscrpozata Hicks
Conmsdansy on 1hs sonsnmpdion sai.'’

Thus, from now on 1l wall ba azzomad 1hai, whenarar pair », % a1e com parablsa wmikh
raspact 1o a WSF O, wih # 2., v, dhan (510 #, < v, (Hi) p-# £ p-w, and JH2)
F -y < p-x. Smmilady, whenavar par 2,y ara scomparabla waih rarpaci 10 2a NOFOQ,
wibh e <,y than (000w € 0, (H1)p-w € p-yand (H2) ' -y < F' -2 [whana
REERY  wmibhp=lp,. . pl F =R e B snd g 2 FLO

Infaci wiih {wo goods H1 and H2 {hamealras dafing a padial oxdaz, whils w21k 1hraa
goods Hiand H2 waih mihar 51 ox 01 dafins & parial oxdaz. Howavar, 1hasa condiions
ara no longar sufficiand 1o comglataly define parhial czders waih fonr or moza goods
and {thazelora, in {hase moza ganaral casas, wa have 1hs {asl of consirncimg parial
ordazs, 3P Qs and HOF O, waihond {nrther Jonwarzaniad) dassonpiirs sendand, bul
wilh nadol nomadirs conlani. Hadors wa do 2o howarar, wa wll prasand 1hs man
somparaliras siafics {haorams of 1ha papar tn 1hs nexd =acdion. Thaza praznma 1ha
axisdanca of N5F Os and WOF O, bod do nod nse 1heiz spasifis propaziies. If is hopad
ihai 1haza wall modivada tha comsirnciions of W5F Qs and WOF Os 1hai aze suggaiad
tn snbsag mand saciioms.

Evan 1hongh 1ha {wo goods sasa i foo 2pasial 1o avail tsad {0 1he thacram= of 1he
naxi saciion, i s naddnl for molivaling and axpomimg 1he proposad laifica sirocdnras

and (s {haredora prazaniad hara:

1lmla. ko Faopoaly, Hizaa l:u:.n..l‘lu:.-cl"'l whizk maed kall wi u:ru:.vﬁ‘ll:.u m.'l.'l.m.ll.'l.ﬁ Faadlos
orimdnd 4o <! sompeisHo padas of baxdlos. Thu u juidod oaso sompswbhhi; o doioammand
I-n.nn. ﬂlﬂl ! musd bo andod 4lad HI sad HI luru:.v;. ox 1lo I-n'.-clu I-II..'I.I a2d 1loickan 1la I-Il.‘lll.ll
o1dou {komenl o ml dopoad ox ko peaiirales poen pas. Thas, whox 7o ardm 40 & pradisedes FEFO
o1 FCFD {kas mll to w olses o paziial oadows sad a0l » 2xyro paaiisl oadoz

1343 olomoads 2 obioy elina 11.-1. F.."u:. 1lo ansinsdina ox 1ko I-l:;.'l. ol rn..-clnll Hl wad HI ]m.'l.'l].‘
I.'II!.IJ.‘ ™ E ap [l‘l::i.-rl i.'uli'l.l].'i.‘l;' d sl lomsd oo od HI, Hi u l'I:li.-a‘I]. This u » 200 wiomoad of 1o
-clu:n.l-u:.ll.‘lu-l lavw o -;.u:n.l.:.v].l wloa u:l"' 1ko I-n..-clu ol oan Eun-;. #hl.ﬁﬂl ['rrl.'l.-ml. u ﬂi'l.';."llﬂl.‘l io 1la
mwosx sriom od iocpalend I-:.r.iumu]. In iln soxdozd of {kw papoy s mpliostox o 1ksd & paiisl
padoa whick oasHor 1ko don-sdina of sl mnad soxbhboas doa Euu-;. |40 to s l‘l:.u:.ﬁl"'lllrrllﬂilu ani
mibitiinin) somplomnad ol Euu-a. i, mll alin tmpl: 4kad 1ko lndios o E-‘I:.u:.ﬁl"' Cira Xod Sababinio
ooz hoao ['l.:.-ln:. an {xaikm o1insiioas ox 1ko whlai; {'l.'l.-aﬁn:.].



x - under (p,pd NSPO

TIG.1. Tho apsol of pmad o ia 4o poscd (3%, <3,] mik ko [, ') FSFO u dopdel by 4ka
1ladod sam. FNoteo 1kai 1ko iadowosdioa of {kis sof M1k 1ko 23-sod of @ 2adpa 1ko Drdidosa oadoa
uw n..:.E;].:rhm.| a duaH

Special Cazer Two Joods
I 12 asy 1o axfablih 1hai wath dwo goods H1 and H2 fogathar tmply 51 and 1hai
in {aci H1 and H2 dafins a parial cxder om B*. Tharedors, a WOP O fox dwo goods
doas nod axid, whils 1he N 5F 0 “clasdy nmqna)san ba com pladaly dafinad by H1, Hz
aloms . Thus, lal ns dafine:

Darorrrror 1.3, A par #,y 1o B2 s comparable waih 1aspaci 1o S Jp g Fed
Fuobradnder Pavial Oedes [ NEFPO*)on B* wlog. v €% v,1d and cnly o

Hi: F‘|'|+F:':£F‘|5'|+F‘:!l‘: and H31F|5'|+F‘I:.5‘=£FI'|+FI:':

whate p= g, ) ENY, and p' = [p fL) wmibk g < B

Vandpng 1hai tha [p p') Wl Sobsidnies Parlial Oxdar on B 1a indasd & parial
ordar [raflaxiva, anfistmmains, and {ranudival 12 tmmadata. Ii 15 also immadiadas 1o
show thel: ¢ €3, wumphas #y € w and w5 < #3, and, ¢ <3, v wih # = v imgly
#y <y oand g < 2y, Tha npsai of any poand 1o B can ba dapcied graphically asin
Fignra 1.

In{aci 1ha posal [B* <3 ] 1nalafiica waik 1he [p, ') Mol Sobeitinies Partial Oxdax

" tmid [IE:_, EL:I s nod a laddca)l. Ghvan tnsomparala #, 5o ¥ snch ihal p-o < p- ¥

Hlpr-pa] rE-y-a
L 1 %3 - - 1
JI,\.J]'JH:I -

and f' -x < F -y, thur jun i gran by 2 ¥ oy = (r|+



X2

xUy

X1

TIZ.3. Tho ]m.'l. w2l mooi o i.'l.rclumrl.uun ar = [!t", iij:l m1o snak 1lad [l I !']1. oAl £
[l W !']1. sxd [l W !']2 L TP P [l ” ;]2. Bai aoh 1kad i!?l-' £?“:| u oLl w [l'l.]:-]].l.‘l‘l:'.-clu.

and 1hor maal 12 pren by 2 oy = (l| - hnll:—:::;:], rn+ ﬁ) Thasa aza
damonsizaiad o F:iE;n:u 2.

Nonadhalass, {los laddise sirnsinre 12 ned naednl o dhe cazs of {wo goods. Ha-
sansa, no addifional aszompdions ara masdad 1n oxdar 1o asdablish 1hai whanavar
FEargruih {p-x| o)z it and #' Eargrain {F -0 | Tlad s i}, 1han & 3, &',
1hn= ::sEifi:i.nE; 1ha alamaniazy zazuli 1hai ';.ijfi'r-:- goods, good 112 & Sdrengly Mai
Subaivinia of good 2 avarywhaza Jand mca varza)), and 1hai sach good 12 a Sizongly
Own Nal Subsivdnis, -u.-:i:n:-:di.ns 1o Dafniicn 1.1 abora, waihond fnrthar condiions.

Tha raadar familiar wiik whai has soma 4o ba known as 1hs Monsdene Fomparader
fager biarainrea may pondar whai ils may snggasi aboni 1hs quam-snparmcdolar
dazs of propariies of 1the nhliiy funciien o (X, €3,]. 11 should nod ba {akan 1o =nggesi
1hai snch proparfias ara nod rasinciivs; raihar 1ha rasiziicns {hai {hay tmposa ara
nol radarand 1o 1ha axpandinrs mimmisafion problam =mnsa tnsomparals pars o
[.I, EL] ara nacassanly wed Hicks Conmsdand.

This 1= a soiisal obsarrafion. Tha proposad W5F Qs and HOFP Os can tndosa a
nsh laifisa sirnsinra. The axpandiinre mimmisalion problam howarar doss ned naad
1o mala nza of all il sirncinra. Ounly 1hes bahanor of 1he ntlidy fonciicn ai Hicks
Conmslan! pars, 1hair maais and jeans, 12 ralavand. Tha babhamor od 1hs nhliiy fnnsdien
al tnsomparaHa pars {hai ara nod Hisks Conusdand wall nod add nsedol idormation

for 1he axpandiinze mmmaisation problam. Thus, wa wall naa 1he Lollowang defimizons:
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Darorrrorx 1.3

ra) B* andowad wilh o Wi Subaitinies Parbial Oxdar [satidpng 51, H1 and H2)
iz sallad & Jp, B0 Fed Sabrgdnder Pored and danodad (B*, 2, ). Simiady, B* andowad
wiih a Nol Comdamanis Parlial QOrdar [2atidnog 01, H1 and H2) 12 callad a g g
Fed Conplrmendr Pored and dancdad B 2,0

‘B] A snbead X of B® iscallad & Bechr Fenrsrdend Sobhdgee of (8% 2, )7 aliazna.
fawaly of [I6* 2, 00, 1 1ha jeam and masl of avary Hicks Conusfand par m [B* <,
Caliazmadivaly i JB* £, 0 1aken 1o B® axmisds tn X I s e Hechr Fowrerdend Fadlice
t{1ha maal and joun of avary Hickls Conusiand par tn X, fakan 1o X, axasds 1o X

‘g1 A raal-valnad fomeiion f: X — ¥ om a Hicks Comsisian “sublaitica is callad
Heckr Cowrerdewd Quarz- Sopermsdafasr o s quan-soparmodalar ai Hisks Conmsiand
pars tn X | 14, for all Hisks Conmsiand pars 2,y such 1ha [Hi) g2 < gy and [H2)

