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i

"My work always tried to unite the truth with the beautiful, but when I had to choose one
or the other, I usually chose the beautiful."

-Hermann Weyl
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Chapter 1

Introduction

1.1 Viva la revolucion!

In 1982, the infamous quartet of Thouless, Kohmoto, Nightingale and den Nijs [1] gave
the theoretical explanation of the quantized Hall conductance in the presence of a mag-
netic field that was experimentally observed in 1980 by Klaus von Klitzing [2]. Through
a perturbation calculation, they found that the Hall conductance was proportional to an
integer, appropriately coined later as the TKNN invariant. This quantization of the Hall
conductance is called the Integer Quantum Hall Effect (IQHE). While this was a very im-
portant discovery on its own, it was later shown that it has an even greater importance,
as it has deep topological origin. The significance of this realization was recognized by
the Nobel Committee in Physics, which awarded Thouless one-half of the 2016 Physics
Nobel prize "for theoretical discoveries of topological phase transitions and topological
phases of matter".
Barry Simon in 1983 [3] and Michael Berry in 1984 [4], both wrote their seminal pa-
pers showing that the change in quantum systems as they go through a cyclic adiabatic
change is physically relevant, something that the physics community had surprisingly
overlooked for more than 50 years. What was hiding has purely geometrical nature and
presents itself as an additional phase accumulated by an eigenstate of the Hamiltonian
of the system that undergoes the cyclic adiabatic change. It is now widely known as
the1 Berry phase. Associated to this phase is the now famous Chern number, which is
a topological invariant related to closed surfaces; this association was first realized by
Barry Simon although it took some time for the physics community to appreciate its
importance. The community catch up when it was finally fully realized that the TKNN
invariant was, in fact, the Chern number associated with the Berryological quantities of

1Some people also call it the Barry-Berry phase, although Barry is the name, not the surname of
Barry Simon. However, let it be noted that it is Berry’s discovery, as Simon clearly states in his Physical
Review Letter, and the reversed ordering of the publishing of their papers is due to a long delay in the
review process of Berry’s paper.
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Introduction 3

the model that the quartet studied. This led to a revolution in the field of topological
materials.
Since Berryology has proven itself to be essential in the study of topological matter, the
start of this thesis will be concerned with its study. Though most expositions of this
subject follow its historical development, we will try to give a more coherent, organized
and modern view on Berryology. This view has to do with the interplay of Berryological
quantities with topology and we will study in depth the mathematical structure behind
it. This will provide valuable insights on the topological invariants that we will find in
the models that we will study later on.

The connection between the IQHE with the underlying topology associated with Berry-
ological quantities started all the way back in the 80’s and it is still going strong today.
In a period where much of the research in fundamental physics awaits results from huge
and expensive experiments, like those conducted at CERN, it is a delight that the field of
topological materials relies on experiments of much smaller scale. This helps in the very
rapid growth of the field, while its richness is evident from the fact that this revolution
spans several decades and shows no signs of wearing down.
Throughout the years, field theoretical methods, which had been developed for use mainly
in high-energy physics, have been applied to this area. Even methods from string the-
ory, such as the Gauge-Gravity duality found a place in the description of topological
phenomena in condensed matter physics, mainly in the context of the bulk-boundary
correspondence that will show up throughout this Thesis. The contributions have also
started going the other way around. For example, a 2018 paper proposed a way to ex-
tract information about black holes through the study of Weyl semimetals [5], which owe
themselves to delicate topological behaviour and are the next step up from Topological
Insulators. This again shows the richness in the physics of topological materials, but also
illustrates the intense theoretical work that is being done on the subject.

Post 2000s, the subject of Topological Insulators and Superconductors came into the
spotlight. Both demonstrate interesting physics at their surfaces/edges that were totally
unexpected. For years, physicists neglected the edges in the models they created to
explain experimental observations, so when the so-called edge states showed up for the
first time, it took the community by surprise. Even more surprising was the fact that
these edge states are closely related to the physics of the bulk; the physics at the edges
originate from the topology of the Brillouin zone and the aforementioned Chern number
which is associated with it. Being associated with a topological invariant, which is by
its nature robust under deformations of its corresponding manifold, these edge states are
by themselves robust and exhibit dissipationless physics! An example of such robustness
is the QHE found by Nomoselov and Geim in 2007 in graphene at room temperature
[6]! For their discovery, or as the Nobel prize Committee believes, "for groundbreaking
experiments regarding the two-dimensional material graphene", they were each awarded
one-half of the 2010 Physics Nobel prize.
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For Topological Insulators, in particular, these physics at the edges gave rise to new,
revolutionary Quantum Hall effects. The Anomalous Quantum Hall effect (QAHE) and,
later, the Quantum Spin Hall effect (QSHE) were theoretically predicted and then glo-
riously realized in subsequent experiments.

Along the way, physicists realized that symmetry plays a huge role in the topology, and
thus in the non-trivial physics that arise due to it. It is by breaking particular symmetries
that physicists got to the QAHE and the QSHE.
The QSHE exhibits even more rich physics at the edges: with the inclusion of spin, we
got what is now called spin-momentum locking. In particular, the momentum that an
edge state has also determined its spin and the reverse. For the reader who is familiar
with the Aharonov-Bohm effect, we will give here an example of an experiment that
beautifully uses the concept of spin-momentum locking in order to produce the so-called
spin Aharonov-Bohm effect. The experiment is displayed in figure 1.1.

Figure 1.1: Spin Aharonov-Bohm effect.
Adapted from [7].

This consists of a ring made from a material that showcases the QSHE, so that its edge
states have their spin locked with their momentum. They send a beam of electrons
into the ring and separate the beam into two others, each one moving as in figure 1.1.
Due to spin-momentum locking, the beams carry opposite spins since their momenta are
opposite. Each beam acquires a phase due to the the magnetic flux, φ, that goes through
the opening of the ring. When the two beams join, their phase difference produces a
final beam of different spin orientation from that with which it started. Such non-local
manipulations of the spin transport in topological materials can find application in the
field of spintronics.

Through such effects, we get charge transport and spin transport along the edges of
topological materials in a dissipationless manner and these have tremendous potential in
their applicability; even Engineers now routinely research their properties.

While Topological Insulators continue to be studied intensely, researchers have also found
yet another form of topological matter, called topological semimetal. Dirac or Weyl
semimetals showcase even more intricate physics than Topological Insulators. In this
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Thesis, we aim to reach the study of the most important properties of Weyl semimetals,
by first going through Topological Insulators in great depth.

The proper study of Topological Insulators and Semimetals, both from a theoretical (but
also from an experimental) standpoint, is very subtle. This, along with the fact that the
huge growth rate of this field is rarely found in other areas and that it is a very recent
field of study means that the bibliography found on these topics is not as well-developed
and pedagogical as that of other areas, so a newcomer in this field, especially if he/she is
not a seasoned researcher, will find it very difficult to delve into this research field. For
this reason, one of the basic aims of this thesis is to present these topics in a pedagogical,
yet deep, detailed and thorough way.

1.2 An overview of the structure of the thesis

The thesis will start with setting the groundwork for the topology of the upcoming lattice
models. We will start with a big chapter on Berryology although we will not follow the
historical route, as we have already said. The aim is to understand how Berryological
quantities relate to degeneracies of physical systems and how a non-trivial topology of
the parameter space can lead to non-trivial physics.
We will visit various concepts from topology that are not usually presented in so much
detail (if any) in treatments of Berryology. Such concepts include the contractibility
of loops in simply and multiply connected spaces, the beautiful Gauss-Bonnet-Chern
theorem (which is a powerful theorem connecting the geometry of a manifold with its
topology and roughly states that the mean curvature of a manifold is quantized) and
the connection between topology and Dirac strings, whose inability to get rid of2 is
an instant indicator of non-trivial topology of a manifold. The concept of the duality
between degeneracies and zeros of wavefunctions and monopoles in parameter space will
be pointed out.
While much of these discussions is highly mathematical, we will motivate each point
both physically and geometrically.

The study of Berryology sets the stage for the heart of this thesis, which is topological
matter. The next few chapters will be concerned with Topological Insulators.
As we have already mentioned, symmetries play a catalytic role in the study of topological
matter. This being said, our presentation of topological matter will not start off from
the study of symmetries. This is very mathematical and we will wait until its study is
justified from the physics and the topology of the first models for Topological Insulators
that we will present, namely the Su-Schrieffer-Heeger model, the Rice-Mele model and

2To avoid any possible misunderstanding, we clarify that the Dirac strings are not observable (actually,
Dirac reached his famous Dirac quantization condition from demanding that the string is unobservable);
when we say that we cannot get rid of them, we mean that mathematically, our Berry gauge field cannot
be non-singular if the topology of the problem is non-trivial.
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the Qi-Wu-Zhang model.
After we have motivated the important role that symmetries play on the topology of a
model, we will systematically study discrete transformations and discrete symmetries and
we will then reverse the way that we study topological insulators. More precisely, we will
use symmetries (by breaking them) in order to find other, more physically complicated
models that will demonstrate non-trivial topology.

We start this journey from chapter 3. This chapter concerns one dimensional topological
insulators which will be introduced in the context of electric polarization. The first model
is the Su-Schrieffer-Heeger (SSH) model [8]. Although very simple in its structure, it
will give us the bulk3 of the non-trivial physics of simple Topological Insulators. The
topology of this model will be thoroughly studied and we will calculate explicitly the
topological invariant associated with it. This calculation is very rarely4 carried out
explicitly in other treatments, which just state that it is an integer. We will also clarify
the role of gauge invariance in this, so we also perform an analogous calculation for
the Hamiltonian for the SSH model expressed in another basis. In this way, we will
expose a common misconception that most treatments5 promote that has to do with
that topological invariant. In particular, we will see that most treatments choose a
particular gauge in which the two distinct phases of the SSH model, called topological
and trivial, correspond to the topological invariant being equal to +1 and 0 respectively
and they use this argument to conclude that this is the reason for which the topological
phase is called this way. But, this is misleading, as we will show, the physically relevant
quantity that is gauge-invariant is the difference between the two phases. So, we can
find a gauge in which each phase’s value for the topological invariant could be anything
other than the values given above; we use the second basis for the Hamiltonian to show
this explicitly. We finally state the reason behind the names of the two phases6.
We then proceed to the edge states of the model. Since we start from scratch, we do
not assume that they exist like most other treatments do; rather, we point out how
previous results motivate their existence and then give a simple qualitative argument for
their existence which leads us to domain walls. After proving their existence without
unjustifiable assumptions, we finish our exposition of the SSH model with a small preview
of the bulk-boundary correspondence. Here, we again point out that most treatments
present this subject as if the results from the study of the SSH model constitute a proof
for the bulk-boundary correspondence. We motivate its existence but we will wait until
this correspondence shows up again and again in order to justify it in its full generality.

Remaining in the same chapter, we introduce time and on-site potential to the SSH
model in order to go to the Rice-Mele model [10]. With an expanded parameter space,

3Pun intended!
4The author has not found any treatment which contains any such calculation.
5With the most pedagogical -and thus most important for a student- treatment being that of Asboth

et al [9].
6The reason, of course, has to do with the edge states.
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we use the Rice-Mele model to study the new quantized topological invariant that comes
with it. We give this invariant a geometric interpretation and relate it to the famous
Gauss-Bonnet theorem in a way not found elsewhere in the bibliography (at least to the
author’s knowledge). We also show that it is a generalization (physical and geometrical)
of the topological invariant of the SSH model. We conclude our study of this model, and
the chapter, with the Thouless charge pumping and by giving a nice physical picture of
why this happens.

Moving on to chapter 4, we use dimensional extension to promote the temporal variable
in the Rice-Mele model to a second crystal momentum variable. In this way, we get
the k-space (or Bloch) Hamiltonian for the 2-dimensional Qi-Wu-Zhang model [11]. We
then convert back to the real-space Hamiltonian in order to break down each term of it
and give it a physical interpretation. This is a nice, pedagogical way to understand the
underlying physics of the model. This is in contrast with all the other treatments that
just state what each term represents and thus build a rough learning environment for a
newcomer.
The dimensional extension trick allows us to use the results of the topological invariant
of the Rice-Mele model. After doing so, we then proceed to the study of the edge states.
From this, we find that the edge states move along the boundary in a dissipationless way.
We then go into more detail on the edge states and compute the Chern number associated
with them. This will teach us that their Chern number does not smoothly depend on
the parameters of the system, something that also happens in more conventional phase
transitions. Through this, we will also get our first glimpses of the spin-momentum
locking effect of the edge states, which presents itself in all its generality in the QSHE.
Before ending this chapter, we also show how the non-trivial topology of the QWZ model
means that it carries a quantized Hall conductance without the need of an externally
applied magnetic field; this is called the Quantum Anomalous Hall effect.
In the end, we close with the subject of vortices and we also make a connection with the
old but interesting formulation of Quantum Mechanics by Madelung [12], the so-called
quantum hydrodynamic formulation.

From the previous chapters, we motivate the role of symmetries. And this is why chapter
5 is all about them. We will concentrate on the two most important discrete symmetries
that impose restrictions on the topology of our models: time reversal and inversion sym-
metries.
We start from very general aspects of discrete symmetries7 and build up everything very
systematically. We then show how these translate to the Bloch Hamiltonian and proceed
to how they affect Berryological quantities. What we find here is that these symmetries
impose severe conditions that impact the Chern number.
We end this chapter by revisiting the Su-Schrieffer-Heeger, Rice-Mele and Qi-Wu-Zhang

7The title of this chapter is a nod to the great physicist and pedagogist, Sydney Coleman who wrote
a book called "Aspects of Symmetry".



