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1. Let f: S? — S* be the map defined by

fz,y,2) = (zy,22,2%,y, 2)
for (z,y,2) € S% 1e. (z,y,2) € R® with 2% 4+ 9% + 2% = 1.

‘Show that f is differentiable in the point p = (%, 0, ~\}—§) €S2

2. a) Let M be a connected Riemannian manifold. Formulate three condi-
tions which are equivalent to the following:

M s geodesically complete.

b) Let (M, (,)™) and (N, {,)") be Riemannian manifolds and f: M — N
an isometry, i.e. a diffeomorphism such that

dfv, dfw) s = (w,w)M forall pe M, v,w e T,M.
P P/ f(p) P P
(i) Show that

dn(f(z), f(y)) = du(z,y) forall z,ye M

where dy respectively dy; denotes the Riemannian distance of N and M
respectively.

(ii) Let v : I — M be a geodesic in M, with ||5(¢)|| = 1 ¥V ¢t € I . Show that
fovisageodesic in N,




ALGEBRA QUALIFYING EXAM
06/10/07

1. Let G be a finite group of order p?q, where p and ¢ are primes. Show that
G is not simple, i.e., it has a nontrivial normal subgroup.

2. Let F C E be an algebraic field extension. Show that

(a) If every polynomial f(z) € F|z] splits over E, then E is algebraically
closed.

(b) If every polynomial f(z) € F[z] has a root in E and F has charac-
teristic 0, then F is algebraically closed.




TpApa MaBnpaTikav kGt ZTOTIOTIKAC
Nepiexaiki Eraon: Kabapa Mabnparika {ME)
Zapparo, § OxrwPpiou 2007

Exercise 1:

Let y be a smooth Jordan curve and ¢ be a continuous complex function on . Assume
that 0 e int(y). Show that

J’ o(1)

—di=0 Vzeint(y) < [ 1"p(t) di =0 for n=-1,-2,-3,..
-7z 14

Exercise 2;

Compute the integral [ sindz, COD ={zeC:|z=1}.
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Problem

Part A:
a) What do you know about the Theorem of Carathéodory?

b) How is this Theorem applied to the construction of the Lebesgue-Stielties measures?

Part B:
Let —o <a <b <o and let the function I [a,b} —R.

a) When 1 is Riemann integrable?
b) Show thatif /" is Riemann integrable, then / is Lebesgue integrable.

c) If f is Lebesgue integrable then give a condition that makes J/ Riemann integrable.

Part C:
Let /:[0.0[ - R be a continuous function.,

a) If f is Lebesgue integrable, then what can you say about the limit

lim jf(x)dx?
T

=

b) Assume that the limit lim J S (x)dx exists and that it is a real number. Then what
’ 0

Can you say about the Lebesgue integrability of 7 ?
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1. To nooootd cuppikveng X KAMOOU TUMOU KAPKIVOU O0Tav autog ektibetar oe
padievepyeta akoAoubel TNV oUVAPTN O MTUKVOTNTag rmbavointag

_3-3Mz—1)°

B 3—x

f(=z) z € (0,1),

orou A € (0,1) eival ayvootn rnapdpetpog.

(@) Na umodoyiotel 1 péon tpr mg X kat va arodesiytel ot siva aviouoca
ouvAapoT) TS A.

(B) Na urodoyiotel 1 S rakvpavon g X .

{y) Ario éva deiypa 100 xapkivev otoug omnoioug £yive deparieid, T0 TTIOCOCTO
OUPPIKVEOOT|S UTIOAOYIoTNKE Kat TeAikd BpéBrke 611 0 1£00g 0POG CUPPIKV-
wong Hrav ioog pe 55%. Na 606el pia aoBevag ouverg ekTIRLNTIOA NG
TIAPAPRETPOU A.

(6) Na 600et pia aoBevidg CUVENNG EKTIPLTELA TG TUIMTIKEG artdxkiiong mg X,
£0TM 0.