Fvzp- o
J’i'-'-sr:lgfi!.‘lﬂ J’iﬂ%fi"l'sr.‘l-mifir-'-sr):_ifiy.‘l==' f::j%f::'-'yj”

Similazly, [ s callad Hizkbr Comrerdend S&zcdly Ooarz- Sapevmsdalae o o 1s rdezzile

quas-suparmodalar ai Hisks Conmsfand tnsomparala pars of poands tn X, L.

bl fled== fldg flatyland flrdg)g flyl== fla) g [l w)®

‘d1 A 1aal-valnad fnmciion f: X — ¥ on a Hicks Conmsdand [sublaitca 1a callad
Hi:br Conrrdendlower-Semz-Quarz-Suprvmsdalas (ddor all Hicks Conmsiand pars »,y
such 1hai [Hil p-# < p-yand [H2) F oy < F

flah y.‘l%fil.‘l:" f:&‘j%f:' Tyt

Smmilary f s callad Bzcbr Cewrerdend Sszedly Lower-Semz-Onarz Saperasdofar oo

siaad:

flabwds flad== fle)< flatu)"
‘a)l A raal-vaload fnmeiion f: X — B on a Hicls Conusiand [subilaitcs 1= callad
Kby Cowrardend Ire- Quars-Supeenmsdnfas 18 quan-soparm odalar, a2 1o (sl abors,

Popiadedy: vl S ()=l gt {enn) end flaM ol S ()= HIn) S 00l

120y aiealmdly: e ] -c {[x]={[a ]c flain] cnd flaw ;] < f[a] = f[r] <A [anx]
Hlyaiealmdly: f[aV ] €[] = {[a] 5[40

16]]11.';."1.1“.11"': || [l W !'] f_;' || [!'] = || [l]{{ || [l I !'].
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al Hicls Conmsdand pairs, #,y, which in addifion satisdy [Tl = g
Smmiardy [ s callad Brebr Cowrerdewd Sdecdly Lo Quars-Sopermsdofas o tnndaad o
ts sinsily qnam-suparmodolar al Hisls Conmsiand insomparala pars, », 5, which o

addiiion salisdy (T2 = {y). Bqmralanily, for all snch », 5t

flad=fled< fla W wder )= flad < flahy)

Tha dafimfion of & [sincily) guam-snparmoduolar fnnciion 1o Dafnidion 1.3 12 sian
dard [Bhlgrom and Shannen 199%0'7  Tha defimbicns of & [2incily) lowar sam:
quas-soparmodolar and of [=sincdly Jize-qnami-snparmodular foncdion aze naw, waakaz,
rananis of 1ha sfandard dahnitions. L Jsinsily) tso-quam-soparm oddar fnnsdon s
‘simsily) sami-guamr snparmodular and & Jsinsily ) sami-qnam soparm odolar fnnsden
ts [=imedly) guam-snparm odolar.

W2 {nrn waihond {nrthar dimcnemeon o 1ha main 1thaorams of {ha papar, which, i 1=

hopad, wall mala 1hs naednlnazs of 1hasa dahmiions apparani.

1. THEQREMS FOR MET STUBSTITUTION REFFRCT

In il sasiion wa naa 1he ganezal proparfies of N 5P Os and N 0P Os, as dinguasad
in 1hs pramons macdion, 1o danrs snffhciand condiions for nad snbediinlion affasis as 1o
dahmizicn 1.1, ¥Wa hara alraady =asn how snch padial oxdad =) san ba consirnsiad o
1ha cazna ol iwe goods. The N5F Qs and W OF Ox consirneiad tn 1he {fllowang saciions
show how {hns can ba doms waih 1hras oz moze goods [dox obmons 1aazons wa azzuma
2 1lns saciion 1hai {hars ara ai laasd {hraa goodal I4 12 on balanss appoopmais o
gava 1hs thaorams= bedors dmcmamng the consirnshion of 1ha ralawani padial ordazs in
ordar 1o tndicaia 1n advanca {hair naadnlnass. Tha thaorams wall ba zavimiad onca 1ha
N5FOs and MOF Os hara baan dimcpanad moza fully in 1he following saciions.

Txmonax .1 [ Nai Sobaidnias].
Comrader e conrvmer eapeadidnee mznzmeradzen pesblem, EM R G 2

mikip-r | EX Trlzil

LN

17mlas s alen ko ss mo s 4ho dekadiine odn [l ‘I::'.-Hl"'] s 1B svpoanzi inmal {xxrhox dun 1o Ymanid
1331,
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A, The conrvapdeow red I, X C Y or o Hichr Cowrardend "5k fadbce of a
T F) Fed Pabrgdnder pered TIBY 200 ander reae andering of goeds Teedl gosd

gevew zndew boand goed woonden v}
B The comrvemer vdebdy Fowcken 0 0 X — I or Hochr Fomrerdend Jro-Onar:

Fopermsdofar 50 X,

Thew, pevenw Frarhle &, roch Sad relnbonr & He pesblear EAM p i) and EAMVE i)

ewrd and ave rozh Mad eve 2r we epcerr ni2biy:

argraihdp - | Tl s i} < argrindp -0 |Tla)x il

af X af

and drerefate
argrikdp -0 | Tia) > it <parsmindp ¢ |[Tia)= il
af X - - af X -

ve. gosd 3ozroa Padleare Fed Sabrddide of gosd w ad procer (g p'Vand ad eveey rucl
addazmakle vdzbdy Tewel &
TR Dowrdead sF A Jamd "B idw paed Tad T ) TR heH, whiere
R The cowrvmer adebdy fowedsn 0T 0 X = 1P o Fechr Cowrerdend Sincily

II-E" i_:ll -IIE".FI]‘!‘I‘II&'II-!’-I"‘ L | .I, -Il-{

Thew, govenw fFrarchle &, roch Sad reloksnr & Se problear EAMCp d ) and EAME i)

ewrd and ave rozh Mad eve ar we epcerr nizbiy:
argmin{p-r | Tla)lz il < argrmindp 0 [T ez i}

af X af X

Fow addaitzzn:
E) T = argmindp-r [ Tlelz @2 N oargrn{p -2 [T 2l @) condizur s
af X af X

mste daw sne elermend
Tien

argmin{p-2|Tlelx i}, u.:l:E;min{p' T NI N
af X af X
e, geed 0oara Saowply Fed Sobrednde of gosd woad procer Jp,p' ) and ad eeeey rucl
adazmakle v 2Bip Tenel d

Biabiol A i sbrang st smclhr daasabiod 3, 4 € 3, d4 B CAdsad w3 C 3
T iabeod A s =len-lamartle s sntand a3, 4 E.: 3, d A £¢3 axd Inaonok FA aad b - and

b nan somy mas Ho. Poll 1las dodaiiana wxd 1lo dcdazding of o aoay ol somypeas ki v mim dan Ymaoid.
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Brrmatkt. 1. Lausiaied 1ha 1haczeam doss nod gvs snfiasnd sondiions foz 1he mn-
tmizadion problams 1o hara solofions, nor fox 1hasa 1o tmply no axcass nhlidy ai all ax-
prndrinre mmmimng bondlas. 5dandard azzom plicns san ba amgdoyad fox ile. Noax-
cazznhliiy (s a sandard assom pdion 1o 1he dazmcal comparadiva siafics analyme of{lns
problam . Howarar, o 1= tmporiand 1ha! 1ha proposad approash, and 1o padisolar 1ha-
oram 2.1, san assommodals dimcrais, Amda sonsnmplion sais, whars {los azsomplion
may nod ba juatifiabla. Hao, 1ha saimand of 1he thaoram can ba adjnaiad by changpng
aszompdions (H)and JB'J1a: T 1s Hicks Donmsiand Feeer-Sen: Qnaw Snparmoduolar
and Hils Conmsdanl S&2:4y Loeer-Semz Qnan Snparmodular, raspasiivdy. 5daia

mani -nr-;'mfﬁ{p-l|ﬂ':::lé i, argrindp - x [T 21> i} would ba changad 1a
af X af X

:151:.{?[&]|i|§-:1g';|.:'|.{J--| F[l]gl}}g: -:15'!1-:.{?[-'] '.E‘“’;"‘.'-{J"'l F[.]Et}] :'I'.L‘l]l all
a3 i3I

snbaag nand slafemanis adjoeiad corzespondingly )

Figef [Thaczam 2.1).

‘a) Qomudaz & E azgmindp-r| T a)> i and & £ azgmind{f ¢ |Tlrl> il
which by assom plion u'iE:ud ara such 1ha! T 87 = T3 ;E f Claardy #, #' aza by
dafimiion Hicls Conusdand, ta. (H10 g & p-d' and (H2) ' - #' < - 3. Hbodh o
1haza ara safizfiad waih agnalily, than mibar & £,, #' oxd' <., #, bod alac in 1l cans
@' Eargmndp-#|T 2)r i)} and i &' £ argmndp' -2 |T 2= i} Thuos, in
gihar m:EiI.-..-' Eargmind{p-r|Tials i}-u.n-:I-E'-Jfl'i' Eazgmindp -a| Tlrls il
as 1agmrad. T]:l.u:l:u'.[-:-:ulxu.:.:.mu 1hai ai laaza oma of JH1D, E]-[J;j s & sinel tmagual
vy. H#, #' are comparabls, # <7, #' and 1hare 12 nodbing {nrfhar 4o prova. Hanoa
aszuma {hai {hay ars nod comparabls, ta. &) < #,. From assmmplion L) fhar
joan and maal amisd, and fnrtharmors 1hase sadiedy J10 ¢ - I8 W' < p' - #' and 20
Food Mg ped lalse by < ENE) and (3 M) £ #\) Tang the defimbion of
#, &' Jundar no axcaxs nblbiy) these tmply (1Y Tl = Tl Tld Y #')and (21
T#'1 =730 Tl &' Jraspaciivay [sined tnaquahiies d]a) ez (bl aza sinsi ). Hud
ihaza and 1hs azsom pdion 1ha! T s Hicks Conmsiand tze-gunam-snparmodolar Jassamp
fion (BN imply A" T i) = Tid 1 i b i land 2T = Tla) e Tia s
raspasiivaly [siosd tnagquahiias o J1') ox 12" ara simed ). Tharadora, J1) oz 2] simsd

tmply a soniradicton and 1he hypoihams 1hat #, #' are tnsomparala s falsa, O1har
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wina, T @) =M@ =T A i =T iV FJand # A #' Eargmun{p -2 | T r) il
and V& Fargmun{p x| Tlel i) an ragmrad 1o -:-:hm]_i:iixihq prood.