Introduction 8

models. In this way, we explicitly show that symmetry is what allowed these models
to have non-trivial physics at the edges. This motivates an extended discussion on the
interplay between symmetries and topology. We tried to be thorough.
This is a self-contained chapter and can even be read almost independently of the others;
one only has to know the basic definitions of basic Berryological quantities. Furthermore,
we tried to build it up in a way rarely found elsewhere; most treatments assume prereq-
uisite knowledge that the reader might not have. Moreover, most treatments only treat
a part of the material that we cover in this chapter. Here, we build everything from the
ground up.

We then arrive at chapter 6, where we reverse our logic, as we stated before. By this
point, we know that non-trivial topology arises from symmetry breaking, so we will use
symmetry breaking in order to find more intricate models with this behaviour. This
leads us to another model with QAHE: the Haldane model [13]. This is historically a
very important model, which gave its inventor half of the 2016 Physics Nobel prize. For
the full understanding of this model, we first make a stop at the Aharonov-Bohm effect
[14] and prove it in a non-standard way using translation operators. We then study the
Haldane model and its topology in full detail.
Using the results from the Haldane model, we move on to the study of the famous Kane-
Mele model [15], which doubles the Haldane model’s degrees of freedom by also combining
two Haldane models of oppositely polarized spin. Through this model, we explicitly show
how the QSHE rises and how spin transport without charge transport takes place due to
having Kramer’s pairs from time reversal symmetry. We then make great efforts to derive
the relevant topological invariant that describes systems with time reversal symmetry,
such as the Kane-Mele model; it is called the Z2 index. The derivation is long, with the
difficulty mainly arising due to the fact that we are dealing with a non-Abelian Berry
gauge field.

Moreover, we continue this chapter with 2D Topological insulators with both time re-
versal symmetry and inversion symmetry. Following yet another groundbreaking work
by Kane and his then-student Liang Fu [16], we show that the case where we also have
inversion symmetry gives us a much easier way to compute the Z2 topological invariant.
We then use these results in the case of the famous Bernevig-Hughes-Zhang model [17]
and compute its Z2 index.

We close this long chapter with the study of effective bulk Hamiltonians and effective
surface state Hamiltonians of topological insulators; we do this through the example of
Bi2Se3. In this section, we essentially reproduce the results of yet another very important
work that greatly progressed this field [18].

In chapter 7, we study the most modern class of topological materials: Weyl semimetals.
We begin our exposition of Weyl semimetals by a generic study of Weyl fermions and
then quickly move on to define what is their topological charge and relate it to their
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chirality. We then briefly visit a very simple model that illustrates the transition from
previous models that we studied to Weyl semimetals. After having laid out the ground-
work, we provide the reader with a very nice proof of the Nielsen-Ninomiya theorem
through Berryology. The proof follows [19], though we do things in more detail. After
proving this fermion doubling theorem, we move on to a lightning fast introduction to
accidental degeneracies before analyzing the role of symmetries in Weyl semimetals. Fur-
thermore, we naturally also study their topological robustness against perturbations. We
finally close the chapter with the Burkov-Balents model [20]; after studying this model
exhaustively, we showcase how the all-important Fermi arcs arise. The Fermi arcs are
signatures for Weyl semimetals.

In the last chapter, we give some concluding remarks and discuss what the future of
Topological Insulators holds.

1.3 Prerequisites

The only prerequisites that the reader is assumed to have is a solid understanding of
Quantum Mechanics, working knowledge with the single-particle second quantization
formalism and some undergraduate-level knowledge of solid state physics.

We have sections on differential geometry and although we do not build the whole for-
malism from zero, we do motivate most of the concepts found there. These sections are
considered as extras, since the understanding of the differential geometry that lurks be-
hind Berryology will not provide the reader with many new insights (at least at this level
of exposition). A knowledge of differential geometry is thus welcomed but not requisite.
Moreover, towards the end of Chapter 2 we will very briefly discuss the connections of
non-Abelian Berry phase with other non-Abelian gauge theories. In particular, connec-
tions with General Relativity will be briefly discussed.

Obviously, any previous training with site models and/or any concepts of topology are
considered a plus.

1.4 General references

Apart from the references mentioned throughout this Thesis, there are some that where
used in many places, either to get the main idea behind a new concept, or to get into
details or/and calculations.

General info/ideas Specifics/calculations

Topological Insulators [21], [22], [23] [9], [24], [25], [26]
Weyl semimetals [27] [26], [28]



Chapter 2

Berry phase, Topology and Affine
Geometry

Philosophy [nature] is written in that
great book which ever is before our
eyes – I mean the universe – but we
cannot understand it if we do not first
learn the language and grasp the
symbols in which it is written. The
book is written in mathematical
language, and the symbols are
triangles, circles and other
geometrical figures, without whose
help it is impossible to comprehend a
single word of it; without which one
wanders in vain through a dark
labyrinth.

Galileo Galilei

What happens to the quantum state of a particle if we slowly change the parameters of
the system and then bring them back to their original value? This is the question that
Michael Berry re-asked [4] after many years that the physics community thought that
the answer was a trivial "nothing". Berry found that an energy eigenstate acquires a
non-trivial phase of geometric nature, which is now called the Berry phase.

The roots of the Berry phase lie deep within concepts of differential geometry and topol-
ogy. In this chapter, we will emphasize this connection and we will even use analogies
from differential geometry to deduce information about the physics behind the Berry
phase.

10
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The chapter will begin with a fairly standard derivation of the Berry phase, followed by a
more in-depth study of relevant topological concepts and then with the study of aspects
of differential geometry. A lot of effort will be spent to understand the various geometric
ideas in intuitive ways. After these foundations are built, we will proceed with building
connections between them before finally arriving at the climax of the chapter, in which
we will explicitly show the deep connection between the Berry phase and differential
geometry.

2.1 Berry phase and Topology

Consider a classical or quantum mechanical system. At t = 0 we start changing some or
all of the parameters of the system very slowly. We will soon be more precise on what
very slowly change means. Now, at a later time, t = T , we bring those parameters back
to their initial value. An interesting question to ask is whether or not something will
change in this system. We will first analyze what happens in a quantum system.

2.1.1 Berry phase: A standard derivation through the adiabatic ap-
proximation

Let {|n〉} be an orthonormal and complete basis consisting of eigenstates of a time-
dependent Hamiltonian Ĥ(t), and let a particle be in a state |Ψ〉. Note that the Hamil-
tonian could have an explicit time dependence. Inserting the resolution of identity,
1n×n =

∑
n |n〉 〈n|, we have |Ψ〉 =

∑
n |n〉 〈n|Ψ〉 =

∑
n cn(t) |n〉, where cn(t) := 〈n|Ψ〉.

Putting the state |Ψ〉 into the time dependent Schrödinger equation(TDSE), we get

Ĥ(t) |Ψ〉 = i~
d

dt
|Ψ〉

∑
n

cnĤ(t) |n〉 = i~
∑
n

ċn |n〉+ cn ˙|n〉

Using the time independent Schrödinger equation(TISE), Ĥ(t) |n〉 = En |n〉, and acting
with the bra 〈m| on both sides and using the orthonormality condition of the energy
eigenstates, 〈m|n〉 = δmn, we get

cmEm = i~ ˙cm +
∑
n

cn 〈m|ṅ〉 (2.1.1)

From the orthonormality condition, we get

d

dt
〈n| Ĥ(t) |m〉 = 0
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For n 6= m and using the TISE, we get

d

dt
〈n| Ĥ(t) |m〉 =

d

dt
(Enδnm) = 0

Now, hitting with the time derivative gives

d

dt
〈n| Ĥ(t) |m〉 = ˙〈n|Ĥ(t) |m〉+ 〈n| Ĥ(t) ˙|m〉+ 〈n| ˙̂

H(t) |m〉

Using the TISE for the first two terms on the right hand side(RHS) and using the fact
that the Hamiltonian is Hermitian gives

d

dt
〈n| Ĥ(t) |m〉 = Em 〈n|ṁ〉+ En 〈n|ṁ〉+ 〈n| ˙̂

H(t) |m〉 = 0 (2.1.2)

Again from the orthonormality condition, for n 6= m:

d

dt
〈n|m〉 = 〈ṅ|m〉+ 〈n|ṁ〉 = 0 (2.1.3)

Using (2.1.3) in (2.1.2), we get

〈n|ṁ〉 =
〈n| ˙̂

H(t) |m〉
Em − En

, ∀n 6= m (2.1.4)

Combining (2.1.4) with (2.1.1) we get(pay attention to the sum in (2.1.1) where m = n):

cmEm = i~ ˙cm + i~
∑
n

cn 〈m|ṅ〉 = i~ ˙cm + i~cm 〈m|ṁ〉+ i~
∑
n 6=m

cn
〈m| ˙̂

H(t) |n〉
En − Em

(2.1.5)

This is the point where the so called adiabatic approximation will be made. For a more
rigorous treatment of the adiabatic limit, see [29]. If

∑
n 6=m

cn
〈m| ˙̂

H(t) |n〉
En − Em

� 1 (2.1.6)

we can throw away the last term in (2.1.5) which, in perturbation theory terms, corre-
sponds to suppressing transitions to other eigenstates. In this case, (2.1.5) is reduced
to

˙cm = − i
~
cmEm(t)− cm 〈m|ṁ〉 (2.1.7)

which has the solution

cm(t) = cm(0) exp

−i
~

ˆ t

0
Em(t′)dt′ + i

(ˆ t

0
i
〈
m(t′)

∣∣ṁ(t′)
〉
dt′

) (2.1.8)
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We can also use a shorthand notation for the two terms in the exponential. Let us write
the first term as

θn := −1

~

ˆ t

0
En(t′)dt′ (2.1.9)

and the second term as

γn := i

ˆ t

0

〈
n(t′)

∣∣ṅ(t′)
〉
dt′ (2.1.10)

Note that γn is real since 0 = d
dt 〈n|m〉 = 〈ṅ|m〉+ 〈n|ṁ〉 and so Re

(
〈ṅ|m〉

)
= 0, ∀n,m,

and we thus have conservation of probability, of course.

Before continuing, I want to make a couple of remarks. The adiabatic approximation,
(2.1.6), essentially forbids transitions from one simultaneous energy eigenstate to an-
other, since the "mixing" term that is responsible for these transitions is the last term
in the RHS of (2.1.5). This is especially clear from (2.1.8). This is the essence of the
adiabatic theorem: In the adiabatic limit: a particle that starts in a particular energy
eigenstate will remain in that energy eigenstate as time goes by.
Something important to notice is that the instantaneous energy levels must not touch
for any t, otherwise the adiabatic approximation is not valid, as is evident from (2.1.6).
Returning back to the state |Ψ〉, we see that if

∣∣Ψ(0)
〉

= |n〉 then since cm(t) =

δnme
iγmeiθm then ∣∣Ψ(t)

〉
= eiγneiθn |n〉 (2.1.11)

The running of time gives two contributions to the evolution of |Ψ〉. One is θn(t), which
is called the dynamical phase that |Ψ〉 acquires. This is the standard phase that comes
along the time evolution of each energy eigenstate. The second contribution is γn(t),
which is the consequence of the adiabatic limit1. It is called the geometric phase or ,
more commonly, the Berry phase, and the reason that it is given this name will mainly
be the subject of the rest of this chapter.

2.1.2 Gauge invariance, Berry connection and Berry curvature

The million dollar question for a physicist to ask is whether or not the Berry phase is
an observable. In order for it to be so, it must be gauge invariant. For many years,
people where gauging it away, thinking that it is never an observable and this impression
remained until Michael Berry revisited the geometric phase and discovered conditions
for which it cannot be gauged away.

To showcase this, suppose that the Hamiltonian, Ĥ(t), does not have any explicit time
dependence and that its time dependence comes through some time dependent parame-
ters {x1, x2, x3, ...} for which we will use the shorthand vector notation R(t). So, we can

1Note, though, that we can still have Berry phase without being in the adiabatic limit. It is just that
the adiabatic condition is the easiest way to introduce the Berry phase. For more on this, the reader is
advised to follow [30].
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write (using the Einstein summation convention)

γn = i

ˆ t

0

〈
n(t′)

∣∣ṅ(t′)
〉
dt′ = i

ˆ
C

〈
n(R(t′))

∣∣∂µn(R(t′))
〉
dxµ

= i

ˆ
C

〈
n(R)

∣∣∣~∇R n(R)
〉
· dR

(2.1.12)

for a path C in parameter space that is parametrized by t′. An example of one such path
is illustrated in 2.1 below.
From now on, we will always write ~∇R simply as ∇.
The integrand in (2.1.12) is an important vector quantity, so we will give it a name.

Figure 2.1: An example of a path C in parameter space. The path shown is
parametrized by τ 6= t generally, except from the cases where the Hamiltonian does not
contain any explicit time dependence. In the latter case, the path can be parametrized
by t. Note that if ∂Ĥ(t)

∂t 6= 0 then the parameter space’s shape would not remain
constant as depicted above.