(e) Na xaraokevdoete 90% aouprmeETko Siactnpa ePIMoTtoouvng Yia TNV Napaperpo

A
2. 'Eote X1, Xs,. .., X, wyxaio dsiypa pe X; ~ U[0,6], 6§ > 0.
(@) Tha onowodnnote s € N ddote v avrictotyn skopnpia @\S mg 0 pe my
nébodo v portwv Baciopévy oty pory s-tagng mg X;.

(B) Té xatdAAnAn akoAoubia mpaypaukev apbpov {a,, n € N} 6odote myv o-
plaky) (yia n — 00) Katavopr) tng akodoubiag tuxaiov petaBAnteov a,(fs —

9).




¥} Aoocte v exkupftpta @\M L g 0 pe myv pébodo peyiong mbavogpaveiag
raBdg Kat v opaky (ya n — 00) Ratavopr] ing akoldoubiag tuyaicov
PeTaBANToV cn(b\M 1—0), érou {c,,, n € N} eivar pia xardAAnia ermdeypévn
axoAoubia mpaypauxkay aptbpev.

(6) Baoet TS 0plaky|g CUUTEPLPOPAS TGOV Gn(é\s — ) xa cn(aML — #), ouy-
KPIVEIAL TV CURINEPLPOPE THV EKTIINTPIOV /9\5 rat QAM L-

3. 'Eowe Z; avelaptnieg KAt 1006voREG TUXaieg NETABANTES ATIO TNV KAVOVIKT] KATAVOUT
e péon upr 0 xat Siaxupavon 6, yia i = 1, 2. Oeoperote 11§ Apardaio tuxaieg
netaBAnteg

X - (Zl - Z2)27

Y = ZiZs.
To npdéBAnna eiva va yiver cUYKP10T] TOV MAPAKATE EKTIUNTPIOV
o X
61 = 57
by = ‘Y’)
ég = 1 ekupnipwa peboddou poniov e Pdon v deopeupévr
katavour] g Y 8o8éviog X,
b, = E|=1—"2|(X,Y)]|,

2

e Paon 1o péco tetpaywviké toug opaipa MSE;(6) = E[(éq - 0)%], yia i =
1,2.3. 4.
(@) Na anodeixtet out M SEL(6) < MSE;(8).

() Na urodoyiotel 1 ekupiIpa 93 e Baon ug X xat Y xai va uroAoyiotel
10 J1£00 TETPAYOVIKG odAApa Trs.

{y) Na urnodoyiotet n exuprpa é,; pe Baon ug X rat Y xai va unohoyiotet
TO PEOCO TEIPUY®VIKO ohdAApa hg.
4. Eow Xi, X, ..., X, tuxaio deiypa omou np X; £xet rukvotnia
1
f@) = 5e IR,z e fu,00),

orou A > 0 yvooto xat 4 > 0 ayveoto. 'Eote 0 €Aeyxog

Hy: p=pe evaviia Hi: p> po.




(@) Aei€re 61 0 €deyxog MNAikeV rubavopdvelag tng mo mave PndevikAg Kat
EVOAAKTIKTS UTTO0e0nS artoppirtet av

X(l) < Lo, 1’] X(l) > max{uo,k},

orou £ eivai pia xatddAnda ermdeypévn otabepd kat X gy = min{ Xy, Xs, . ..

(B) Aeifre 611 av 1o eminedo tou edéyxou eivar o € (0,1), toéte 1 orabepd
raBopierat amno

A
k= po— —In(a).
Ho n ()
5. 'Eote X wyaia petaBAnt wng ornolag i katavory F' eivat dyvootn kat ag 9sm-
pricoupe tov £&r|g £AeyEo:
Hy: F eivain xatavonn mg opodpopong oto (0, 1),
H,: F' elval nj ratavour] tng TUIMIKLG KAVOVIKTG.

Na ripoobiopiotel 0 woyupdtatog €deyxog srunébou onpavakomrag o = (.01
Kda1 va UTTOAOYV1OTEL 1} 10XUG TOU.
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