‘b1 Tha pmn:-".[En:-l'.l-:ill:i.s pad ts vary mumilar {0 1hail of pad a’land wall 1hazalors nod ba
rapaaiad hara. Wa noda 1hai cams aszomplion [ Clumphas 1hai ai laazd cna ol /H1J and
‘H2) 12 a sinel tnaquabiy I F = #'. Hanca o # &' aza comparabla 1hara s nodhing 1o
prova. Lnanalogons argumani 1o thaf tn [ a)can ba naad 10 aziablieh by condzadchon

ihai # &' canncd ba incomparata, 1hns comgatng 1he prood.

Thacram 2.2 balow 12 {hs analog of thaczam 2.1 in hs caza of el comgdamanis.
Bui  baars a 'u.:l::uinE: as will ba shown 1o 1ha L:h]ln:-ﬁns tasi1ons, 1ha assomplion
1hai 1ha consnmplion =al X 1= a [sublaitca of 1ha ralavand posal s mora difhsdld 1o
asiablinh haza 1han o 1hs casa of nal snbedzinias, szpacially ol X 1s azzomad 10 ba s

sal bonndad from balew, & slandard assomplion o asonomiss:

Txaonax 1.1 Nai Compamanis]l.
Comrader e conrvmer eapendcdnee menzmeradien probli, EMIp i) ar oo desren

L0 oakswr
L

A The comrvapden red X, X C B oroa Hichr Fowrardend “5ok Yadboe sf
pF N Coaplemendr pored 7% 2000 wndes reme andemrnyg of posdr grwnyg good )

!‘l-{ll ! -Il-{ -?N-{ ] E‘I-{Il 'R

CRL The ceurines o &Bde fameksn 00 X — B or Wochr Comrerdend e Ouars

.FI]‘I+PI-E‘JIII+ E | .I

Thew, gewenw Frarshle &, rocd Sad relikzsar & de preblear EAp 6 and EME 6]

ewcrd and ave roch Bad Meve or we eacerr vdzkdy:
argrath{p - [T )z al <, argrind{p & | T a2l i}
af X af X
and dretrefute
u:E;min{p-r|U:l:I:2 it <r -u.:l:E;min{p' x| a) e i}
afX alX

ve. gosd Jara Pallwore Fed Conpleaend sf good nad przcer g p'Jand adevery rucl

addazmakle vdzbdy Tewel &
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TR, Fowrdead of Th Jawd "B ow pard Ta ) TL L TR V0N where:

R TRe cowrwemer vd2bdy fameksn T 0 X — I oor Hicbr Cewrirdend Sincily

II-E" EII -IIE-'.FI j‘!fﬂ&'-{l!-lf L | .I

Thenw govenm FearzBle &, rocd Sad rehigsur & de prsbliar EMp a) and EAME i)

ewrd and ave rozh Mad eve 2r we epcerr ni2biy:
u.:Emin{p-l L R N u.:l:E;min{p' x| T al=
af X - - af X -
B iw addzizsn

F) argmndp-x|Teizal Nargmn{p' -2 |[Tle)> a) condizur ns e
af X af X

Hawzureeleraend

Then
-u.:l:Em.in{p-l | IMialeal <, u.:E;min{p' cx |Tial=al
af X - - af X -

te. Foed 0oara Stsugle Fed Conmpleaend of gosd noad precer Jp 0 and eweeey rucl

addazmakle vdzbdy Tewel &

Fizsf  Tha procdis almesd 1danfical 1o 1ha prood o thacram 2.1 and 1= cmaiiad. |

TS :.‘l:-u.:-.E;]:.'I'.[n:-:'u.:d 1o axisnd thacrams= 2.1 and 2.2 1o E;.i'r-u sufiasnl sondiions
for good 1 10 ba a Pathwza| Sdzongly Mol Sobaidnie o Comfdamani of good w ar-
arywhara, by ragmnng conddicns (L) and [B), oz JB'), 1o hald in avary snch posai
ganaraiad nndar all posaHa snch poce pars (g p' ). T s alao posuba 1o wealan 1ha
sufiaani condrions of thacrams 2.1 and 2.2 2o 1hai good 1 12 & Pathwasa! Sizongly
Mal 5ubsidnis ox Compamand of geod moal parisolar ponca par [, p ) and par
f1sular ai{ainabls nhlidy laval [which may ba moza safisdaciory aspacially o 1he cana
of nal scomgdamanis), by reqmnong 1hai 1he consmmpdicn 2o ba doxsd nodar jons
and maais of Hicks Conmsiani pars in 1he sorrazponding waally predazzad sei [zathar
ihan all Hicls Conmsiand pairs ). Llso, 1hasa snffiaand sondiions can apply, and can ba
shaskad, waih raspasi 1o mora 1han oma paar of goods mmulianacnsly, 1hus -u:.‘lu.blﬁ]:inﬁ
sondilions fox 1ha nainra of nal solbaliinlabadiiy of & gronp ol goods wilh rarpasi 1o

any oma good.
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A MSFPOL AND MCPOS WITH THRER 300D 5

The mm of {ls and 1he fellowing sacfion s 1o show how padial cxdars, 1hai may
ba nsad 1o apfdy 1he comparadira siafics {haorams= of {hs pramons saciion, san ba
sonsiznciad. Wa bagn with 1ha spacial caza of {hraa goods o ilns =asiion.

Tohls 1he caza of {wo goods, waih {hras goods Hi and H2 alons do nod dafins
a parial oxdar. Nonaihalass, 1he 1hras goods caza 12 2l spacial bacanss 51 0010
sufficez, along wilh H1 and H2 1o define comdadaly 4 padial czdez somailng which
i» nod 110 wilk a lazgar numbar of goods. 5o lad s bagin by defimng 1he N5P O and

1he MCOFQ J1mporianily 1haza are nmqnalin 1hras dimanmons:

Darorrorx 2.1,

‘a’ A par w,yin B s comparabla wiik raspasd 1o de g p') Fed Sobradnder
Parda! Oeder NIPO* Y on BB wlog. » <3, v, tdand only o

31 # 2oy Hi: p-#<p-y and Hz :p'-yip'-l

‘Bl A par r,yin PY) s comparablea waih raspaci o Me Jp B Fed Ceaplemendr
Parkal Deder (MCPD*) on 04, wlog. » i':.: v, d and only of:

C1: w <oy Hi: p-ea$p-y and HZ: p-w<p -2

whara p E B}, and ¢! = (g, pu, P\ ) wiib g < B

1 12 sasy 1o vandy 1hai W 5P O° and NOPO* ars indaad padial orders * and {ha
[+, £%,] and [B* £%] aze Hisls Conmedand lafdisas. In fasi, gwven Hisks Com
usiani tnsomparala pau &,y 1tn 1ha g ') Wal Sobaivdnies Fosed, [B* <2], sush
ihad Jwlog. ) W50 g < ay, Hidp-# < p-y, and HZ) ' -y < p - r Jaf Laasd

ona of H1 and H2 sincl tnaquahiy]), thao # ¥ » = (l.,h -y - y.j,y_-,]l and

k]

rhy= |I!|'||l; + :—;:;. - y._'],l_-,]| 3! Fodharmora, 1he joan and maad of #, gy sadisdy:

0oyn n.:u.rlu Iaoi whisl -l'l.l‘ll.'l.ﬁ'l.'l.lhl ¥ FO? finm IE-PD’l u 1lsi a -:'“ r mr:l.'l.ul ay -:: L F] [:. o.
n -: ay, a3 -: a axd m -: l:] T his IEH.'I. ansd wdon wlhad wo would laen u:rua‘lu-ll :|.l.:|'.|.r.|1 1lsd mil
1lano Enn-ll i Enn-ll oszand bo boll cmalis anoudl; 20 somplomoais ol 1ko {kiad oan [111.11. [TF-*1]
uai'll.l'l.‘h.u]

“lpl, faood {ksd koo w101k jmx sxd mond od &, y i d :I.I!.El‘l'.[ﬂ:l.frl:l.'l Hoan 1o l:.u'l-:l iko sigrmmi
Iu:.‘lln]m.'l_ Ilu‘l::[-]_lﬁ—ﬁ[rl—n_]l!:] l:-':l._:]. prr=7- !'lf"'—f !'l.:.-l‘llnur.ﬁ:n
ar ':!u r, Lo U oEx LEpOL toral Coandm RL; LFFOL towad o a w1 = [11_|1;|1:|] B
ln:iu‘lm:111l:11_lj !'-:j 1..:..1, A l:j [ 'I'lllr1l:11_|j :l:j 1.-:.-1, -1 l:j I, Lo

I -C:,u 1 N uinua, nl‘llu.uh:ﬁ r=a%y
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wy % e Wyl < omoand ey S eyl < ow, wik e Wyl e byl o= e 4o
Tharedeza, #,5 € B} wmphas o ¥ y,r A g £ B} and B} 12 dosad noder jauns and

maais of Hicks Gonmsiand pars falan tn (B4, <%,]. Tha joun and maai also safisdy:

Frafyl=p-n F-lalyl=pf v prlabyl=p-2 F-lahyl=f -2

Tha consirnsiion of joans and masis nndar NOF 0F 1s analogons. Ghvan Hicks Com-
usiani tnsomparata par # yin the [p p') Mol Complamanis Posal, [ 23] snch
thal [wlog.d: M01)w, < o, H1) p-o £ p-wy,oand [H2) ' - w < - x Jad
laasd oma of H1, H2 sine inaquakiy), {han o ¥ y = (..,h $ 2y, —l.j,y;j and
Phy= (g.,., e ..j,nj * Fonharmors 1he jein and masl of o,y safisdy
Froaliw)l=p-n p-aWwl=p v p-ahwl=p-r - -2hyl=¢ 1,
pava € eV oyl and Je Ayl £ wgws, wilk Je ¥yl e Myl = w3 4wy, Thas
oy E P imphas # ¥y £ 3, bl ned nacezzanly =0 foz 1he maal. Thos B 12 dozad
nodaz joums bui nod maais) of Hisks Conmusent paus falen o (B* <2,