We define the Berry connection for the n-th energy eigenstate to be

A(n) = i 〈n|∇n〉 (2.1.13)

or in component form
A(n)
µ = i

〈
n
∣∣∂µn〉 (2.1.14)

Its name owes itself to a geometric structure called a connection and we will delve into
its geometrical significance in later sections. The reader who is familiar with the basics
of gauge theories may now identify (2.1.12) as a Wilson loop if C is a closed path
in parameter space and s/he should thus anticipate the next discussion on the gauge
invariance of the Berry phase.
For the Berry phase to bear any significance, it should constitute an observable phase
that cannot be removed by gauge transformations. Hence, it is now time to tackle the
question of its gauge invariance.
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Performing the gauge transformation

∣∣n(R)
〉
7−→

∣∣n′(R)
〉

= eiφ(R)
∣∣n(R)

〉
(2.1.15)

with φ smooth, the Berry connection transforms as

Aµ 7−→ A′µ = Aµ − ∂µφ (2.1.16)

since ∂µ |n〉 7−→ eiφ
∣∣∂µn〉+ ieiφ

(
∂µφ

)
|n〉, where ∂µ |n〉 :=

∣∣∂µn〉
Evidently, the Berry connection is not gauge invariant; γn transforms as

γn = i

ˆ
C

〈
n
∣∣∂µn〉 dxµ 7−→ i

ˆ
C

〈
n
∣∣∂µn〉 dxµ − ˆ

C
∂µφdxµ

= γn −
[
φ(R(tf ))− φ(R(ti))

] (2.1.17)

with R(ti) and R(tf ) corresponding to the start and end of the path respectively.
The Berry phase generally depends on the choice of gauge. In order for eiγn to be gauge
invariant, φ(R(tf ))− φ(R(ti)) = 2πm, m ∈ Z must be satisfied. This can only be true
for a closed C and for

∣∣n′〉 single-valued (at least in the region in question).

Now, consider two paths with the same starting and end points, C1 and C2. Traversing
each path will give a gauge-dependent Berry phase. Let us denote each phase as γn(Ci)

for path Ci, where i = 1, 2 with their respective direction as shown in figure 2.2.a.
The following presentation follows loosely from ref.[thesis on berry phase and chiral
magnets]. Let us examine the quantity γn(C2 − C1) := γn(C2) − γn(C1). Denote the
path −Ci as the path Ci traversed in the opposite direction. Then

γn(C2 − C1) = i

ˆ
C1

〈
n
∣∣∂µn〉 dxµ − i ˆ

C2

〈
n
∣∣∂µn〉 dxµ

= i

ˆ
C1

〈
n
∣∣∂µn〉 dxµ + i

ˆ
−C2

〈
n
∣∣∂µn〉 dxµ

= i

ˆ
C1−C2

〈
n
∣∣∂µn〉 dxµ

(2.1.18)

From figure 2.2.b, we can see that the path C1−C2 is a unidirectional loop. So, the final
result is:

γn(C2 − C1) = i

˛
C

〈
n
∣∣∂µn〉 dxµ (2.1.19)

Thus, the quantity γn(C2−C1) is a Berry phase which is gauge invariant. This result is
important since, in an experiment one can separate a beam of particles which were in the
same state, then change some parameters in the experiment differently for each beam
but have the parameters at the end point the same, and when the two beam reunite they
will produce interference effects, which are observable.
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Figure 2.2: In (a) we see the two paths, C1 and C2 in parameter space, which is
denoted by M . In (b) we reverse the orientation of the pathC2 in order to form a loop
C1 − C2. In (c), we transform the closed line integral of the Berry connection to a

surface integral of the Berry curvature, Fµν , through the Stokes theorem

Now, we can rewrite (2.1.12) as

γn =

˛
C
Aµdxµ =

˛
C
A · dR (2.1.20)

This is a closed line integral, it is natural to consider using Stokes’ theorem on the -
generally curved- manifold of parameter space.
For this, we define the Berry curvature as

F(n) = ∇×A(n) (2.1.21)

With the level index, n, suppressed until a distinction is needed, we can write (2.1.21) as

Fµν = ∂µAν − ∂νAµ (2.1.22)

The reader can verify that this is a gauge invariant quantity. Now, a reader that is
familiar with the covariant formulation of electromagnetism might have noticed that the
definition (2.1.21) bares a striking resemblance to the definition of the electromagnetic
field tensor, which is usually also written as Fmagµν = ∂µAν − ∂νAµ, where A in this case
is the electromagnetic four-potential. In matrix form, the EM tensor is

[Fmagµν ] =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

 (2.1.23)

where ~E = (E1, E2, E3) and ~B = (B1, B2, B3) are the electric and magnetic fields respec-
tively and the first line/row of Fµν are given from terms which include time derivatives
and/or the temporal component of ~A. In the present theory behind the Berry phase, time
shows up only implicitly through the parameters of the Hamiltonian, hence none of the
partial derivatives concern time and the Berry connection does not contain a temporal
component. So, if we where to define a tensor analogous to that of electromagnetism, its
first line and row would be equal to zero. So, this theory only concerns the analogue of
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the magnetic field, which is the Berry curvature.

Having defined the Berry curvature, we are now ready to use Stokes’ theorem.
If we can find a surface S in parameter space such that S = ∂C (with ∂C denoting that
C is the boundary of S), then Stokes’ theorem is applicable and (2.1.19) becomes

γn =

˛
C=∂S

A · dR =

¨
S
∇×A · dS =

¨
S
F · dS (2.1.24)

Equation (2.1.24) tells us that the Berry phase, γn is the total Berry curvature of any
surface S for which C = ∂S.

Going back to the analogy of the magnetic field, we can also view the RHS of (2.1.24)
as some kind of flux of the Berry curvature through the surface S. This is as though we
have "curvature monopoles" that act as sources or sinks of curvature, in analogy with
magnetic monopoles from which magnetic field lines emanate which, when penetrating
a surface S, create a "flow" of the magnetic field through this surface.

For example, for a sphere which is a manifold of constant curvature, as shown in figure
2.3, we can think of a "curvature monopole" that is sitting at the origin (due to the
spherical symmetry of the manifold) and curvature lines emanate from it. The problem
becomes a bit more complex when we are considering the curvature monopoles since the
sphere, as a manifold, has a positive curvature, while in our systems, the curvature of it
might also be negative if the curvature monopole that lies at its center has a negative
charge; so while the geometric picture can give us insights on the Berry phase that we
should expect depending on the manifold in question, it sometimes can confuse if we try
to go too far with it. The right mathematical language that one should use to describe
the geometry of the Berry phase is that of Fibre Bundles. The reader who is interested
in this could read more in [31].

The picture that the curvature can be described by monopoles is a fun, but also useful way
to think about (2.1.24); we will very shortly find a connection between these monopoles
and the energy spectrum of the Hamiltonian through the concept of the degeneracy of
a system’s Hamiltonian. These monopoles will turn out to be essential in the study
of systems whose properties rely greatly on the topology of the parameter space of the
system’s Hamiltonian.
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Figure 2.3: The monopole at the origin is the source of the constant curvature on the
sphere, though this becomes less intuitive if we consider its signed charge.

2.1.3 Stokes’ Theorem and Topology

In cases where the manifold (parameter space) which we are working in is not simply
IRn, problems can arise in the applicability of Stokes’ theorem. As implied in the section
above, we can have cases where we cannot find a suitable subspace of the manifold
whose boundary is the path C that we are traversing while changing the parameters of
the Hamiltonian.

To address this, we first have to understand what topology is. Unlike geometry, which
requires us to measure things like distances and angles, topology does not concern itself
with the details of the shape. It has to do with things like if a curve is closed or open,
with how many times a curve intersects itself, how many holes there are on a manifold,
etc. It does not have to do with the precise shape of a manifold but with characteristics
that don’t change if we transform/deform in a continuous way. Continuous way means
not open or closing holes and not ripping the manifold. So, for a topologist, an ellipse
and a sphere are the same thing; a torus and a coffee mug are the same thing since they
have one hole. Even if we create rough points, the topology remains the same.

The aim of this section is to understand what simply-connected and multiply-connected
spaces are. To do this, we first need to define what contractible loops are.

2.1.4 Contractible and non-contractible loops on manifolds

A contractible loop is a loop which can be contracted, in a continuous way, to a point.
In order to understand when is a loop contractible or not, we will consider the case of
the torus, T2. Two of the trademarks of T2 are its holes. To construct a torus, we can
take a rectangular part of IR2 and glue(or, identify) each side with that opposite of it,
as shown in the figure 4 below.

In figure 2.5, we see an example of how some loops on the torus can be continuously con-
tracted to a point. The important thing to point out here is that the particular loop does
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Figure 2.4: We first identify the left with the right edge, as shown on the left. This
gives us a cylinder. We then identify opposite sides again and we finally get the torus.
The "direction" of the identification is important, as the reverse identification of the

left and right edges of the rectangle would give a Möbius strip.

not wind around any of the two holes of the torus. All such loops on the torus are con-
tractible.

Figure 2.5: A contractible loop
on a torus

Such loop is again given in figure 6 below, along with
the other two topologically distinct loops that we can
have on the torus. Each of the two other kinds of loops
is characterized by which hole it winds around of. These
loops on the torus will become important later on when
we will see applications of these concepts to the area
of condensed matter physics, where our first Brillouin
Zone will be folded into a torus.
We also emphasize that what we are interested in is not
the actual shape of such loops, but their topology. In
particular, for our purposes, if two loops wind around
the same hole on the torus, they will give the results
for the Berry phase related quantities that we will con-
sider. This is because one such loops can continuously
be deformed into the other and this is all that topol-
ogy is concerned with. We can say these loops can be
topologically categorized by how many times they wind around each hole; some kind of
a winding number. In later sections, we will see that one such winding number actually
exists in analytical form and we will indeed use it to study the topology of physical
systems.

Figure 2.6: In (a) there’s a contractible loop A; it does not circle around any of the
two holes of the torus. In (b) there’s a non-contractible loop, B, which winds around
the small hole of the torus. In (c) there are two non-contractible loops, C and D that
wind around the big hole of the torus. C lies on the upper part of the surface while D

lies near the bottom(from our point of view).
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For later reference, it will be useful to clearly show how open and closed lines in the folded
plane with parallelly identified opposite edges translate to different classes of loops on
the resulting torus. These are shown in figure 2.7.

Figure 2.7: Following the folding procedure as depicted in 2.4, we see each of the three
lines in the plane with parallelly identified edges translating to each of the topologically-

distinct loops on the torus.

2.1.5 Simply-connected and multiply-connected spaces through mag-
netostatics

Definition: A simply-connected domain is one in which any loop is contractible. Oth-
erwise, the domain is called multiply-connected.

To see why the connectedness of a space is important, we will consider an elementary
example from magnetostatics.
Let there be an infinite wire lying along the z-axis and carries a current I. The magnetic
field generated by the wire given in cylindrical coordinates (ρ, φ, z) by

B =
µoI

2π

1

ρ
φ̂

If we now take the closed line integral of B along a loop C, we find
˛
C
B · dl =

˛
C

µoI

2π

1

ρ
φ̂ ·
(
ρdφφ̂

)
=
µoI

2π

˛
C
dφ

=
µoI

2π
(2nπ) , n ∈ Z

(2.1.25)

where the last equality follows from the fact that the loop C can wind around the
wire as many times as we want. Note that (2.1.25) agrees with Ampere’s law since¸
C B ·dl = µo (nI) = µoIencl., where Iencl. is the current that is enclosed by the Amperian
loop.

Now, the reason for which ˛
C
B · dl 6= 0
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is because the vector field B is undefined at the origin(or, to be more specific, it is
infinite), and thus the area enclosed by any Amperian loop is a multiply-connected
space; at ρ = 0 the magnetic field is not continuously differentiable due to the presence
of the current there, so B is continuously differentiable R3−{ρ = 0}, which is the whole
space minus the infinite line ρ = 0.

What we see here is an example of a non-contractible loop; a loop that surrounds the line
ρ = 0 cannot be contracted to a point. There is no way for the loop to be continuously
contracted to a point without crossing that line. So, the topology of the problem implied
that something non-trivial must happen for such loops.

This very elementary example also gives us the opportunity to meet a topological invari-
ant called the winding number. The winding number of this problem is simple, even
trivial:

1

2π

˛
C
dφ = n , n ∈ Z (2.1.26)

which is found in (2.1.25). The winding number is an integer since closed paths can only
pick an angle that is an integer times 2π.
If the loop C does not wind around the line ρ = 0 then the winding number will give
zero. The reason for this is that one such loop can be unwound and then contracted to
a point, while a loop that does contain ρ = 0 cannot unwind due to the presence of the
line. This is shown for the case of n = 2 in the following figure.

Figure 2.8: In the upper part of the figure, we see that we cannot unwind the loop
without crossing the red line, which would correspond to deforming the loop discontin-
uously. In the upper part of the figure, we see that the loop can be unwound and then
contracted to a point. The winding number of the former case is equal to zero while

for the later case it is equal to 2.

A simple naive calculation will give you that ∇ × B = 0, but by giving it a second
thought the reader should be suspicious about what happens at ρ = 0 since there B is
ill-defined. Indeed, if a domain D is multiply-connected, then we cannot naively apply
Stokes’ theorem. In particular, this example clearly shows that if a vector field F satisfies
∇×F = 0 in a domainD that is multiply-connected, then we cannot say that

¸
C F·dr = 0

for any C in D.
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2.1.6 Stokes’ theorem and multi-valued functions

It is said that in cases where
¸
C F · dr 6= 0, we cannot write

F = ∇f (2.1.27)

for some function2 f . What is really meant is that we cannot do this for any single-valued
function f . It turns out that we can do this for some multi-valued function f .
A single-valued function satisfies the following condition:

(
∂i∂j − ∂j∂i

)
f = 0 ,∀i, j (2.1.28)

which is called the Schwarz integrability condition. It states nothing else than the com-
mutativity of the mixed second partial derivatives.3 For a multi-valued f , the Schwarz
integrability condition is not satisfied, or written in vector form, ∇×∇f 6= 0.
Now, since f is multi-valued,

˛
C
F · dr =

˛
C
∇f · dr = f (final)− f (initial) 6= 0 (2.1.29)

holds in general, for a loop C.