Tha parial ordars N3P0 and NOF O are obnonsly ralaled; whenavar a Hicls
Conmsdan! pair #,y ai posas g, f, 1 tnsomparalla wih raspaci 1o H5PO* 4 12 com-
pambls wiih raspaci {0 NOPO?, and mcs varsa. Thos, avan thongh jrans and maais
of Hicks Conmsiand pairs itnsomparabla walh raspaci 1o HOP 0F {aka 1hs sama {orm as
1hosa o Hisks Conmsiand pawrs tnsomparata walh raspaci 1o 5P 0%, 1he poands whaza
1h4sa cssnr ara muinally axdlusras. Fadharmora, o s tmporiand 10 noda 1had daspiia
1hair algabras mmilaniy, whila B3 12 & Hils Conusdant suHaifica ol 1he [p, p') Hai
Subafrinies Fosal, (%, 2% ], 1418 nod 2o tn 1he corzasponding [p, p' ) Wl Com fam anis
Posst, (1%, 23]

In faci 1los diffaranca baiwaan H3P 0F and HOF OF 1= avan meorzs parvamra. IM 12 nod
dificuli 1o vandy 1hai %5 12 nod dosad nnder maals of Hicks Conmsiand pars nadar
NOFO* aran whan 1hesa aza falen in 3 isald {posal (B3, 2% )33 This diffazanca
will axiand 1o 1ha n-dmanzeonal arfanmens o H5F Os and M OP Q= Whai (s cniical
aboni B2 | or B! moza genarally, is 1hai if is bonndad baow, and indasd i can ba
asiablishad 1hai 1lns diffazanca baiwaan 1ha M 5F 0s and N 0P Qs axdands 1o any such
" 3Ly sagummd i Birkiag fkad fkosn sao iko juis sad mond, sepostivaly, of a, 5 is saslogous 4o

1lai vados FZFCP. Yo szodek 1ko sig1mmi ini 1lo mood koo, Lol o = |:r|_|-: - —[n - l'|_].l::|

Clma; p-o=jp.a, 5 o =7p".a sxd {knarhan lu-:,“l r,io ou s lowo: bowad Coxndm say
n‘lh:.ln'rru:.l-ul:.rlr.[l n -:] III.';.! -a -:] 1. 'I'lu:.:rL:.ul a1 -:11_|] 1 l:] a, II.';.J - m {]'-1.
Lo 1 l:,uluu :|.|:|1_'|:|.:|.|:|-a.| ul‘llua.lh:.!; o=afr B

33':l:'l.n moo! doos 20i o doa Hims Coagsioad Mumrlu Ha I-II.'I.I ar snak 1bad j'|_l1_-|-];l; cnn
['rr].u:.u 'I:- l rpol homnaqg < n] Tliy 2oald ani hrru:.u.ih anio ol s Hionn Coxmedoad I.'l.dlﬂm.rll.l Ha
Faaa 'l.:.ﬂ.n:. ]'E-PD: oaro i kel suen 1ko #nuurn:.-lu.ﬁ 1. ]-n‘lhnl would ko e
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sal bonndad from balow. Sinca 1ha nnn-nusuﬁ'ru quadrani [or oihaz sals bonndad from
balow)is offan azmgned 10 ba the con=nmar consnmpdien sal, ilos comizasi beiwaan
1ha Nai Subsitinias and ol Compamanis Parfial Ordazs s tmporiand and allndas
{o somailnng inimiira, 1hai ol 12 moza dafficoli {2 asiablish 1he nai com damanianiy,
ihai 1ha nal snbainiabdiiy, el a good for ancihar ai avary aiimnabls ndliy lavd.
Hadoza E;n:-i:uﬁ onic 1hs moza Eunuu.]. sasa, wilh fonr or moza Eaad:., wa sondnds 1lns
sacfion wilh fwo mmpls sxamples, Oobl Donglas prafazances and guam-bnasr poedar
ancas. Tha com pazaiirs siafics rasnlis tn 1hess axamplas aza known, 1hs maihed o
arnmng al 1hasa 1= daardy diffazani. Thay show 1hai hanng aziablishad 1he bams prop-
arliaz oI M SF 0%, 1ha ralavani naf snbediinda posads and Hicks Conmsdand Jsnbladhsas,
1ha com paralira siaiiss analyme tnvolvas biils mora {han alamaniary tnagqunabiy ma

mpulalion:

FxampFid 5.1, I ihs comsnmar nhbiy fnncdion over thraa goods is Cobl Donglas:

m. p

B Tle)= o I T W

Tal Tha fnnsdzon T 12 Hicks Conmsiand waally gnam-soparmodalar tn iha (g p')
Hisks Conmsiand Jsub laitca I:IEfi_, Ei;] ot avary paar ol poeas p, B smch ihal g E 185
and g = [p, pu, FL ) Wik g € B M2 sincily gnan-snparm odolar ai Hicls Conusiani

L : : : .-
pars 1o 1he infanor of tha sonsnmplion sad, B3 .

‘B Bach good s a sizongly nai subadiinia of avary odhaz good arary whaza ad

pomfirs nhliy Lawals]

Prsef b)) This follows from [a)and {haorem 2.1, by obsarmng 1hai 1he indezing
of goods is ncemsaguaniial in 1he prood of (s alsc 1he azgmax is 4 mogladon):
‘a’) Chwan Hisls sonmsiand insomparala pair o)y, 2uch 1thai 'H310 g, < o), JH1D
F-x % p-yw, oand JH2) 6 - p £ F - & Jal laasd oma of H1, H2 sinsl inaquahix),
sVy= [om-2l —n)n) snda by = (ot 2le —w)e]. Ao
along wilh w < 2y, wa hava: w ©oxy ws Cowe, ws S Ie Al Je Wyl < s, Thos
s vl Myl Te Yoyl ars sinelly postiva. Inoordaz o prows 1he req mrad rasnld,

azzuma fimd Tlad s Tla oyl
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LR R TN
== aTay =y le byl umcas, >0
e= af e Vgl 2ol byl e - e A yl] moee Je Al eyl ot
== w7 le Nyl doaT e Ayl b e -l h L] mmce ey a7 - e Ayl F 0

== rFle oyl = w¥wy) dinc tnaquahiy d oy > 0
ta. iz} > Tirhy) tmphas Tla ¥ g > Wil lox oy Lo IE:"'_I and o itmphas

TV w)s Tiglloz e pim B,

Thus T is Hicks Conustant Lowar Sami- Quast Suparmoddlar on B2 and stielly s on
e . This sufficas o asfablish Jb) In oxdar 1o prova 1hai 1o addifion [T s Hisks Con.
usian] Quan Soparmedulaz on ] and aincily se on B3 | aszoma naxd 1hat T ad s

T’z ¥yl Tha :umu.i:ninﬁ slaps ara as dlamaniary 4z 1ha slap= abovs and aza 1hazedazs

omifad. |

Examrid 5.2, il comsnmer nhbiy fnncdien over 1hraa goods is gran by
r :IE:'"_ =B T e)=mndr et+r.

Than goods 1 and 2 ara =izongly nel sntatfiindes of good 3 avary whaa.

Fizef  Chvan 1{hacram 2.1, 1ha rasnld Lollows o wa prova 1hai {ha whliiy {nnsiion
ts simaily lowar sami- gnam-snparm odular in avary [p, 5 1 Hicks Conmsdand Jsnblaitca
(#2,<%,] Jand obaarve 1hai 1ha indexing of goods 1 and 2 12 insonsaquantial 1o 1hs
prood )

Leinaxampls 3.1, mran Hicks sonmsdand tncompazala par &y, snch that [H510w <
s Hidpr £ poy,and H2) 'y < p' -2 Jad laasd omacd Hi H2 12 2 2insd tmaguahiy),
sy = |I"|| TRl TR TN R 5'.'»:| andsdy = (Fl. st e -], '.'-:|| LT

wa hara: K < LT < ¥ Fa 4 :' A y:ljl:' W 5':': - hl‘ndlhl.'-lhl:" A 5':': |:' ) 5':':

ara simaily poutirs. Soppoza Tlad s Tix A wdve. mo{e, el +e, > mn{y [0 f gLl +

r, which imphas min{e, ezt 4 > min{y 0 A yLi4e. Hea € oy, 0. minde,, ea) =
ra iBam e, 3w b mindy e Ayl imphas min{g e A gl = g smea e Aoyl
ra. Homca T7a ¥ g) > T7g) as zaqmred since minde,, e ¥ gL} > minde, ra) =
ey row o =mafy, s h gLt =ma{y, wlormade, o ylltu > mady, wmlt

wo. Hay £ 23, . madr, #53 = & 1han agun o mosd ba {hat mn{y ,Je A gL} =
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y mmca rhyl > oy = orp > oy, Hanca tn 1los caza T2 > Tixlg) and

ma{e, e VgLl o > oma{y, mdtowoer Tla V) > Tlg)es sagmrad, mme

m-‘-n{'n:' ¥ 5':';.} = min{'l.':} =, and min{y.,:: A 5':';} = min{!l'l.!l‘a} =u. |

4. M5P QS AND MCFPOS WITH MORE THAMN THREE 30005

Wilh mora than {hraa goods 51, Hi and H2 [aliamnafivay 01, Hi and H2) do ned
dafina a padial cxdaz. Thaza 12 now arhizanness in 1he indaxing of goods 2, ... w— 1,
and sorzasponding flaxabliy in 1beiz nommadiva zola. Tharefoza, ax wa hara already
allndad 1o abows, wih moza 1han 1hraa goods wa muad diffaraniiais baiwasan 1ha nanme,
1,... 6ol agood, and s suder, 1, 0**

Wa ars facad wath 1he challangs of com=irneiing parial cxdars 1hal aze dascnpiiraly
paraimomons and also nomafiraly och. Farhaps 1hs mosd obmons and dessopiiray
parmimomons way 1o consirnsi parial oxdars from 51, H1 and HZ2 [respasiivdy 1,
Hi and H2) i by zaplaang 51 (01) wiih a ganaralisad) laxicogzaphic ozdaz. Tha
laxwsographic order doas nol add ugmAcanily,  af all, 1o 1he dasenpiirs condand of
an N5PQ ox WOF O, ax definad in 1hs pramons sasfion. Hs tmpor [ovar and abovs
5101 indarms ol {ha dazcnplirs pardormanca of {ha padial cxdar 1= non rasnons only
ai sniical casas Jwhan v, = o, whara &, 512 a Hicls Conmsiand par). Bul, mnca 1he
tndazing of goods J2, ... k= 1) 1s azhizary and anca wa wonld axpasi good w 1o hara
al laasd ona nal snlbediinda [sinsd tnagnahiyliks shonld ned prasand & problam wikh
iha sheica of an appropnads indezing. Fodhermoza, 1he [ganaralisad]) Laxicogzaphic
ordar 1s pariculady appaabing in bang a 1oial tanary raafion [oxder), thuos ansnnng
1ha axislanca of a padial ordsz whan combanad waih Hi and Hz. Wa wall call 1ha
parial ordazs so sonsirnsied Jdafimiion 4.1 balow i ihs LFemcopraphz: WP O Jdancdad
LN SF0 ) and 1he Lemeographize NOPO “danciad LN CF Q) respaciivay.