If we now try using Stokes’ theorem, we find that for any S such that ∂S = C

˛
C
∇f · dr =

¨
S

(
∇× (∇f)

)
· dS 6= 0 (2.1.30)

since the Schwarz integrability condition is not met by f .

To see the use of this, we go back to the example of the infinite straight wire. There,
the magnetic field must satisfy Ampere’s law ∇ × B = µoJ, where J is the current
density which is non-zero only along ρ = 0. We thus expect J ∝ Iδ(ρ)x̂ and from this
∇ × B ∝ δ(ρ)x̂. If we now write B = ∇f for a multi-valued f , then we can see that
the Schwarz integrability condition is not met only on the "problematic" points, i.e.
those points that make our space multiply-connected. So, we have showed how such
multi-valued functions can help us with using Stokes’ theorem in multiply-connected
spaces.

The approach with multi-valued functions was inspired by chapter 4 of [32]. For more
on this approach, the reader is strongly advised to follow up on this reference.
This approach will be referenced once more when we talk about "problematic" gauge

2Of course, when mathematicians call a quantity a function, they implicitly mean a single valued one.
We will be careful to make the distinctions that we must without going into such detail on terminology.

3For informative reasons, the reader might want to know that there’s a theorem, called Schwarz’s
theorem, that states that if f is continuous at a point, then its mixed second partial derivatives will
commute at that point.



Berry phase, Topology and Affine Geometry 23

transformations that creep up in electrodynamics and in the calculation of the Berry
phase, but it will not be used throughout this document.

2.1.7 Stokes’ theorem in multiply-connected spaces using single-valued
functions

Since we will not be using multi-valued functions, it is useful to clearly state the effects
of the topology of the space to the applicability of Stokes’ theorem in a domain D.

It can be proved that for every path C in any simply-connected D, we can find an
orientable surface S such that is completely lies in D and ∂S = C. Since the proof of
this needs machinery that will not find further application in this document, we will not
prove this. But, using this, we can show that for any vector field F such that ∇×F = 0
in D, it follows that F = ∇f for some (single-valued) function f .

This is shown as follows: Since D is simply-connected, we can find an S as mentioned
above; so Stokes’ theorem is applicable here.

˛
C
F · dr =

¨
S
∇× F · dS = 0

since ∇× F = 0 in D. Using the two fundamental theorems for line integrals, it follows
that F can be written as the gradient of a single-valued f .

Figure 2.9: Möbius strip is a
non-orientable surface

It is emphasized that S must be orientable. To show
why, consider the case of the Möbius strip. If we start
at a point of the strip and define the normal vector that
points at one of the two possible directions then at the
end of a path like the one shown in the figure on the
right, the normal vector will point in the other direction,
rather than the one that it pointed at the starting point
of the path.

Since the normal vector on the Möbius strip is not well-
defined, there is no meaning in talking about any flux
through the Möbius strip. Thus, Stokes’ theorem is not applicable.
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2.1.8 Example of particle with spin-1
2
in homogeneous magnetic field

To make things concrete, we will examine the simple example of a spin-1
2 particle in

a homogeneous magnetic field. Here, we will consider the magnetic field’s direction in
space as the adiabatic parameter.

Using spherical coordinates, we can write

B = B(sinθ cosφ x̂+ sinθ sinφ ŷ + cosθ ẑ) = B B̂

where φ, θ are angular variables in the 3 dimensional space of magnetic fields, x̂, ŷ, ẑ
and B̂ are cartesian unit vectors and the radial unit vector in this space respectively and
B is the length of B. The Hamiltonian of this problem is Ĥ = −µ · B = µBσ · B and
has eigevalues E± = ±µBB, where µB is the gyromagnetic ratio and µ is the magnetic
dipole moment.
We can use the following basis for the spin-1

2 states

|+〉 =

 cos(θ/2)

eiφsin(θ/2)

 |−〉 =

−e−iφsin(θ/2)

cos(θ/2)

 (2.1.31)

Using the del operator in spherical coordinates

∇B =
∂

∂B
B̂ +

1

B

∂

∂θ
θ̂ +

1

Bsinθ

∂

∂φ
φ̂

we can find the Berry connections that correspond to each state.

∇B |+〉 =
1

2B

−sin(θ/2)

eiφcos(θ/2)

 θ̂ +
1

Bsinθ

 0

ieiφsin(θ/2)

 φ̂ (2.1.32)

Taking the inner product with i 〈+| gives

A+ = i 〈+| ∇B |+〉 = − 1

2B

1− cosθ
sinθ

φ̂ (2.1.33)

Doing the same for state |−〉 gives

∇B |−〉 = − 1

2B

e−iφcos(θ/2)

sin(θ/2)

 θ̂ +
1

Bsinθ

ie−iφsin(θ/2)

0

 φ̂ (2.1.34)

and, again, taking the inner product with i 〈−| gives

A− = i 〈−|∇B |−〉 =
1

2B

1− cosθ
sinθ

φ̂ = −A+ (2.1.35)
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For the Berry curvature, we use

∇B ×A± =
1

Bsinθ

(
∂

∂θ
(A±φ sinθ)−

∂A±θ
∂φ

)
B̂

+
1

B

(
1

sinθ

∂A±B
∂φ
− ∂

∂B
(BA±φ )

)
θ̂

+
1

B

∂

∂B

(
BA±θ −

∂A±B
∂θ

)
φ̂

(2.1.36)

where only A±φ 6= 0; using this and
∂A±φ
∂φ = 0 we get

F± =
1

Bsinθ

(
∂

∂θ
(A±φ sinθ)

)
B̂ − 1

B

∂

∂B
(BA±φ )θ̂

= ∓ 1

Bsinθ

∂

∂θ

(
1

2B
(1− cosθ)

)
B̂ − 1

2B

∂

∂B

(
B

1− cosθ
Bsinθ

)
θ̂︸ ︷︷ ︸

=0

= ∓
[

1

2B2sinθ

∂

∂θ
(1− cosθ)

]
B̂

= ∓ B̂

2B2

(2.1.37)

The final result is

F± = ∓1

2

B̂

B2
(2.1.38)

The Berry phase that corresponds to the closed loop θ = θo is given by

¨
S
F±·dS =

¨
S

(
∓1

2

B̂

B2

)
·(B2sinθdθdφB̂)︸ ︷︷ ︸

dS

= ∓1

2

¨
S
sinθ dθ dφ = ∓1

2
Ω(θo) (2.1.39)

where S is the northern surface which has boundary the loop θ = θo and Ω(θo) is the
solid angle of S, given by

Ω(θo) = 2π(1− cosθo)

The Berry curvature (2.1.38) corresponds to the monopole of charge ∓1
2 at the origin, as

the one mentioned at the end of section 1.1.2. This can be seen from calculating the flux
of F± over a closed surface, which corresponds to setting θo = π in (2.1.39). Dividing
the result by 2π and using Gauss’ theorem gives

1

2π

˚
∇ · F±dV = ∓1 (2.1.40)

From this, we find that

∇ · F± = 2πQ±δ
(3)(B) with Q± = ∓1

2
(2.1.41)
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in order to agree with the identity ∇ ·
(
r̂
r2

)
= 4πδ(3)(r).

By far the most important result of this section though, is that

1

2π

‹
S2

F± · dS = C±, C± = ∓1 (2.1.42)

2.1.9 Gauss-Bonnet-Chern theorem and the Chern number

Equation (2.1.42) is no coincidence. Had we integrated over any other closed surface that
is obtained by the original through a continuous deformation, the result would have been
the same. If we see the monopole as a source/sink of curvature then if we continuously
deform the surface we are integrating on will not change the flux of curvature through
it. Viewed from a more geometric perspective, we can interpret 1

2π

‚
S2 F± · dS as the

mean curvature of the surface we are integrating on. So, the monopole at the origin
is responsible for the quantization of the mean curvature of the surface. So, even if we
continuously deform the surface so as to always enclose the monopole, we will always get
the same mean curvature. This result is a generalization of the famous Gauss-Bonnet
theorem to higher number dimensions than two and it was produced by Chern; it is
thus called the Gauss-Bonnet-Chern theorem. The integer, C± from equation (2.1.42) is
called the first Chern number4.

To understand the physical origin of the quantized mean curvature, we will use Stokes’
theorem. Since Stokes’ theorem provides us with the freedom of choosing any surface
that we like whose boundary is the loop of the corresponding line integral, consider
an infinitesimal loop around the north pole of S2, which we will denote as C, and the
two surfaces to which the loop is the boundary of. Denote the northern area, which is
infinitesimally small, as S1 and the southern area, which is nearly S2, as S2. The two
surface integrals correspond to the same physical state, so we demand that both give the
same phase factor, i.e.

eiγ(S2) = ei(γ(S1)+2πC), C ∈ Z

=⇒
¨
S2

F · dS =

¨
S1

F · dS + 2πC, C ∈ Z
(2.1.43)

Now, if we shrink the loop to a point, then
˜
S1
F · dS→ 0 since the Berry curvature is

non-singular in S1. In this limit, we also have S2 → S2 so (2.1.43) becomes
‹
S2

F · dS = 2πC, C ∈ Z (2.1.44)

Here, C could be equal to zero. When this is the case, we say that the topology is trivial.
This completes the physical argument for the quantization of the mean (Berry) curvature.

4Note that another quantity that is used in physics is the second Chern number. This has to do with
four dimensional parameter spaces, something that we will not get into in this thesis.
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Note that the argument did not rely on the exact shape of S2 and all of the above steps
can be made for any manifold that results from the continuous deformation of S2, which
shows the topological nature of (2.1.44). Even more generally, the argument did not
even rely on the nature of the particular example’s manifold and the above result is thus
generalizable to any parameter space.

2.1.10 More on Dirac Strings

The monopole is not the only diverging quantity though. From (2.1.31), we can see
that both |+〉 and |−〉 are ill-defined at θ = π since arriving to θ = π from various
φ-directions gives a different result; we have a φ-ambiguity. If we also look back at A±

we see that they are singular along the semi-axis θ = π (but not along θ = 0). The line
θ = π is called a Dirac string. It is not gauge-invariant in the sense that it can be moved
around with a gauge-transformation. Its existence is gauge invariant though, otherwise
the topology in the case where it exists would be non-trivial whereas in the other case it
would be trivial, hence we would not be talking about the same problem. To motivate
this, the reader can verify that by using the states that have φ-ambiguity along θ = 0,
are given by ∣∣+′〉 =

e−iφcos(θ/2)

sin(θ/2)

 ∣∣−′〉 =

−sin(θ/2)

eiφcos(θ/2)

 (2.1.45)

We get to these states by the gauge transformation
∣∣±′〉 = e∓φ |±〉, so we can use the way

that the Berry connection transforms under a gauge transformation, as give by (2.1.16),
to find that their corresponding Berry connections are the following

A
′± = ± 1

2B

1 + cosθ

sinθ
êφ (2.1.46)

The reader can verify that we get a Dirac string along θ = 0. This inability to remove
the Dirac string when performing gauge-transformations is reminiscent of deforming S2

in (2.1.42) and still getting Q± = ∓1.

Now, consider again using the states defined in (2.1.31) and consider the line integral
of its corresponding Berry connection along an infinitesimally small loop around the
northern pole of S2. Since A± is non-singular there, the integral will give zero. If we
now convert to a surface integral of the Berry curvature using the Stokes theorem, we
should again get zero. If we choose the northern (infinitesimal) surface that the loop
encloses, this is indeed zero. But, if we choose the southern surface, which is essentially
the whole S2, the surface integral gives the full flux of the monopole, which is definitely
not equal to zero! Recall that the Berry connection is singular along θ = π, so our loop
cannot be contracted to the point if we choose to contract it along the domain of the
southern surface.
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Let us now reverse our loop so as to enclose an infinitesimally small surface around the
southern pole. Let us first choose the northern surface, which is again the whole S2.
Now, there’s no singularity of A± in that domain, so the surface integral will be non-
zero. So, the line integral along this infinitesimal loop will be non-zero, and since this
corresponds to the surface integral along the infinitesimally small southern surface, we
can see that the Dirac string is a means of importing curvature in the interior of the
surface and it is responsible for supplying the monopole, which is a sink or source, with
negative or positive curvature, respectively.

2.1.11 Chern number through gauge transformations

Motivated by our discussion in section 2.1.10, we can find another way to prove the
quantization of the Chern number. We can use both (2.1.31) and (2.1.45) in different
domains in order to be able to cover the whole sphere with singularity-free "coordinates".
Each of the two basis give two different gauge fields (the Berry connections), which we
can identify as the analog of the patches needed to cover a manifold.
The Hamiltonian in example 2.1.8 is analogous ofB(R)·σ, whereR denotes the parame-
ters of the system. So, as in example 2.1.8, for Hamiltonians of the formH(R) = h(R)·σ,
we get a mapping R 7→ h(R). The minimum number of gauges that we will will depend
on the the manifold that corresponds to this mapping. This is certainly the case for
example 2.1.8, where the mapping defines a sphere, S2, which needs two patches to cover
it(singularity-free).
Let us have one such generic Hamiltonian and, for the sake of clarity, suppose that we
only need two gauges to cover the manifold defined by h(R). We choose two gauges,
which we will call A1 and A2 and are singular at distinct points in the R-space. We
define domains, D1 and D2 such that the singularity corresponding to A2 and A1 are
contained in each, respectively. Then, we will use A1 in D2 and the reverse.
We also define a domain of infinitesimally small overlap as D̄. The boundary of D1 + D̄

is infinitesimally close to being the boundary of D2 + D̄. We denote the boundary of
each domain as C.
We then have

¨
D1+D2

F · dS =

¨
D1+D̄

F · dS +

¨
D2+D̄

F · dS

=

˛
∂(D2+D̄)

A2 · dR−
˛
∂(D1+D̄)

A1 · dR

=

˛
C

(A2 − A1︸︷︷︸
A2−∇φ

) ·R

=

˛
C
∇φ

= 2πn, n ∈ Z

(2.1.47)
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where in going from the second to the third line we used that Stokes’ theorem reverses
the direction of the path integration between each domain, in going from the third
to the fourth line we used the fact that the gauges are connected through a gauge
transformation, (2.1.16), and to go to the last line we used the fact that integrating a
phase over a closed loop will give an integer multiple of 2π.
We can this identify the integer, n of (2.1.47), with the Chern number of (2.1.44)
For the particular example 2.1.8, the A1 is that of (2.1.33) and (2.1.35) and A2 is that of
(2.1.49). So, here we could choose D1 = 0 6 θ < π

2 + ε and D2 = π
2 − ε < θ 6 π where ε

is infinitesimally close to zero.

2.1.12 Another formula for the Berry curvature

We will now give another formula for calculating the Berry curvature. We can write the
Berry curvature in component form as

Fk = εijk∂iAj = iεijk∂i
〈
n
∣∣∂jn〉

= εijk

(〈
∂in
∣∣∂jn〉+

〈
n
∣∣∂i∂jn〉) = εijk

〈
∂in
∣∣∂jn〉 (2.1.48)

where the last equality holds because εijk is antisymmetric under i ↔ j and
〈
n
∣∣∂i∂jn〉

is symmetric under i↔ j. Inserting the resolution of identity, the above equation gives

Bk =
∑
m

εijk 〈∂in|m〉
〈
m
∣∣∂jn〉 =

∑
m 6=n

εijk 〈∂in|m〉
〈
m
∣∣∂jn〉 (2.1.49)

where the last equality holds because 〈∂in|n〉
〈
n
∣∣∂jn〉 = −〈∂in|n〉

〈
∂jn
∣∣n〉, which is

symmetric under i↔ j, so for m = n we get zero. Now, using the same arguments that
we used to derive (2.1.4), we have

〈
∂jn
∣∣m〉 =

〈n| ∂jĤ |m〉
Em − En

(2.1.50)

We can thus write

Fk =
∑
m 6=n

εijk
〈n| ∂iĤ |m〉 〈m| ∂jĤ |n〉

(Em − En)2
(2.1.51)

or, in vector form

F(n) =
∑
m6=n

〈n| ∇Ĥ |m〉 × 〈m| ∇Ĥ |n〉
(Em − En)2

(2.1.52)

where we have re-introduced the level index n for reasons that will become apparent
shortly. A very important thing to point out here is that the gradient in (2.1.52) only
hits the Hamiltonian and not its instantaneous eigenkets. This means that we are now
free to also use multi-valued states, as the ill-defined (at the non single valued points)
operation of a gradient acting on them is not present here.
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Let us now take the sum over the Berry curvature of every energy level, n. Since we
know that the term m = n in (2.1.52), will give zero, we omit the inequality sign:

∑
n

F(n) =
∑
n

∑
m

〈n| ∇Ĥ |m〉 × 〈m| ∇Ĥ |n〉
(Em − En)2

=
∑
m

∑
n

〈m| ∇Ĥ |n〉 × 〈n| ∇Ĥ |m〉
(En − Em)2

(m↔ n)

= −
∑
m

∑
n

〈n| ∇Ĥ |m〉 × 〈m| ∇Ĥ |n〉
(En − Em)2

(A×B = −B×A)

= −
∑
n

∑
m

〈n| ∇Ĥ |m〉 × 〈m| ∇Ĥ |n〉
(Em − En)2

(
∑
m

∑
n

=
∑
n

∑
m

)

= −
∑
n

F(n)

(2.1.53)

This implies that ∑
n

F(n) = 0 (2.1.54)

or, if we take the closed surface integral of each F(n) and divide by 2π (see (2.1.44) which
holds for any manifold), ∑

n

Cn = 0 (2.1.55)

As the reader can verify, this result holds for the example of a spin-1
2 particle in an

external magnetic field.

One thing that (2.1.52) shows is that the Berry curvature is singular in parameter space
at the place where degeneracies exist. That is why the Chern number, as given in (2.1.42),
is also called the Berry index of the degeneracy. Now, going back to example in secton
1.1.4, we see that the Berry curvatures in (2.1.38) are singular at B = 0. Since the
Hamiltonian eigenvalues of this example are E± = ±µBB, we see that they are degen-
erate at B = 0. So, the points where the energy eigenvalues are degenerate are also the
points where the Berry curvature is singular; we also have Dirac strings connected to
these points, as we have already shown. This result holds generally and is very impor-
tant for condensed matter systems where a degenerate first Brillouin zone (FBZ) could
correspond to a conductor while a non-degenerate FBZ corresponds to an insulator.
The reader who might want to investigate further into the matter of degeneracies in the
theory of the Berry phase, can read [33].

Lastly, note that (2.1.52) implies that we can view the Berry curvature as the result
of consecutive virtual transitions to different energy levels. This also shows that in order
to get a non-zero Berry curvature, we need the presence of at least one other energy level
(m 6= n).
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Figure 2.10: We see the energy eigenvalues of the example of the spin- 12 particle in
a magnetic field of section 1.1.4 as a function of the magnetic field vector’s length. We
notice that B = 0 is a point of degeneracy. Note that the slopes are exaggerated and

the graph is not properly scaled.

2.1.13 Non-Abelian Berry phase

In 1984, Wilczek and Zee worked out the case of the non-Abelian Berry phase, which is
the generalization of the Abelian case in the presence of degeneracies.
So, for completeness, in this section we will allow degeneracy and we will see that the
transition between degenerate states of the same energy follows from this.
Without going into too much details on the adiabatic condition for the non-Abelian case,
we will take for granted that, in the adiabatic limit, there will be no transitions to states
of energy different than Ei. This is guaranteed if the degeneracy does not change with
time, which is the analogue of the condition that no degeneracy must occur during the
adiabatic evolution in the Abelian case.

Let states {ni}n=1,..,N denote all the N states with energy Ei(t). Since we want to make
clear the effect of the adiabatic evolution, we will "hide" the dynamical evolution5 of
the states {ni}n, which is the same for every such state. To do this, we follow a similar
treatment as that on p.260-261 of [34] and define the Hamiltonian

H̃(t) := H(t)− Ei(t) (2.1.56)

so that
H̃ |ni〉 = 0 ∀i (2.1.57)

5Although, this could be done in the most general case without too much additional sweat. Here, we
choose not to do so, so as to clearly illustrate our points.



Berry phase, Topology and Affine Geometry 32

From now on, we will suppress the index i since no states of any other energy will enter
the calculations.

Consider a general state that is in a superposition of the states of energy Ei and denote
it by |Ψ〉 =

∑
n cn |n〉. Inserting this into the TDSE, we get∑

n

ċn |n〉+ cn |ṅ〉 = 0 (2.1.58)

Hitting from the left with bra 〈m| gives

ċm +
∑
n

cn 〈m|ṅ〉 = ċm +
∑
n

cn 〈m|ṅ〉︸ ︷︷ ︸
〈m|∂αn〉ẋα

= 0 (2.1.59)

where the sum over α is implied.
Now, to generalize the Abelian Berry connection, we define

Amn := i 〈m|ṅ〉 (2.1.60)

and
(Aα)mn := i 〈m|∂αn〉 (2.1.61)

So, now, the Berry connection becomes a matrix, whose diagonal elements, Ann, can be
regarded as those of the Abelian Berry connection. Put differently, the components of
the Abelian Berry connection(which is a vector quantity) are the diagonal elements of
the non-Abelian Berry connection.
With the definitions (2.1.60) and (2.1.61) and using the chain rule we rewrite (2.1.59) as

ċm − i
∑
n

Amncn = ċm − i
∑
n

(Aα)mn ẋαcn = 0 (2.1.62)

The right side of equation (2.1.62) has deep geometric roots, which we will explore in
later sections; there we will also motivate why it is called a connection.

The solution of (2.1.62) is identical of that of the exact solution for the Schrödinger
equation for a time-dependent Hamiltonian. To motivate its solution, let us define

~c :=



c1

c2

.

.

cN


and [A] :=


A11 A12 . . . A1N

A21 A22 . . . A2N

...
...

. . .
...

AN1 AN2 . . . ANN

 (2.1.63)
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Now, we can write equation (2.1.62) as

d

dt
~c(t) = i[A]~c(0) (2.1.64)

Heuristically, following the solution of the above differential equation in the case of scalar
functions, we can guess that the solution is

~c(t) = T exp

[
i

ˆ t

0

[
A(t′)

]
dt′

]
~c(0) (2.1.65)

where T is the time ordering operator whose effect is the following

T
[
Â(t1)B̂(t2)

]
=

 Â(t1)B̂(t2), if t1 > t2

B̂(t2)Â(t1), if t2 < t1

for any two operators Â, B̂.

Proof :

Integrating both sides of (2.1.64) gives

~c(t) = ~c(0) + i

ˆ t

0
dt′
[
A(t′)

]
~c(t′) (2.1.66)

Plugging ~c(t) back into into the integrand of (2.1.66) gives

~c(t) = ~c(0) + i

ˆ t

0
dt′
[
A(t′)

]
~c(0) + (i)2

ˆ t

0
dt′
ˆ t′

0
dt′′
[
A(t′)

] [
A(t′′)

]
~c(t′′) (2.1.67)

Following the same procedure infinite times will give

~c(t) = ~c(0) + i

ˆ t

0
dt′
[
A(t′)

]
~c(0) + (i)2

ˆ t

0
dt′
ˆ t′

0
dt′′
[
A(t′)

] [
A(t′′)

]
~c(0)

+ ... + (i)j
ˆ t

0
dt′
ˆ t′

0
dt′′ ...

ˆ tj

0

[
A(t′)

] [
A(t′′)

]
...
[
A(tj)

]
~c(0) + ... (2.1.68)

with tj denoting t with j apostrophes!
Now, (2.1.68) almost looks like the Taylor expansion for the exponential function. To
massage it into that form, we need the time ordering operator, T.
To motivate its function, I will calculate explicitly the following:

T

{ˆ t

0
dt′
[
A(t′)

]ˆ t

0
dt′′
[
A(t′′)

]}
= T

{ˆ t

0
dt′
ˆ t

0
dt′′
[
A(t′)

] [
A(t′′)

]}

=

ˆ t

0
dt′
ˆ t

0
dt′′Θ(t′ − t′′)

[
A(t′)

] [
A(t′′)

]
+

ˆ t

0
dt′
ˆ t

0
dt′′Θ(t′′ − t′)

[
A(t′′)

] [
A(t′)

]
(2.1.69)
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where

Θ(x1 − x2) =

 1, if x1 > x2

0, if x2 > x1

is the Heaviside step function.
Flipping the variables(t′ ←→ t′′) in the integrals in the second term of the RHS of (2.1.69)
(essentially performing a double change of variables for each integral), we get

ˆ t

0
dt′
ˆ t

0
dt′′Θ(t′ − t′′)

[
A(t′)

] [
A(t′′)

]
+

ˆ t

0
dt′
ˆ t

0
dt′′Θ(t′′ − t′)

[
A(t′′)

] [
A(t′)

]
t′←→t′′

= 2

ˆ t

0
dt′
ˆ t

0
dt′′Θ(t′ − t′′)

[
A(t′)

] [
A(t′′)

]
Having the step function take effect on the boundaries of the inner integral gives

2

ˆ t

0
dt′
ˆ t

0
dt′′Θ(t′ − t′′)

[
A(t′)

] [
A(t′′)

]
= 2

ˆ t

0
dt′
ˆ t′

0
dt′′
[
A(t′)

] [
A(t′′)

]
This gives the final result of the calculation:

ˆ t

0
dt′
ˆ t′

0
dt′′
[
A(t′)

] [
A(t′′)

]
=

1

2
T

{ˆ t

0
dt′
[
A(t′)

]ˆ t

0
dt′′
[
A(t′′)

]}
(2.1.70)

Now the method can be executed automatically.
For example

T

{ˆ t

0
dt′
[
A(t′)

]ˆ t

0
dt′′
[
A(t′′)

]ˆ t

0
dt′′′

[
A(t′′′)

]}

=

ˆ t

0
dt′
ˆ t

0
dt′′
ˆ t

0
dt′′′Θ(t′ − t′′)Θ(t′′ − t′′′)

[
A(t′)

] [
A(t′′)

] [
A(t′′′)

]
+Θ(t′ − t′′′)Θ(t′′′ − t′′)

[
A(t′)

] [
A(t′′′)

] [
A(t′′)

]
+Θ(t′′ − t′)Θ(t′ − t′′′)

[
A(t′′)

] [
A(t′)

] [
A(t′′′)

]
+Θ(t′′ − t′′′)Θ(t′′′ − t′)

[
A(t′′)

] [
A(t′′′)

] [
A(t′)

]
+Θ(t′′′ − t′′)Θ(t′′ − t′)

[
A(t′′′)

] [
A(t′′)

] [
A(t′)

]
+Θ(t′′′ − t′)Θ(t′ − t′′)

[
A(t′′′)

] [
A(t′)

] [
A(t′′)

]
and performing again the appropriate changes of variables and using the step functions
on the limits of each inner integral, we get

ˆ t

0
dt1
ˆ t1

0
dt2
ˆ t2

0
dt3

3∏
n=1

[
A(tn)

]
=

1

3!
T


3∏

n=1

(ˆ t

0
dtn
[
A(tn)

]) (2.1.71)
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where we have switched to the notation mentioned under (2.1.68).
Following the same pattern, we can rewrite (2.1.68) as

~c(t) = T

∑
n

(i)n

n!