LN 5F Qs and LYCFP Qs ara tmperiand tn 1hair dassopdirs rola and alsc az a nasdnl
banchmark. Howarar, tn 1ha nommadirs zola A LN SF O and LHCP Q| 1o 1ha danration
of sufficiand sondifions on 1he ntliy foncfien, 1he tmpord of 1ha laxs ographic oxdaz s

alol mora snbalaniive, minca of affasis 1ha nafnze of joans and maads of Hisks Conmsiand

SR pondl {kad w2 i.'l.va.ﬂﬂ..'l.ﬁ ol iln Eﬂﬂ-;.l u & oan-io-oan :u.l.l-li.'l.ﬁ Linm 1kn asmos o Euﬂ-ll oado 1lma
mdiaoe. DL’!‘.B'I.I]."'I 1lo aminasl ;.'l.r;.u::;.'l.ﬁ o1 I-ﬂl.'ll io 1ko H.u:.‘hl.‘l"' muf, snd IEII.'I. 2aloms oikoarrasn
meiwmadnd wo mll soxhaun 'I.HI.I.E 1lo asizasl i.'l.-i.u::i.'l.ﬁ ol Euu-i.l ina l:'.m.]-]i.-ﬁ.‘l"'. Poi obwows anms oxs,

all aolo--wad i.'l.-ln:i.'l.!;l :r.[!;nn-a.l mll bosnsk ks Enn-l l :u.l]-]-n-l 1o xdoz | sxd Enn-l v 1o wdox &
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tnsomparala pars 1o 1hs commodiy spasa. I anablas a padisolady ampls form fox
snsh jorns and maais, such 1hai cnly 1he quaniafies o 1he fwe goods 1o quasiien and
only oma oihar good J1ha good wih indax v — 1) aza adjoaied ** Whils 1he amphey
ol 1ha sonairmcdion s aiizaciive, s inflaxabibiy 12 4 drawhback., Omnca {bhe indazing
o goods 1 delerminad, and in paricolar indax w — 1 12 azmgnad, 1l good s @van
nndns influance in the comparatabiy of any par of bundlas waihond ragazd 1o any
oibar idormadzon 1hai 1he par of bondlas may sonian.

Tha mosd obmons tmdorm adion 1hal wa san draw from & paar of bundlas, 1s 1ha bad of
goods 1hai ara in lazgar qnanfiily o cma bondla and 1he=a 1hai aza in lazgar quaniiiy
in 1ha oihar. This pves soma a-poon idorm afion aboni which goods are candidatas
for bong nal snbeliinies and which nel comgamanis of good v, and o wonld 2aam
appropoala 1hal o 1s nsad. Wa apgy 1los tnimiion 1o promdas axianmons I LM SF O
and LNCFQ [defimficn 1.2 balow) which ntlise 1he arhizannpass of the indaxing of
goods 2., — 1, as snggaesiad hara, 1hns anhancing 1he nommatirs pardormansa of
ihaza parial orders, whils maniamng the dascnpiirs parmamony of LN SF Os and
LN CF Qs in banary sompanscns. Wa call 1hesa pazhial ordezs £egmended LSO
“damcdad LLWSP Q) and Lagmended LHCFP O “danciad ALNQF QY.

Darorrriox 4.1,

‘al A pur s, yin B 12 comparabla wiih raspacd o 1he Femcographe: Jp g Fed
Sobrednder Pavdal Oedetr LNSPOQ)on B wlog. ¢ <L, v, and cnly o

Li1: s<zy HI: pr<p-y and HZ g -ygp-»r

whaza < iz 1ha lazicogzaphic ozdaz on B* nader soma indazing of goods (amnch {hai
good 1 i giran indax 1 and good kindex w), p EBL, and B = g Fuy e Bt By )
with g, < f, "
W call TP 22 dbe Femcographo: Jp p') Fed Sabradnder pored

‘bl A par s, yin K, is comparabls with raspacd 1o the Lemzograpize Jp, f0 Fed
Corplemends Farka! Oeder (LNCPO) on B* wlog. » <%, v, d and cnly if:

LCi: r<zzwy Hi: pa<p-y and HI: p.-yw<p - s

4% ¥koa ko sod s boradod bolor ]ﬂl.'lJ s2d moods sax is 20 moan -clu:n.I-L.-n 1o0d foam

**Mlnan sano [ [ i]! indox sods wlisk woald F'."u nin o disdizsd TN EF O mil s poon ojui-almd
-;.ul-cln'.r‘h'."u FoToL L lun:i'lu'.-..ﬁ Euu-;. | o w [l‘llﬂlﬁl"'lllrl‘ll'l'ﬂl.lﬂ] and sxbsbindo ol Euu-l v. Homwo' oy
o svppaom ks dusd v ko anishoa, s3d wo wio ko asdawl i.'l.va.ﬂﬂ..'l.ﬁ tloano: 1k taolos 2o low
ol Enuuﬁ.'l;'l ina apistoasl omphal,
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whara £z 12 1he ganaralisad laxwographic cxdar on B* | nndar soma indaxing of gocds
ramch 1hai good 112 gven indax 1 and good mindax v, 2nch ibal ¢ < vuff y <1y,
ory =apanda_y Sz oy, whaza o = 0wy, ... 0 ) and g Az anin [a) abora.

Wa call TP 22 Y ibe Lemcographic g p ) Fed Conplemendr pored

Darorrorx 4.1,

‘a) A par s, yin B 12 somparabls walk raspacd 1o the Lagraended Lemesgraplhe:

T F ) Fed Fabrddnder Paskal Odes JALNSP QY on B wleog. ¢ <2, v dand caly
ul:

FELY ::i..u.LSI:li;.y; Hi:p-# < p-w; ]'[E:p'-yip-'-l:l

iwhaza <z, p,p' a1 as in Dafimizon 1.1 abora)

and [whanavar n > 1)
3l E:I{D = :5"*+||"'|5|'l-:|£l:"ﬁ+||"'|"l-..:||‘5'=2|"'|M_2

']
whaza 5:_ = E Filwe — #:), and <3 15 1he nanal [Enchdaan) oxdaz.
=1

Wa call TR 22 b Legrmended Temcographoc (g p ) Fed Sobrddnder pored

‘Bl L pars,yin P s comparabls walh raspasi 1o 1ha Lagmended Lemesgraplhe:
‘pF)Fed feaplemendr Pardal Odet JALNCPQ)on BB wlog. v €0 i and

fLS yl
only
rALoN :in.Lﬂi:lim v, Hi:p-r 2 p-w ]'[E:p'-ygp'-l:l

cwhara <z, f,F' are as in Dafimizon .10 abora )

and [whanavar n > 1)
gz 5:'_*{:0 TR N 4 I TN B - N

&
whaza Fi'_" = E Filw — #;),and €3 15 1he nanal {Enchdaan ) oxdez.

=3

W call TR 22 T ibe dagmendd LTemesprapize (g p ) Fed Feaplemendr pored

TS
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Condiiicns 52 and 02 in dahmizon 2.2 warzan! sommanl. Thar porposa s 1o fozea
1ha chowca el 1he tndaxing of goods 1o ba such az 1o grs polanfial com gamanis el good
t high indicas. I may ba =nggesiad 1hai & umyplez way of achiamng 1ns 1 by nung:
- PR IR K- D TR TR R "W S 6 B FRRIRTEF PO K - T I
Thiz condiion tmphas (517 and (527, bod o1 15 nod agmraland 15 tham. Tha problam
with 12 thai o k1= nod fixad for all paars fhan o {als {0 ba fzanudive, and fimng &

t2 noduly bmimg. Lo alisznatrs sondifion 1hat doss gve m2s 1o a padial erdaz ia:
D) omp —rg 2wy E=200 k-2

Thix, gran [ 51), imphas [52). Fodharmors, o 12 ned dessnphivaly sombarsema o
appiad 1o aach par of bondlas nndar smiabla indazimg, and fogaihar w1k [517, [H1)
and ‘H27 1 defimss & padial oxdsz. Indesd, i can ba shown ihai B* = a Hicks
Conmsfani laifica waih 1he anzmng parial ordaz. Tha dafficaliy 1z thai B} 12 nod &
Hisls Comsisdand ‘sobiaitica. Tharedozs, wa choosa 1o procasd widh 2527 Tand 0270
I 12 somvamand 1o fizmd giva 1he paopariies of LN 5P O and LN 0F 02 and 1lns 1= dons

in lammas %.1,2.2, and 1.2:
Lemms. %.1.