(
i

ˆ t

0
dt′
[
A(t′)

])n~c(0) (2.1.72)

Finally, using

exp
[
Ω̂
]

=
∑
n

(Ω̂)n

n!

for any operator Ω̂, we get the final, compact form of the solution of (2.1.64), namely

~c(t) = T exp

[
i

ˆ t

0
dt′
[
A(t′)

]]
~c(0) (2.1.73)

which agrees with (2.1.65), and we thus complete the proof.

To complete this section, we note that (2.1.73) can also be written using the changing
parameters, R(t) as follows:

~c(t) = T exp

[
i

ˆ t

0

[
A(t′)

]
dt′

]
~c(0) = P exp

[
i

ˆ t

0

[
Aα(t′)

]
dxα

]
~c(0) (2.1.74)

where the sum over α is implied and the matrix elements of
[
Aα(t′)

]
are as given in

(2.1.63).
The operator P is called the path-ordering operator. Before, we were integrating over
the parameter t which was parametrizing the path we are traversing in parameter space.
Now, we are integrating over the parameters of the path, so instead of having an operator
that makes sure that we were integrating over earlier times first, we now have an operator
which makes sure that we are integrating over the sections of the path that are traversed
first.

The generalization of the Abelian Berry phase, as given in (2.1.74) is also called the
Wilczek-Zee phase due to its discoverers.

Unfortunately, due to the complicated nature of the solution (2.1.74), in practice these
solutions are calculated using numerical methods rather than analytically.

To better understand how it physically generalizes the Abelian case, we will draw an
analogy with the standard rotation operator in the case of the spin-1

2 system.
We first observe that the transformation

P exp

[
i

ˆ t

0

[
Aα(t′)

]
dxα

]
(2.1.75)
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preserves the length of ~c (due to the constancy in the normalization of the general state
that we are considering), and it is thus unitary and, as such, it can be viewed as a
rotation in the internal ~c-space as we are moving through parameter space.
So, what happens in the non-Abelian case is the "mixing-up" of the energy eigenstates
of energy Ei. Seen through these eyes, for two states of the same energy, (2.1.75) can be
interpreted as the analogue of the rotation operator in the case of the spin-1

2 case,

exp
[
−iθn̂ · S/2

]
where θ is the angle of rotation in the internal spin-1

2 space, n̂ is the unit vector pointing
along the axis around which we want to rotate and Si is the i-th Pauli matrix.
To sum it up, the analogy is that as the rotation operator rotates in the internal spin-1

2

space, the ordered operator (2.1.75) rotates in the internal ~c-space in a similar way.

As a preliminary for what will follow in later sections, we give a pictorial way of un-
derstanding this in the following figure: Note that there are many more things to say

Figure 2.11: In the non-Abelian case, as we move through parameter space, we get
a rotation in the internal ~c-space. Here the multiplicity of the degeneracy is equal to
2. Also, |~c(t)| = |~c(0)|. Note again that the parameter space shown above corresponds
to a Hamiltonian with no explicit time dependence since its shape remains constant in

time.

about non-Abelian Berryology. This will be done in the next sections, where we will
study the geometry behind Berryology. Non-Abelian Berryology will be applied in the
last chapters, where we will consider Bloch states with spin.



Berry phase, Topology and Affine Geometry 37

2.2 Berry Phase and Affine Geometry

2.2.1 Qualitative aspects of Affine and Differential Geometry

2.2.1.1 Classical geometric phases by example: Foucault’s pendulum

We will now tackle a classical example in which anholonomy is existent. One of the
most common examples given in the classical case is that of the Foucault pendulum.
A pendulum is carried slowly around a closed path on the Earth’s surface. We can
equivalently say that we can just stand still holding the pendulum while Earth rotates,
with our position being such that our marked path on the Earth’s surface is the same as
the closed path mentioned above. The pendulum’s period is much less that the period
of the rotation of the Earth around itself, and this is enough for now in order for the
change (here the traversing of the path) to be considered adiabatic.

Consider two "extreme" positions for the pendulum to be. One is on either of the two
geographic poles and the second is on a point along the equator. The first case is easier
to understand and it is shown in figure 2.12.

Figure 2.12: The evolution of the oscillation plane of the pendulum, when the pen-
dulum is at a pole. The pole rotates by an angle of 2π after a full rotation of the Earth,

at time t = T . The tangent plane at the pole is represented by the blue plane.

The first case is when we hold the pendulum in such a way so that its plane of rotation
is normal to the local tangent plane at the pole, then we-and the pendulum-will just
rotate with the Earth without any phase difference between us. That is, in a full T = 24

hours, we and the Earth will have rotated by 360 degrees. So, while the parameters of
the system change very slowly, the plane of rotation changes too, but at the end of the



Berry phase, Topology and Affine Geometry 38

closed path, the plane of rotation will be the same as when we started.

The second case is a bit harder to intuitively understand. Let us again hold the pendulum
so that its plane of rotation being normal to the local tangent plane. It turns out that the
plane of oscillation of the pendulum will not rotate around the local normal vector to the
local tangent plane, which is the complete opposite of what’s happening in the first case.
Here I will explain two particular ways of understanding this. One way to think about
it is through symmetries. Why would the plane rotate in one direction rather than the
opposite one? Another way is through geometry; before providing the full explanation
in terms of geometry, the reader should first view figure 2.13.

Figure 2.13: In the second case, the plane of oscillation does not rotate around the
local normal vector to the local tangent plane.

Before delving into the full explanation of the underlying geometry, we also need to con-
sider the non-"extreme" points. Since on the pole we get a plane of oscillation rotation
by 2π but on a point along the equator we get no rotation, then at some points along
curves of constant latitude we will get rotation by an angle 0 < φ < 2π; the closer
the curve of constant latitude is to the equator, the closer φ will be to being zero. As
expected the rotation angle, φ depends only on the polar angle, θ, and they are related
by φ = 2πcos(θ). We can get a better picture of all the above by looking at 2.14.
Note that for small angles, cos(θ) ≈ 1, which agrees with the fact that manifolds, such
as the sphere, are locally Euclidean since φ = 2π is what we would get if we stood with
the pendulum at a point in IR2 while IR2 rotated by 2π.
Also, I should mention that a precise way to refer to this rotation is as a rotation of the
vector around each normal vector defined locally on each tangent manifold at each point
that the vector is defined. This more precise language will be helpful later on.
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Figure 2.14: If we define a vector that is normal to the plane of oscillation, the
rotation of that vector is the same as the rotation of the plane. Here, we see three
different choices of positions to stand on (latitude θ), and we can see that the closer
that we are to the equator (θ = π

2 ), the less the rotation of the plane of oscillation after
one full rotation of the Earth Note again that standing still at a point while the Earth
rotates is equivalent to moving along the the path that we would have followed in the

first case, but under no rotation of the Earth.

It is now high time to introduce some concepts of differential geometry and use them to
explain all the above results through modern geometry. There are a couple of "funda-
mental" properties that characterize manifolds, such as the sphere from above. One is
the metric, a means of measuring distances and angles, while the other, which we will
mainly use here, is the curvature. Curvature determines the (locally) straightest possible
curves on the manifold and, subsequently, how vectors rotate around the normal vector
of the local tangent plane as they "travel" around the manifold, going from one tangent
plane to another. In the example of Foucault’s pendulum, we could attach a vector that
is normal to the plane of oscillation; then, we can view the traveling (with the pendulum)
along a curve on the sphere as transporting the normal vector along the tangent plane
defined at each point along the curve.
The straightest possible curves in a flat space are, of course, straight lines. But what
about those on a sphere? It turns out that the faster way to get from one point to an-
other is to draw a circle that has as a center the center of the sphere (like the equation)
and passes through the two points. Then, you just follow the shortest of the two paths
that connect the two points along that curve. By the way, one such curve on a sphere
is called a great circle, while the straightest possible curves on any manifold are called
geodesics. For your information, the locally straightest curves between two points (which
is a property of the curvature) are also locally the curves of least distance between the
same two points (something which is determined by the metric).
As you must have already understood, we attach at each point of a manifold a tangent
plane, so that at each point we can have vectors living there. The reason that this is
natural to do so is because any vector defined at a particular point that does not belong
to the tangent plane of that point does not entirely "belong to the manifold" in the sense
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Figure 2.15: Geodesic on sphere

that an inhabitant of the sphere sees only the components of vectors that belong to the
tangent plane of the point that they are standing on; they will just see the projection of a
vector onto that tangent plane. This makes sense when we think of intrinsic quantities of
a manifold. We have the choice to not even place the manifold in one such ambient space
(here IR3), so in an intrinsic analysis of manifolds, we should not even consider normal
vectors to local tangent planes since those normal vectors need an ambient space since
the manifold only provides us with a tangent plane at each of its points; and intrinsic
quantities is what modern differential geometry is concerned with.
Later on, it will become clear that we can attach at a point much more than just tan-
gent planes. But, this notion of having intrinsic quantities remains and it is central to
our analysis of even the Berry phase. This notion will demand that we define intrinsic
quantities, like an "intrinsic derivative", in order to replace quantities that do not work
well in curved manifolds due to not being intrinsic, like the Euclidean derivative ∂i = ∂

∂xi

for cartesian coordinates {xi}.

2.2.1.2 An equivalent for parallel transport on surfaces

Before proceeding on to a more formal treatment of the above, I repeat that the process
of holding the pendulum and walking along a curve of constant latitude is equivalent
to transporting a vector along that curve, since we can always attach a vector that is
normal (or parallel) to the plane of oscillation. As described in the previous section, this
process is more formally called parallel transport. The process of parallel transport is
made when we want to transport a vector from one point to another while trying to keep
it pointing in its original direction as much as possible. Parallel transporting a vector
along a curve on a manifold is not a trivial business when the manifold is not flat.
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To illustrate this, consider first the transport of a vector along a triangular curve in
flat, Euclidean space. This is showcased in figure 2.16, where we can see that we can
always keep the vector pointing along its original direction. This is easy to understand:
while standing up and pointing our one hand at a particular direction, we can certainly
move in a small closed loop (small in order to effectively get the effects of a Euclidean
space) and get the same vector at the end of the loop. Now, what if we tried to take the
analogous path on a curved manifold, such as a sphere? With reference to 2.16, we see
that as we are parallel transporting the vector along the closed "triangular" loop on the
sphere, the end vector does not point at the same direction as the original vector. We
have tried to keep it pointing at the same direction as possible and yet we couldn’t. As

Figure 2.16: On the left, parallel transport along a triangular path is shown. The
parallel transported vector returns to itself. On the right, parallel transport along the
analogue of a triangular path in Euclidean space is hows. The parallel transported

vector does not return to itself.
Adapted form [35].

I have previously shown in the case of moving along the equator, the plane of oscillation
does not rotate around the local normal vector at each tangent plane. This is certainly
not true globally for the other cases of constant latitude.
The best we could do in order to keep the transported vector’s direction as close to the
original is to try to impose the above condition locally. This agrees with our everyday
intuition, where if given the task to transport a vector quantity (like our finger pointing
at a particular direction), we will try to move without twisting around the axis that
connects our head with the Earth’s core.

Figure 2.17

To showcase this in the case of Foucault’s pendulum, we will use a
trick. Without previous exposition to such concepts, it might be rel-
atively difficult to intuitively understand why the local non-twisting
around the normal vector condition is equivalent to parallelism in
the case of the sphere, so we will use a smart observation to convert
our problem to transporting our vector on a manifold that is "mostly
Euclidean" (we will shortly be more precise on what this means).

Consider the closed path C as a curve of constant latitude and a vec-
tor V that we want to parallel transport. Also, let each point on the
sphere be denoted as R(t), the angle which the parallel transported
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V changes with respect to the original direction be α(t) and the normal vector to the
local tangent plane as n(t).

Following figure 2.17, we can see that at each point on C, the tangent planes that
correspond to the sphere are the same as those for the particular cone. So, the parallel
transport, as a transport from one tangent plane to another, is the same if we do it along
C on the cone or the sphere.

Now, as the reader can find for herself/himself, we can take a shredded piece of paper
and glue its cut sides and the result will be a cone. This transformation is illustrated in
the following figure:

Figure 2.18: Shredded piece of paper to a cone. The red lines are the cut sides that
we must glue in order to get the cone.

As a side-note that will be useful later on, I must mention that in the undeformed shape,
all of the effects of curvature are contained in the identification of the two cut sides since
all the other space is flat. In the deformed shape (cone), the identified sides amount to a
straight line that has no difference from any other similar straight line emanating from
the tip of the cone. So, the effects of the curvature are all contained at the tip of the
cone, where there seems to be some kind of higher derivative discontinuity; this is what
we meant with manifold that is mostly Euclidean (see on the left of figure 2.17).

Returning to our example, we can now perform the parallel transport along the shredded
IR2. As I have previously said, this is done by transporting V along C without letting
it twist around the local normal vector n, which is now represented by a vector that is
pointing inside or outside of the paper.
To go back to the cone picture and get the final vector, we must glue the two sides
that contain the starting point and end point. The angle between the two edges in the
shredded IR2 picture is the same as the angle between the initial and the final vector,
something that can be understood pictorially thorough figure 2.19. Going way back
to the sphere picture, we see that the closer we are to the equator, the shorter the
corresponding cone is so the less the angle α is. In the other extremum, the closer we
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Figure 2.19: On the left, the parallel transport in the shredded IR2 picture is shown.
On the right, the identification of the red edges and the non-zero angle between initial

and final vectors is shown.

are to the North (or South) pole, the taller the cone must be, so the bigger the angle α
will be. Lastly, I point out the now obvious fact that α here is the same quantity as φ
of section 1.1.1.

In this way, we have shown that, at least heuristically, the notion of parallel transport as
a transport during which we try to keep the transported vector pointing in the original
direction as much as possible, is equivalent to demanding that during the transport the
vector should locally not twist around the local normal vector of the local tangent space.
We are now ready to draw our first analogies with geometric phases in the quantum
realm.
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2.2.2 Berry phase from geometry

Through the previous sections, we have built up a lot of motivation for what follows.
We are now ready to tackle everything more formally, which is the last step before the
geometrical derivation of the Berry phase.

The first thing to do is define parallel transport more formally, since all we have ever
done until now is give qualitative statements on how it’s done.
If we go back to the Euclidean case, the answer seems childishly trivial at first: let the
closed path be parametrized by a parameter λ (to be more precise, it needs to be an affine
parameter). Then a constant vector field V along that curve is one for which dV

dλ = 0.
But, for the more general case of a curved manifold, if we impose this condition then
it will be inconsistent with the whole notion of defining everything intrinsically since, if
we embed our manifold in a Euclidean space of some higher dimension, then dV

dλ might
have components sticking out of the local tangent plane, so even talking about dV

dλ is
inconvenient.
We must somehow find a way to generalize the above notion to curved manifolds. An
obvious way to do this is to simply project dV

dλ to the local tangent plane. This makes
sense since an inhabitant of the manifold only sees/experiences vector fields that belong
to hers/his tangent plane. This projection of the "normal" derivative on the local tangent
plane is called the covariant derivative and it is obviously an intrinsic quantity. We will
denote the covariant derivative as DV

dλ . We also demand the following condition for
parallel transport along a curve on a manifold: DV

dλ = 0, which intuitively means that
from the point of view of an inhabitant of the manifold, s/he does not experience a
change in the vector V . This change will of course be seen from somebody who is not
living on the manifold, i.e. if we put our manifold in some other space. Let ~u = uν~eν

be a vector that belongs to a local tangent plane on a manifold and ~ei denote the
orthonormal basis of that local tangent plane. The derivative of the above vector is
given by ∂µ~u = ∂µu

ν~eν + uν∂µ(~eν)

Now, we can decompose ∂µ~eν in tangential and normal components as follows:
∂µ~eν = Γσµν~eσ +Kµν~n where n is the normal vector to the tangent plane. Γσµν are called
Chrystoffel symbols and they are the components of an object, called connection, which
is responsible for performing the parallel transport. It is called connection because it
gives us a way to go from one tangent plane to another. As we said previously, the act
of parallel transporting is intrinsic to a manifold, so it makes sense that the Chrystoffel
symbols do not depend on the local normal vector.

We can now write ∂µ~u in terms of Γσµν and Kµν as follows:

∂µ~u = ~eν∂µu
ν + uν∂µ(~eν) = ∂µu

ν~eν + uνΓσµν~eσ + uνKµν~n
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Figure 2.20: The parallel transport of V on a sphere is shown. The vector dV
dt is

projected on the local tangent plane to give us DV
dt . For the left case, the covariant

derivative of V is zero and an inhabitant on the sphere would see no local change in V .
This is in contrast with the right case.

So, now we can define the covariant derivative as the "derivative of the ambient space
(here R3) minus its component that is normal to the local tangent plane, Dµ~u = ∂µ~u−
uνKµν~n, as follows:

Dµ~u = (∂µu
σ + uνΓσµν)~eσ (2.2.1)

With the above definition, we can see that Dµ~eν = Γσµν~eσ, which agrees with the what
we get from Riemannian geometry. This way, we can write Γσµν = ~eσ ·

(
Dµ~eν

)
= (Γµ)σµ.

The parallel transport condition can now be given explicitly. For ~V = vi~ei, its covariant
derivative along a path ~γ(t) = γi~ei is given by

D~V

dt
= ∇γ′ ~V =

(
dvk

dt
+ Γkijv

iγ′j

)
~ek = 0 (2.2.2)

It is now time to make a connection with Berryology. Going back to (2.1.65), we see that
(2.2.2) bears a striking resemblance to it! The Chrystoffel symbols are given by (2.1.64).
To directly compare them, we write both here:

dvk

dt
+ Γkijv

iγ′j = 0 ∀k =⇒ ċm − i (Aα)mn ẋαcn = 0 ∀m (2.2.3)

To define a quantum covariant derivative, we demand that it projects out the components
of our basis states (being the analog of the unit vectors from above) that do not belong
to the "local tangent space" of our manifold. Note that our quantum states live in
Hilbert space, so when we say local tangent space, we do not mean the tangent space of
a manifold in parameter space, but a Hilbert space, where we attach one local Hilbert
space at each point of the manifold in parameter space. For example, in the Abelian
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case, where our states do not mix up, our "tangent space" (the Hilbert space) is simply a
complex line because each state is independently evolving and we just have U(1) freedom
due to the arbitrary phase that we can multiply our state.

Going back to finding the covariant derivative, imposing the above condition for the
covariant derivative, we get:

∣∣Dµn
〉

=
∣∣∂µn〉− (|n〉 〈n|)

∣∣∂µn〉 =
∣∣∂µn〉+ iAµ |n〉 (2.2.4)

So, our covariant derivative is given by

Dµ = ∂µ + iAµ (2.2.5)

In the Abelian case, Aµ is just a function while in the non-Abelian case it is a matrix.
Now that we have got our generalized derivative, we can calculate the non-Abelian Berry
curvature. We will of course not do this for (2.2.5) because the Berry connection com-
ponents in the Abelian case commute.

We will show a way to motivate our upcoming definition for the non-Abelian Berry
curvature. The "normal", or Euclidean, derivative of a function f roughly gives as a
way to compare f(x) with f(x + ∆x), where ∆x is an infinitesimal interval. In a two-
dimensional Euclidean space, the commutator between d

dx and d
dy is zero, because it does

not matter if we first go from f(x, y) to f(x+ ∆x, y) and then to f(x+ ∆x, y + ∆y) or
if we go from f(x, y) to f(x, y + ∆y) and then to f(x + ∆x, y + ∆y). But, in curved
spaces, it does matter. In the field of Riemannian Geometry (or General Relativity), the
curvature is given as below:

Consider a vector u(r) and its changes as we travel along two directions, v and w by
dx1 and dx2 respectively. We want to measure how much u that we get from going first
along v and then w differs from u that we get from going first along w and then along
v. This is shown in figure 2.21: Denoting the covariant derivative by ∇, we write:

Figure 2.21
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u(r + dx1v) ≈ u(r) + dx1∇vu(r)

≈ eidx1∇vu(r)

u(r + dx1v + dx2w) ≈ eidx2∇weidx1∇vu(r)

(2.2.6)

We also define:

∆u = u(r+dx1v+dx2w)−u(r+dx2w+dx1v) =
[
eidx2∇weidx1∇v − eidx1∇veidx2∇w

]
u(r)

(2.2.7)
We now use the weak Baker-Campbell-Hausdorff formula6 and expand to first order:

∆u ≈ −dx1dx2[∇v,∇w]u(r) (2.2.8)

Writing down the three vectors in terms or their components, like u = uiei, with ei being
the i-th unit basis vector, we find that

∆ui =−Rijklujvkwldx1dx2

Rijkl =ei · [∇ej ,∇ek ] · el
(2.2.9)

where Rijkl is the Riemann curvature tensor, which clearly measures the deviation from
moving through one path with moving through another path, as we described above. We
see that the curvature has to do with the non-commutativity of the components covariant
derivative in different directions.

Note that the curvature tensor can be written with respect to the connection. The
connection components are called Chrystoffel symbols and are given by (Γl)ij = Γijl =

ei · ∇elej . The curvature is then given by Rµν = ∂µΓν − ∂νΓµ + [Γµ,Γν ], where we can
write the components of the Riemann tensor as (Rµν)σρ = Rσρµν .

We will now bring these concepts into the quantum realm. We want to find a description
of the non-Abelian Berry curvature from some kind of commutator of the covariant
derivative, which uses the non-Abelian Berry connection.

We naturally generalize the covariant derivative (2.2.5) in the non-Abelian case as follows

∣∣Dµn
〉

=
∣∣∂µn〉−∑

m

|m〉
〈
m
∣∣∂µn〉 =

∣∣∂µn〉+ i
∑
m

(Aµ)mn |m〉 (2.2.10)

We now want to write down the Berry curvature as some kind of commutator of the
covariant derivative. It turns out that the correct way of doing this is by defining the
mn component of the non-Abelian Berry curvature Fµν as

(Fµν)mn = i
(〈
Dµm

∣∣Dνn
〉
−
〈
Dνm

∣∣Dµn
〉)

(2.2.11)

6eÂeB̂ = eÂ+B̂+ 1
2

[Â,B̂]
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We will now calculate this explicitly and show its admirably simple final form:

(Fµν)mn =i


〈∂µm∣∣+ i

∑
i

(Aµ)mi 〈i|

|∂νn〉+ i
∑
i

(Aν)jn |j〉

− µ↔ ν


=i
〈
∂µm

∣∣∂νn〉− i 〈∂νm∣∣∂µn〉
−i

∑
ij

(Aµ)mi(Aν)jn 〈i|j〉 − µ↔ ν


−

∑
i

(Aµ)mi 〈i|∂νn〉+
∑
j

(Aν)jn
〈
∂µm

∣∣j〉− µ↔ ν


=∂µ(Aν)mn − ∂ν(Aµ)mn

−i
∑
j

(Aµ)mj(Aν)jn − (Aν)mj(Aµ)jn

−i
∑
i

〈
m
∣∣∂µi〉 〈i|∂νn〉 − 〈m|∂νi〉 〈i∣∣∂)µn

〉
+ 〈i|∂νn〉

〈
∂µm

∣∣i〉︸ ︷︷ ︸
−〈m|∂µi〉

−
〈
i
∣∣∂µn〉 〈∂νm|i〉︸ ︷︷ ︸

−〈m|∂ν i〉

=
(
∂µAν − ∂νAµ

)
mn
− i
[
Aµ, Aν

]
mn

(2.2.12)

The final result can also be expressed in terms of7 matrices as Fµν = ∂µAν − ∂νAµ −
i
[
Aµ, Aν

]
. Of course, the indices µ and ν refer to components of a vector, so in reality,

the non-Abelian Berry connection is a vector-valued matrix. We can thus re-write the
result of (2.2.12) in the following very compact form:

F = ∇×A− iA×A (2.2.13)

In going back to the Abelian case, the components of the Berry connection commute, so
it is easy to see how (2.2.13) goes to (2.1.21) in that case.

It is now time to understand the Berry holonomy in its full generality. To do this, we
need to first understand how we get geodesics and what role they play in holonomy.
In Euclidean geometry, a straight line, which is a geodesic of a Euclidean/flat space, is
characterized by the fact that its tangent vector along the line is always parallel to itself.
It seems that this is the most natural concept to generalize to curved manifolds. To do

this, we just demand that, for a geodesic γ,
Dγ′

dt
= 0, which means that we parallel

transport its tangent vector γ′ along γ.

As we have already explained, geodesics are the straightest and locally shortest paths
that connect two points on a manifold. We will continue using as an example the sphere,
S2. From figure 2.14, we see that a vector that is transported along the equator is
not rotated. While the vector there is not a tangent vector, out arguments leading to

7Tensors, really.
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that figure only had to do with arbitrarily choosing a reference vector for the Foucault
pendulum, so the same goes for a tangent vector. This can also be seen from the fact
that parallel transport, as a generalization of transporting a vector around in Euclidean
space, preserves the length of vectors, so since the vector in this figure does not rotate
and length is preserved, it means that if we transported a tangent vector, it would too
not rotate. This means that the equator is one geodesic on a sphere. But, a sphere has
full rotational (or SU(2)) symmetry, so any curve that we get from a rotation of the
equator is also a geodesic. As we have already said, these geodesics are called big circles
(see figure 2.15).

To now intuitively understand why a rotation takes place when we transport a vector
along curves that do not belong to a geodesic, we will draw an analogy with what happens
with the transport of a vector in a flat space. To do this, first consider the following
figure:

Figure 2.22: Parallel transport of a vector in a flat space.

To transport a vector in flat space, we divide the curve that we want to transport the
vector through, to infinite infinitesimally small straight line segments connecting points
on the curve. We then transport the vector along these straight lines so that the angle
between the vector and the tangent vector of its corresponding line segment is kept
constant. The end result is trivial, as the vector does not rotate.

We now go to the more general situation of the above, in which we have a curved
manifold. Consider then the parallel transport of a vector ~V from point A to point D
as shown in figure 2.23, In this case, we connect the points on the curve by segments of
the straightest possible curves on the sphere: big circles. For simplicity and clarity and
without loss of generality, we just consider four such segments. We perform the exact
same procedure as in the case of flat space and we get the situation depicted in figure
2.23.

The vector rotates clockwise because it preserves the angle it has with the local tangent
vector of each geodesic segment (something that comes from the length preserving prop-
erty of parallel transport), in the same way that a vector is transported so as to keep its
angle with the tangent vector constant.
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Figure 2.23: On the left, we show the path A−D in which we will parallel transport
~V . On the right, we give four geodesics that ~V will approximately follow to reach the

point D.