“al EFSPOrawd LFCFOr ave pardial sedeer sn BY
"k, rz_} r 5:1 N !-HII!-II R T N and 5:‘_" =0

Tl sitiwiaplery S oy, 2, and il 1}
Tey MFlew =2 EFIPQ corwaader wodh FSPO? and IFCPQD w2l FOPO? e
medem 4.0 0 and whew v= 2 LFSPQD codwcader wedd NEPO “fefiuckan 002

Fizzf  Saa Lppandix ||
Lemmi %.1.

Ta) Beeewm Hichr CPowrirdewdemcsnparable paze o g ow e Lemeograple: [p g1 X
Fobradnder pored [ 20 ) reed Badwle g LN Jy dnw "Hoip-2 S gy and

FHE R oy pw Tad Teard wwe of B0, U rdeed smegualidp ) den

Fl.—l
s y= (;,,;;,...,l,_;,l._|+ = .5'.) 217
Fo-1
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Sra .
"I'!l'= LI TR - L T L | T -\.E:I
Fu-1

el pola¥yl=pon f eyl on p byl =poa polahy)=p o and
R YN D) NI NI o A

B Fivew Hichr Fonrirdrnd incoryparable pacr o yon e Sewmcographic g p) Fed
Fubradader pored (Y 20 ], arzn Talabeer, dear joon, 2 W oyoor green By T2 Jabeey,

and deze meed 2 Ay, oarogiven by

j:-l .
|I5I||h|"'|yl.—ilyl-—| - J::"-I'll'jl IJr E:I-I EF:-IEI'-.-I

14 I_ d4l,c 1 3
"I'F_ 4 I[E'Il"'lﬁ'l-“ﬁ'l _#lnl'“lulllj |.|r 5#-”"-' < 5:-I E S:Il-l

LF]

- el
5;. -SI‘

e UL if Saee g sy

iy

&
slete 5:"'" S et oot FooiYe- and, ar Eefsie, 5:. = Wopeow— i) Alrs,
c=1

FroaWyl=ponpf-lalyl=pf nplalwl=poapg alhwl=p 0

Fizsf  Saa Lppandix ||

Lomms £.3

Tal Freew Hichr Comrirdend swcemparalle pacr o oy ow e Semesgraphiz Jp g0 Fed
Complemendr pored (B S0 ) recd adwle g "FLC0 )wdzpn, Ky g0 S pow
and "HESE w2 o TTardswe of Mo, KU rdiacd zwegualedy ) dhees pozw ar geeen By g,

and drezt meed -5;.! in e 5.1 akewe, Msdierraste dere n-iz-:ﬁ' F':l ¥ 5':] =F-%

Foooliwl=p wplebpl=pa glabnl=p e andaWyl _ +ioha) |
Fo_g F Y-

B! Givew Hichr Consirdrnd swconmparable pase o yon e Semeographoc “p p) Fud
Frmplemendr pored (B4 <L), arzw TaJabowe, dear jozw ar givewn by ) 2w lemma Jo2

Thesr meeder welldefued and irgreew By d cn learaa J 2 fawd snle of gy % Fen ¥

FPizsf Saa Appandix |
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Lamma: 4.2 and 4.3 show {hai, a2 tn 1ha 1hraa goods casa, 1he algabrasc sizmcinza
o1ha joan and maal of Hicks Conmstand pars o B nodax LN P Q and LGP O s 1ha
sama. Obrionaly 1he pairs whars 1hase ccsnr aze muinally axdusras. Gonmder a Hisks
Conmsianl par, &y, 1tn B* snch ihal wlog. Hi) p-# & p-yand [ H2IE - < ¢ -
‘wilh ai laasd cnacdH1 H2asined tnagquahis) He, = u 1han »,y 15 compazabla mikh
rarpasi 1o g, LN 5P O dand only o i is com pazabla wilh zaspaci 1o Jp, g JLN QP Q.

Hs = g 1han ¢,y 15 sompazabla wilh raspacide Jp, ¢ VLN 3P Q J and only ol 12 ned

somparabla wiih raspaci 1o g, ¢ VLM OF Q. Lai r = (l.,...,l.__;,l.__. + ff'l ,y._:|,
r = (g.,...,yl_;,yl_| - ff'l ,lljl. Hey < »#, s 1hal #,y 12 insomparata wmik

rarpaci 1o LN 5P 0 and comparabls with raipaci 1o LNOFQ, and r = # ¥., v and
r= ol v lamma %.2). Than r r aza Hisks Conmsland tnsomparala waih raspaci
1o LNCPOQ, widk ¢ ¥oor = yand v Ayor = #. Similady, da, < g, 20 hai o, yin
insomparals wilk respasi 1o LN 0P O and com pazable with rerpasi 1o LESP O, and
r=aV..yandr=sh,.y lomma t.3) Then r,r aze Hicks Consusiand incompazata
wilh raspaci 1o LN SPO, wih e ¥, r=gand ¢t &, r=».

Wa now {nmn 1o 1he dimcmemion of ALNSP Qs and LLHCP Qs Lamma %% collacis
soma bams propariias ol LLMSP 05 and ALNCF O and {han lamma .5 shows 1hal 1o
som panng any paur of bundlas thay hara no dezcopiare soendand over 1hat A LW SEQ

and LN 0F O razpaciivaly, if an aproopnais indaxing s chosan:
Lemm: 4.4

"1 ) ) % v aplier x| L T I Y ¥ | 5:_ o k=2 .. n—1"aud

dur e condikonr zn 52 oave wad Bndiug )}

Ta) w Zt oweapler oy £ oxy, ow £ owy SN om0 aad 5:‘: =0,k =

Z,...n—1 Tawd dur B condikonr of 8 ave wed Fendzug )
E) ALFSPOr and ALFCP 5 ave pavdzal sedesr ou BT

i FFliem o= 2 LLXSPO corweader wedh FSP O and LLNCFP O wcti FOFO!
efmdzen 4.0 ) Fhen w=2 ALNSP0 codncader w2l NEPO? "fefimzdzgn 1.2 )

FPresf  Saa Lppandix |
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Lomms 4.F.

Al w gl win (BN R VdapRers £F, gin (BN 2l Teade die e fadeeding,
vnd a2 e B LN Vdapier e €8, pen (B 22 Jals vader e e fudending
Bi ) Fagrgin (B <) ewdes de wadseal dndening of gosds Tulo.g )
Gew dBreer ewrdr aw indeasng of goodr Teleer good 0 oir givew inder 2 and good w
inder w) perribly difeeend, rueh Sad e €2 win (BY 2R T andes dhir sndering Jn

TR

pardzenlar Mo wadl be ro of gosdr ave cudewed azcsrdzng s
LI TN PR TR E=2.. . ,n-2

Tl FaZt oo (Bt 2t ander B wadieal inderdng of goods TeJoop )
dew dere emrdr aw sndercng of goods Tehere goed 1 oar givew nder 3 oand good w
inder w) pornbly deffevend, roch Sadw <2y (B0 2t Y aader dir sndeeing S
pardzonfar dar well b ro of gesdr ave cndveed accarding & 7D Jar w7z akeve
Ty i) Gavew Hichr Powridrnd amcomparable pare o yon (B 20 2 e
a2 K5l <wy, K pow p-n and "He g oy < g on Tad Teard sue of Ho, K
rdteed zmegualedy ) dew x oyoare Hechr Conrirdend sncrmparable an (B €2 Jandes e
indering azcreding & "D el K5y ZCwy, HilpesaZipew HEIF w2 poa
and KRR EL g0, Fi g0 oaed Bl or0, 0 5 sk E 4R, e - 1D

1 III'I' -ﬁ!‘]’ !‘l-{ll!‘lg‘.

Taz) Geeew HNechr Cowrnrdewd smermparable paze » wow (B 2200 2o racd
ad " FE ay Sy, Wy p-r Spoyoand "KL oy g or Tad Tard s of B, K

rdteed zmegualedy ) dewr yare Hechr Conrirdend ncomparable on (B 2 Jandes de

enderzny accordong & T0 ek N0 Jay Sy, TR p s S peow TN ol
and TFOE SR s 0 ff k22, Pl a0 and B og, L SRt L0

Eondfee RELZ, .. n} ander dor cndeazug

Frzsf. Saa Lppandix ||

Lamma %5 bishows 1ha! LLN5F Qs and LLHNCF O do nod add dassnpiira sondand
orar and abora LI SP 02 and LA CF Os, 10 1ha som panson of pasrs cd bondlas. Howararz,

ilns doas ned axdand 1o {zanufivs sompansons, =anca 1hs sama i.nd-u:l::i.nE; may nai ba

suuiabla fox fwe daffarand banary scompansons nndar ALHSP O o ALLNCFP Q. Thos, 1hs
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bams Hicls Conmsdand com parabihiy sofanon ramains nndar LI SP Os and LA CE Q.
Ha:ad on 1los, lamma %.56) 2nggesis which Hicks Conusiani insomparate paus i
iha mchar ALNSF O and ALNCGF Q= musl ba conmdered, nndar smfable indazing.
This 1= apghad 1o 1hs Lllowng {we lammas:

Lemma t.6. GFrvewm Bzzhr Conrirdendzncsmpatadle pazr v yon S dogaended Lo

tesgrapios (g p) Fed Sabrddader pored (B0 5 00 reeh St RS < oxy, TR,

L
TRl

F-r < peoyoand THEE w o Tad Teard s of B, U ordtecd anegualidy ) and
FRSE) Sl 0, B 0 and Bl p0, L 5 0 kELR L e— 1) T

fal
j:-i R
(:.,:;,...,:l_;,yl_| + = |5'::| if SR By <0
iy = (:,,...,l;_.,m+j;i ,5'1..,_.,...,5'._) fff:;‘,...,?:_20&5::',...,5:_ <0
5 .
|{l|,11+ﬁ,y5,...,y.]| if 5;_“,...,5:_20
1)
j:-i R
|IE|'|.5'1.---.5'|.-1."|.-| - J:'_Ill._:l i f F:I'JI...IF:. <0
e lhy = (5'“...'5'*_“!‘— :;:.IIJH_.,...,:._) f_ff:_'il...lgtlED&:F::',...,F:_{:I:I
5 .
(g.,y;—ﬁ,r},...,llj if 5:-1|___,Ei_2|:l
)

il plaVyl=pon B oleNyl=f o plebwl=poan folahyl=fon

By B SRS 0 ewag, € lehyl, e el € yeos and
Wl b e Ayl = ey weor Anddn gemeal F 5173 S 0 gad
Set o F s B EAdR -2 dew s e Yyl o ws Sl ) 2w
and Je byl + e Wowl =t o

o fE gt Vi chered wndve jodus and meedr of Bichs Csurirdrnducon parable
paivs, radickring TH S W CHE Y awd "HFE Y dabewan de £agrarnded Dracopra phee

‘o F ) Fed Fabrddeder pored JIEM 220
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FPresf  Saa Lppandix |

Lowwa 4.7 Fevewn Hichr Conrirdendcnconmpatable pavr o wow e dagaenied Lea
tesgpraphe: (p F I Fed Peapleaendr pored [B% 2 0 rocd Bad Bad"F00le, 2oy,
R pee S pew THEE oy B Tad Teard wwe rdreed awegualidy  and TN TN
P 0 R )., P s and 53 oco L, BV otk C o) far
EEd2, .. 6} Tiew

al

st-l R
|I'I|'2|---|‘l.-2|'l.-l+J:._||!|'l-;| |.|r E:Ll-ll"'lsi;1{0
5:'.:" : PR a,h
'Il!llil"'l!llﬁ-H'i_Tl |.|r Erll |"'|5rll {:D&
'y = . =)
'i+|l"'l‘l—1l'l-|+ﬁlyl:| 5:-:-II”_I5:.-EED
[:.,h,...,yl_;,yld+m%l,yl:| f Bt s
j:-l .
|Iy||h|"'|5|l.—1|5|l.—l_Jii_l|'l.]| IJr 5:;!-|I...I5:.-1{:D
(5‘I|'1|"'|‘l-l|yﬁ+%l I-Jr S:I-..-Il"'lgil:'c‘:‘--l:l'i
rlhy= see LT
5']+I|-"|5'l.-1|5'l.-l_Ji._l|'l]| F:Ili-ll"'IE:IIEED
|{5'I|'1|"'|'l.-1|'|.-|_m%lﬂlljl |-.|r E:I:-IP'WE:':ED

el plaVyl=pon p e V)= np e hyl=poa folahyl=p e
"k, |:IE_"'_|£:“:| er clered wwder jrimr Bod wed ander meedr of Hochr Fowrirdend
twcsrmparakle pazer, radarfezeg THO0 G TR ) CHE Jawd TN sw die Lugraended Ler

tesgrapies Jp p ) Fed Fomplemendr pored JB* 420

FPizsf Tha procdis mmilar 1o 1he prood ol lamma 3.6 and 15 1haredozs cmaiiad. |
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Soma o 1ha rasnlis cdilns saclion can ba sommansad as follows: JIB® &2 5 Te 2t
R g g (Y <) and (BY <2, ) aza Hicks Conmstand lafdice: * In
faci, lamma 1.6 shows 1hai (B}, <2 ] 12 a Hicks Consustant snHatiiee of [B* 22 0,
whils nmihazis [}, <2, ] a Hicks Conmsland snbatizea of [B*, <5 ) noxis (I8}, 22, ]

a Hizks Conmsdand Sublaiiice of JE® 22 0.

ftL<

B. STUFFICIENT COMDITIONS FOR MET 5TTBSTITUTION REFFRCT
REVISITED

In sactiom 2 wa gave nffaenl sondiions on prefazamcss fox a good 1o ba a path
wizalsizongly mel snbabiinia of ancihar, basad on 1ha genaral propariies of N 5F O
and NCOF Qs davdlopad tn saciion 1. Tha rasnlis of 1he pramons =acfion show 1hai 1he
{wo main {haorams can ba applisd nung LW SFOUs and LNCFOs. Hewaraz, wa also
argmad in 1hs pramons sacthion 1hai 1hess dazs of parial crdars s nod nomadiray
anfizaly safisdaclory. In Corcllazy 5.1 balow wa show how 1he LLWSP Qs and can ba
naad insfaad [1he analogons resnli wath zerpaci 10 LALNCGF O 1a Lefi 1o 1ha infazasiad

raadaz ]l

CoRonbARY .1 Mai Subaiudnias).

Comrader Me conrvmes eapendidiee menzairadesn proklem, EMIp G taron destena 2.0
Al I

T.I__: The {&'lllﬂri!-&l red X, X O, ar elored amdet joinr and meedr -s-f Hi:kr
Comrzrdemdcmzsrmparable pazer radarfrang " 58 Jon de Logrmended Lemesgraphe: g p')

Fed Sabrddo ey pored JIB* 2 ) Fot avary andereng of goedr 2,00 0 - 1;

CBL The ceurnnes a&Bde fameken 00 X — B or Wochr Cemrerdend e Quars
ropeemednfae sn X ad all ruzh pazer of poindr 20 "L ) iw o ewevw dagraended Lemis

graphe: [pop') Fed Sobrddader pored JB® 22 0

fhl

Thew gevem Fearzhle i, rozh dadrsliksur &0 Be problenar EM p aand EAVE 5

ererd awd ave roch Mad Beve zr we ewcerr vhEdy:

argmndp-r|Tlel>al <r -u.:l:E;min{p' x| Tlel=at
af X - - af X -

%W spwun ix 1ko 2meo of [Et", E;@,“] sxd [gnl £=|-|.-:]| iko anlnwad Hisae Coxosdoad I-l.i.u ll.‘l:'.li'
[IE-D] sxd []' '35] ulrn-ﬂﬁ"nl"'.
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Twbere e andetfyrng seder ow B cxwrvapken redar €8, ot 2oma anderng of poeds
Z,...o =10 awd geed 0o a Pafleore Fed Sabrddnde of good woad prozer g p'and

ad every ruch adazwalle ndelin Tevel &,

5 Fawrdrad of A Jand TH dw pard Ta ) T3 B awd TE)EsH, wheee

R TRe cowrwemer vd2bdy fameksn T 0 X — I oor Hicbr Cewrirdend Sincily
Jre- Ovarzrupermsdnlar on X ad all ruch pazer of poandr 2w "4 ) 2w eerey dogrmended

Lrmeographo: g p') Ned Sabrddadey pored B &3 %

' GIEmin{F-llU:l:lE il I'I-u.:l:E;min{p' [Tl = dd comdaznr ws
af X af X

rste Baw swe elermend where & or aw addazwalle o &2Bin Tened,

Then
argmin-p-# | T a)z i} <, sxgmad{p -0 |Tals il
af X af X

Televe de andetlpzug seder ar <Ly Pt soma indeezng of goedr 2,0 n— 123 and good
daroa Shougly Fed Sobrbdnde of good woad przcer Jp P and ad eveer rocd addazma ke

1dzbiy Tevel &,

Bermasrk 4 1. Mohsa 1hal nolila o thaoram 2.1, W 12 1o longaz posmata 1o show
i Jalihal argrin{p-r | Tia) e it <, argran {p -0 [Tl2) > i), and in B 1had
X (X

argtate{p- o | Tledx i} <. argmin{p -2 |T 275 i}, wih nodadnng ozdar £
af X af X

nndar any -reandammg of goods 2,0 6 — 1.

Fizzf  Pollows aamly from fhecram 2.1 and 1he raznlis of 1hs pramons sasiicn. |

s ‘I-ump‘l:i.nE; 1o sonmdar 1ha condifions 1o sozcllary 5.1 abowa, whish rasincd 1ha
bahamor of 1he niliiy fonsdion wailn nol josd ona Hisls Conmsdand posad, bol n
all poamHa ones nadar soms 1emdanng of goods 2,... & — 1, moza zasinciive 1han
1he sondiions of thaoram 2.1, Howarar, 1hs Hicks Qonmsiand insomparala panrs
al which 1ha bahamor of {hs ntlidy foncdion s rasinsiad 1o ilns class of posads 1
alsc rasinsiad. Land, as will ba shown waih 1ha axampls of addiivs prefazancas, ol s

posmata 1had gnam-snparmodolandy tn 1lns dass of posads 12 salishad wharaas o 1= ned
1n any ungle posal nodar LSO
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Coronnany .3 [ Adduive Prelazances). FFoswrvmes preferemcer ave addzadzee razl
BT Y =0 T=T a4+ T e, wdere cacd Tiar g mawsdene, can-

cave Famcken, den

“al The Fawzken T ar Hochr Cowrerdend grarz-raperasdalar ad all cucsnparabl

pazer radarfezng TN S8 D ow e Tp B Kochr Cowrardend pured I:IE_T_,E:“:I. Fat ewrew te-
tnderzng of goodr 2,00 0 = 1, and for every (ppirecd Badp E RY sl f o=
B B By wdl gy g g

k) Each gesd ira prdliwere wed robrgdnde of evevr sl e good cverredere.

Preef  Paxl b)) fellows from [a) and {hacram 2.1 abora, by obsarmng {hai 1ha
chowsa of goods 1 and k18 itmeonsaquaniial tn 1he procd of Ja) Jnofa howarar, 1hai 1ha
quasi-snparm odlaniy asiablishad “a)is more 1han is naedad foz “BID:

Conmdar Hicks Conusdand tncomparabla parr r,w, snch {hal [relar 1o lamma %52
WS1)w € #, Hilp-# < p-gy and (HZ) p' -y < F - r whaza ai laas! cnais a
sing inaquabiy), and (W52) 5], <0, 530 <0 and 5), w0, 5E om0,
E e {2,...,0 -1}, In oxdax 1o prove 1ha ragmrad zesnll, aszuma 1hai Tle)

Toahglia T e 04+ T e ) Tlm )4+ T T 14 M (m _ j“jl '

n

EI-h+| :'i+|:|+---+5rl:'l:|- Hanza M, :'|:|+---+D-i:"i:|2 D-I:!I'I :|+---+D-i-| :!l'i-lj'l'
i

3 - . 32, .
L (5‘1— ;:') or Mle 04 ..+ Mia) 4+ M, (n+ﬁ) + Mg ivap 1+ . 4

, Do 5, s ,
AP R R P LIRS I L D PO

L]

, (m —5;;) 4, (n+ 5"] C i) - Talm) Smiedy Tle) s Tie¥y)

N P N P R TS

i
I
n

n

:I ol TR L T N

3

i
I
M

Tharadoza, I T, (gu, - :i’l') + T, (l; + ) -y =Ty )z 0dhan Tlw) =
T b ylimphas Tl Wyl s Tlg)lsined tnaquabds I T e > Tl A plland Tlal s
T el y)imphas T2 byl > Tlg)lagan vinsd mmagquabiy o Tle) > Tlal gl) .

T (= guam-snparmodunlar as ragmrad. From lamma 3.6 o 1ha pramons sasiion #, <,

[:n. + j“) ol T oy (51, - j“:l = ypand e hyl 40 ¥ vl = #y+ 5. Tharadors

n i F]

(n. + j‘—') = ary +.1 - 21y, and (m - j‘—'jl = 1-—a2ley + ayy, oz soma = E

n i F]

by L I-ﬂlll‘l-lﬂ 1o 2omsdriwad u:lmﬂ.u o Hioan Coamsioad i.'l.rclnmrluuu I-l:;.'l.l mik LESFO, mik
j'l.l‘l inwa Euu-lll whoin 1kn 1'|.l.l:'.-l'|.1-um.u3.11u. Faonpoaly ma: faal Iny bodk ef 1kn i.'l..-i.u::i.'l.!;l ol Ko ods
aolo--sad doa 4ko -i.nwn'.]-‘h'.n:.r.[ Enn-l | w0 w and snbebiniood Enn-i. %,
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]
A,
i H]

'0,1]. Hansa by soncamix T, (l* + ) zoaly o141 - 21T, Tey Y and mmilasly

LY (5'1, - i) Pl -a2)Mleyi+ 2Ty i) . Hance adding 1hess 1we inaquahize

n

my (gu, - :;’:') + My (n, + i’i') My laa )+ Ty yy)as 1ag mrad | axfablising 1hai o

daad T 1s qnam-soparmodalaz. |

& COMCLUDING FEMARKS

I 12 parhare snrpnang 1hai almosd hal 4 sanfnry of scon=nmar 1hacry has prodncad
rary LiHlls n 1hs way of sondiions on sonsnmar prafazancas 1hal snfhca 1o :.:i.E;n nai
subafiinlion affasis. Wa hopa 1hal 1he sofiasnd sondiions offarad tn 1los papar son-
inbtuia o 1lns diraciion, and 1hai tn 1ha prosass 1hs varsafahiy of 1hs proposad ordaz
1haoradis framaworl 12 asiablishad. The mathods axgeal 1he ordaz{laihca sirnsinze of
a problam |, and il 1» itmporiand 1harsdors 1o tdaniidy 1he appropnals ordar sirncdnras
tnharanl 1o 1hs problam 1o hand balom u.PPl]i:u.E 1ha ganazal latizza Pms:umminﬁ 1hao
ram 2 and raznlis. Tha sizangih od1ha rasnlis ralias on 1ha sizagih clihaza ordaz!laihca
slzmainzas.

11 1 hopad 1hai 1hs rasnlis of i1lns papsr can ba halpdol 1o bodh 1hacratical and
appiad worl. Onihe apgiad mda, if can ba anmsagad 1hai 1he maihods davalopad can
ba nzad 1o darvalop markad rassarch matheds basad on 1he gnasiicnnaire approach. I
ts nod sany 1o =irmcinra gnaslicnnaizas 1hal may sonhm or olharwiza 1hal sonsnmazs
hara, {or axampls, addiavs prdazances. Bui o wonld sesm posmba 1o comsizmsd
a fimia 2ol of guazhioms, which can sngges! wih soma dagres of accmracy whaihar
consnmar prafarancas safisly gnam-snpearmodulaniy condiions ax davalopad hara. On
1ha 1hacrafical mda,| ai laasd pad ol 1hs afiraciion of 1hs propomad approach s 1hat ol
san ba appliad in cazas wiik non-sonvaxibas and indimmbalifias, 1o nama bod a sonpls
of 11s daffarancas waih siandard approachas. In ilns papar wa hars worlad wailnno &
sonvaniicnal selfing and hinfed coly af posula axdsnmens. I wonld ba nadnl e
sarry onl snch axianmons axphaily.

Milgrom and Shanmonm [199%) promda an oxdar {haczaiic Jand & daffazaniial) ganar
alizsafion of 1ha [ Spansa-Blarlaas] Si.nE;].u EIQ!.!.iIl.E FPropariy, P-u.ri.:u.E; 1ha way lor maoza
rarsaiila axdanmeons of asymmains tmormalion modals bayond 1he =landazrd {ws ran-

abla, ons dimanmonal imdermation shamsiansiis, sai-op. Ons sosh problam s 1had
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ol 1ha insaniivs compafibla prohi ::u.-e|.:|::i.'l::l.:i.'l:i.:u.,i_'.;I o1 ophmal, nonlinsar poca schadula
for a good, whan consnmars predarance: ovar many goods are sxphaily medaad, as
opposad 1o 1ha sfandard praciies of nung reducad demand fnnciions. This axampls
1= suggasiiTe bacansa 1 rasas 1ha quasiien of 1he appicatdiiy of lafics program ming
{achmqna: 1o problam= whara 1hara azs budgeiary irads-offs baiwaan 1he vamallas.
This 1= a diffisold problam . Tha duficnliy manidasds tizald in {ha faci 1hal consizrand
sals iovelnng bodgalazy 1zads-offs balwaan moza than {we vanales do nod aral 1ham-
salvas 1o sizong sl comparabihiy Jor avan waalar foxms of 2af com pazatabizy) nndar
sommonly naad parial ordars, meosi nofably 1he Bochdaan ordar, as laifica program-
ming 1hacrams ragmra. 1 12 1hs aam of 1ha re=sazch aganda, of which ilns papar 12 a

pad, 1o promda 1he raqmrad mashinary for such applisafions.

APFPEMDOIX
Figef Lamma %2.1).

‘a)  Obmons.

‘B aland n): #y, £ ow Jw £ ) fellows from L51 CLC1) w, £ #, and
SRt r 0 dollow from Hiand HZ

‘61 Tisobmonsihal whan v = 3 comparabibiy waih raspaci 1o LHSF Q JLECF O
tmphas comparabahiy waih raspaci 1o N5P 0 "NOPO*). For1ha convarsa, azzuma Azd
r 2t yvandibazadora #) 2 yyandw <0, Hay &y dbandaady » 2F v Hay = w
ihan 53, = 0 umphes 4y ¢ g3, Hibe tnaguahiy 12 2insd 1hare 12 agan nodhing fnriher
fo prova. My = vy then f1om H1 and H2 g, = #,. Hanca # %, vy imphas » <5
and 1hazelors # <2, v as raqmrad. Tha argumani asfablinhing 1hai & <%, tmphas

¢ <2 yis vary mmilar. Tha casa v = 2 1s inmal

Pigsf Lamma 1.2

ra)  Conmdenng Armd 1he joan of o,y Lal r = [ay 0s, .. 805, 0ey, v Wik
sg
Feo1

rnoo =80+ Claarly w,_, < ry_y,and vy Sz # Sz r. Ao p-r = p-yand
Fr=pF % Hanca s Loy randy 2y, r,ta. rizannppar bonnd ol # |y, Ponmdar nexd
any npper bonnd, & = [y ,..., %, ). Hy dafmlicn & <g r LEw F R FYY

and g e & poy € B orand o padicnlar w, € oy = x Hay € oy cad rin ) = o,
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and #; < o 0 =2, .. 6 —21han 5 <z woand 5 €2, w a2 raqgmrad. Tharedors,
supposa #; = w1 =1, w—2 Heyoy € 0oy ihan por = p-y < p-wimphas
¥o =y 4wy conizadiohng w, € g, = 5y, Tharedora, vy € oy Hogoy € gy
ihan r <z wasrzaqmred and s, = we 1o w, <y, = s andpr=py< pw

imply w, = ¥, = r,, 4. r = w, {bn= comgatng the proclihad r 2% w, 1. risihe

an ol o
U-:hn:.:i.-i-u:ﬁ.ng; naxi 1hs maal oL o, w:lad r = D5, Seea, Foer @) wih ol =
Bo-1 — ff'l Claazddy ry_y < wo_y,and r €z v <z #. Abo p-r = F-r and

F-r=p¢ 2 Hamear <2 2and r 25 w14 rina lowsr bonnd of 2y, Conmdar

any lowar bound 5 = [0y, ... 00 ) By dafmbion s Sz w €z 8, prr € g7 £ pow, and
F-y<p r<p 1andnpaticadar e, =2, <0y Hyy € ond woy = 500y,
and ;< g, =2 w—2 dhan s <5 rand s £F roax ragmrad. Thazadors snpposa
%=1 =1, n-2 Heo y Sugtbaap a2 por = p-rimphas s, <1 =0y,

soniradichng v, = #, € 1., Thazadoza, ooy 2 ooy Hugly € roy dban 0 <z
and y Z), rarraqmrad. Huy oy = ¢, ihan e, =0, £ 1, andp- 1 € p-r =p-r,
tmply 1, = r, = #,,ta. 1 = ¢ ihos compatng the procd {hai 4 €2, ¢ La r 12 1he
maal of £,y

b)) Simas e Wy= [0 eeane b f—y]l E Y whenavar £,y £ K2,
1he prood for 1he joam 1= 1he sama as 1o pad [a)). Tharedora wa only nesd 10 amand 1he
procd ol pad [a)in 1ha caza ol 1ha maai:
Caza 1; 527" < po_yge-r. Tha procd in pad [a) apglas.
Daza Z; SpFhe-t g Frot g 5hr-l k= e -3

gt

ji
L""r*E(Fll"'lyl-hEﬂ_ L

imphas #* E kY and {fnrtharmoxs r: Sy, por =p-rand g et = 2. Hance

n

,I:I,...,I:I,r._) . Tha hypoihasas of 1lns cana

gz oy £z or and ¢t £, ry, La. t* i a lowsr bonnd of #,y. Conmdar any
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