We now go back to (2.2.3). The reader can verify that the condition for parallel trasport-
ing a state |ψ〉 is given by

〈ψ| d
dt
|ψ〉 = 0 Parallel transport condition (2.2.14)

This reproduces (2.1.68) for |ψ〉 =
∑

n cn |n〉. We now want to show how this condition
arises naturally from differential geometry. For the following proof, we follow [36] and
[37].

We have seen that the parallel transport of a vector along a curve means that it keeps
a constant angle with the tangent vector of each infinitesimally small geodesic segment
of the geodesics that make up the curve. This is a local requirement, because globally,
the vector rotates. This is because going from one tangent plane to another one means
that the reference vectors which are the tangent vectors of each tangent plane, change
their direction and so keeping a constant angle with them means that our vector rotates
as much as one tangent plane is rotated with respect to the other. This is another way
to see how this transport is intrinsic.
Also, this means that, locally again, the transported vector does not twist around the
local normal vector of each tangent plane.

Consider now a 2D manifold embedded in a 3D space. Although the embedding is not
required, as everything is done intrinsically, it offers a layer of intuition. Let us denote
by ~r the local normal vector and by ~e1, ~e2 ∈ TM the vectors that belong to each tangent
plane. TM stands for Tangent manifold.
The condition that ~e1, ~e2 do not twist around the normal vector, ~r, upon parallel trans-
port is given by ~ω · ~r = 0 with ~ω being the angular velocity of the triad.
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Figure 2.24: In the upper figure, we see how the vector ~Vab that we got from par-
allel trasporting the vector ~V along A-B is parallel transported along B-C. It rotates
clockwise with respect to the local normal vector because it keeps its angle with the
tangent vector of the particular geodesic constant. This gives the situation depicted in

the lower figure.

Since ~e1 × ~e2 = ~r, we use the identity ~̇ei = ~ω × ~ei to write the no twisting condition as

~ω · ~r = ~ω · (~e1 × ~e2) = (~ω × ~e2) · ~e2 = ~̇e1 · ~e2 = 0 (2.2.15)

Likewise, ~̇e2 · ~e1 = 0.
Now, let us define ~ψ = 1√

2
(~e1 + i~e2). Since we have two independent basis vectors in

TM , we can also treat ~ψ and ~ψ∗ independently. With this change of basis, we can write
the no twisting condition as follows:

~ψ∗ ~̇ψ =
1

2
(~e1 − i~e2) · (~̇e1 + i~̇e2)

=
1

2

(
~e1 · ~̇e1 + ~e2 · ~̇e2 + i~e1 · ~̇e2 − i~e2 · ~̇e1

)
= 0

(2.2.16)

where the terms ~ei · ~̇ei = 0 because it does not change length and the other terms are
equal to zero because of the no twisting condition. Note how the condition ~ψ∗ ~̇ψ looks
like (2.2.14).

Now, let us define a second basis, which is now fixed and does not rotate. We denote it
as (~r, ~u,~v). We these, we define the analog of ~ψ: ~n = 1√

2
(~u+ i~v).

Since ~e1, ~e2, ~ψ are parallel transported while ~u,~v, ~n are fixed, ~ψ and ~n only differ by an
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angle, which we will denote as γn because it measures the angle that ~ψ rotates with
respect to ~n.
We thus write ~ψ = eiγn ~n. Then

~ψ∗ · ~̇ψ = ~n∗e−iγn ·
(
~̇n eiγn + iγ̇ne

iγn~n
)

= ~n∗ · ~̇n+ iγ̇n = 0

=⇒γn = i

ˆ
~n∗ · ~̇n

(2.2.17)

γn is the exact analog of (2.1.12)! So, what we see here is that the Berry phase is nothing
but the phase, which stands for a rotation in the local "tangent plane", which is a Hilbert
space, that the state |ψ〉 picks up as we parallel transport it. This is of course gauge
invariant only for a loop, so the integral in (2.2.12) must be along a closed path in order
for the phase to have any meaning. This makes sense in the above context as follows: if
we do not parallel transport ~ψ along a closed path, then how are we to compare what
we get from the parallel transport with the initial vector?
Also, this change in the vector/state as we parallel transport it along a closed path is
called holonomy8.

2.2.3 Berry phase holonomy and Fibre Bundles

In this section, we will present some qualitative aspects from fibre bundle theory.
In Differential Geometry, we are concerned in attaching a tangent space at each point of
a manifold. This allows us to compare vectors living in different points of the manifold
by parallel transporting them from the tangent space of one point to the tangent space
of the other.

The point of bundle theory is to generalize this to cases where we can have more entities
living on a manifold. One example is that of quantum states. For example, rather than
having vectors living at each point of the manifold, we could attach a spinor, which has
very different properties. Now, for the case of attaching tangent spaces, we can also
define an inner product at each tangent space, so we can find the lengths of vectors
and the angle between them. This is done using the metric. Obviously, if we have
other quantities living on a manifold, such as spinors, then we should not measure their
"length" with the usual metric. This is clearer with quantum states, where the length
of a state |ψ〉 is 〈ψ|ψ〉, so we must define another inner product of the manifold, namely
〈ψ|φ〉 (for another general state |φ〉). This inner product is not defined on a normal
tangent plane but on an another space in which quantum states live on, that we must
attach at each point : the Hilbert space!

8Or anholonomy, if we want to emphasize that something changes.
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Figure 2.25: We can attache a tangent plane at each point of a sphere, but we can
also attach any other space we line, for example a complex line. The latter is the case
of the Abelian Berry phase, as in the spin- 12 example, where parallel transporting a
spinor on the sphere means picking up a Berry phase, which belongs to the U(1) group.

Figure 2.26

A fibre bundle, then, as a space which is locally
a product space of the base manifold and the fi-
bre space. For example, for the case of the trans-
port of the Foucault pendulum, our base space is
the surface S2 while the fibre space is the tangent
space, where tangent vectors live in. The fibre is
the SO(2) group, because parallel transporting a
vector along a closed path in the base space, the
tangent vector that we started with rotates with-
out changing its length, something which SO(2)

transformations do.

The reason that we break up the fibre bundle into a
base space and a fibre space is because we want to
generalize the concept of parallel transport to case
where we do not want to attach a tangent plane.
The parallel transport done by the connection (in
our case, the Berry connection) which is responsible
for transporting a state or vector or whatever we like along the base space. While it is
transporting it in the base space, it also determines how the vector/state changes, which
is measured on the fibre space. For example, in the case of a vector, connection transports
the vector from one fibre to another and the end result is its rotation; in the base space,
it makes no difference because the tangent vector returned where it started, but this
anholonomy is given by the fibre space.
In the Abelian case of parallel transporting a quantum state in parameter space, each
fibre is a complex line, so it is called a line bundle, and the shift in the fibre coordinate
is what gives us the Berry phase. For the non-Abelian case, the fibre is U(N) for N
degenerate states. This can be seen from figure 2.11.
The anholonomy due to parallel transport is shown in the following figure: The key
here is that the fibre bundle is only locally a product space. Its global properties are
responsible for any possible non-trivial topology of the whole fibre bundle. If it is also
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Figure 2.27: The transport of a quantum state in the base space results in an anholon-
omy, which is shown in the fibre space, which consists of U(1) fibres. This anholonomy,

shown by the blue arrow, is the Berry phase.

globally a product space, then its topology is trivial, otherwise it is not. In the former
case we never have any anholonomy that arises from parallel transport.
This is also where the Chern number comes in. The Chern number is the integration of
a local quantity, which is the curvature of the base space, but the Chern number itself
is a global quantity, so it characterizes the topology of the fibre bundle. A non-trivial
Chern number means that globally the fibre bundle is not a product space.
In the case where we attach a tangent plane at each point of a surface, the topology
is characterized by the Euler characteristic. There Gauss-Bonnet-Chern theorem, which
has to do with the Chern number, is a generalization of the Gauss-Bonnet theorem, which
has to do with the Euler characteristic. The curvature that we integrate in the latter
case is the Gaussian curvature, which is the intrinsic curvature of the surface. There is
also the extrinsic curvature, but this does not concern us here. A cylinder, for example,
has zero Gaussian curvature because any parallel transport on it does not give rise to
anholonomy, but it has non-zero extrinsic curvature which is the reason for the cylinder
looking curved. Note that the cylinder has an Euler characteristic equal to zero; it is
locally a product space S1 × [0, 1], it is also globally such a product space, which is the
reason for having a trivial topology.

We now give an example of a fibre bundle which has non-trivial topology. Since we have
talked about the cylinder, we consider another fibre bundle which is also locally S1×[0, 1].
We are talking about the Mobius strip. While it is locally S1× [0, 1], it is not so globally,
as is depicted in figure 2.28. Lastly, we finish this section and the chapter with a remark
on the generality of the Berry phase. At the start of the chapter, we might have given
the impression that we only get a non-trivial Berry phase when the adiabatic limit is
valid. While it is true that adiabatic deformations of a Hamiltonian and its eigenstates
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Figure 2.28: A cylinder is a topologically trivial fibre bundle because it is globally
S1 × [0, 1]. A Mobius strip is not, due to the twist that we get. Note that the Mobius
strip is also S1 × [0, 1] but only locally. The former has an Euler characteristic equal

to zero, while the latter does not.
Adapted from Encyclopedia Britannica, Mobius Strip, 2006.

correspond to parallel transport of states on the manifold defined in parameter space, it
is not the only case where we can have a non-trivial Berry phase. An example of this is
the Aharonov-Bohm effect, which can be shown to be a geometric phase. In this case,
the change in the parameters need not be adiabatic. The reader that wants to follow
up on this, is advised to read [38]. Also, the reader who is interested in such field of
mathematics can read the excellent [39] by a legend of mathematics, Shiing-Shen Chern.
Closing this long chapter, we invite the reader to check out [40], which contains a lot of
content for differential geometry enthusiasts but also concentrates on their application
to what is coming next, namely topological insulators.



Chapter 3

Topological Insulators and
Polarization in (1 + 1)D

The problem is not the problem. The
problem is your attitude about the
problem.

Jack Sparrow,
Pirates of the Caribbean

3.1 Introduction

In this chapter, we will start our journey to the world of Topological Insulators by first
considering those in one spatial dimension. Topological Insulators revolutionized the way
that we view materials and it also serves as a path for really sophisticated theoretical
machinery from other fields of theoretical physics and pure mathematics to show up,
such as non-commutative geometry, the gauge-gravity duality, etc.

The model that we will be concerned with at first is the Su-Schrieffer-Heeger (or SSH)
model. This will be introduced in the context of the electric polarization in materials,
so we will need to very briefly build up our intuition on what it actually is. This will
help us understand our exposition of Topological Insulators; this will involve some heavy
analytical calculations as we delve into the details of the topology of our systems, so it
will be good to interpret our results in the context of polarization.

After studying the SSH model’s many subtleties and understand how non-trivial topology
arises, we will proceed on to the study of the Rice-Mele model, which is more involved
that the SSH model, both in the richness of the lattice by itself but also in that it
introduces adiabatic time variation.

56
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While these models start out very simply and make much sense, they lay the ground for
intricate and rich physical phenomena, such as the Thouless-or adiabatic-charge pump-
ing. The phenomena that we will present in this chapter have all been experimentally
validated and we will provide the reader with references to the most famous and some
simple but not so famous experiments.

3.2 Electric Polarization in materials

3.2.1 Generalities and definition

The old, classical definition of the polarization is that it is equal to the dipole moment
per unit volume of the material; it is the density of dipoles.
But, this definition gives rise to an ambiguity (for an infinite system) that has to do with
the choice of our unit cell. We can choose a unit cell that resembles the dipoles in figure
3.1, but we could also choose a unit cell that that has the negative charge on its left side.
With the latter choice we get a different polarization than that of the former choice.
Also, there is another ambiguity here. As explained in the caption of figure 3.1 below,
when we consider a finite one dimensional lattice with dipole moments as shown in the
figure, we are left with a net polarization at the edges. In the SSH model that we are

Figure 3.1: Each dipole cancels the effect of its adjacent dipoles. Only the effects of
the first and last dipoles do not completely cancel and we are left with a net polarization.

about to introduce, we will assume periodic boundary conditions, so there is an ambi-
guity in what the edges mean in this case, so there is an intrinsic ambiguity in what
the polarization stands for. If we add a charge at the start/end of the sample, since we
will impose periodic boundary conditions, it will make no difference in the polarization
since that charge is effectively put on both edges. This ambiguity in the charge, which is
defined only mod(q), that resides on an edge, resembles the ambiguity in the definition
of the Berry phase, which is defined mod(2π).
Moreover, the fact that for a finite sample of one such material we only get contribution
to the polarization from the edges is the first indication that this has some similarity with
Topological Insulators: as we explained in the introductory chapter, one of the defining
characteristics of topological insulators is the existence of states that only live on the
edges of the sample whenever the topology is non-trivial.
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The above arguments motivate the modern definition of polarization. For q = −e, the
polarization P is defined as:

P =
e

2π

˛
FBZ

A(k)dk (3.2.1)

where A(k) is the usual Berry connection for the Bloch states, defined as A = i 〈uk| ∂k |uk〉
and the band index is suppressed. Of course, when we have multiple filled bands, we
take the sum over them in (3.2.1). For more on the modern theory of polarization, the
reader is advised to study [41].
Note that the integral in (3.2.1) is called the Zak phase [42]. It is essentially the Berry
phase in a 1D system. This is not a gauge-invariant quantity, which we should have ex-
pected from the above discussion: we want a definition for the polarization that contains
an intrinsic ambiguity.

3.2.2 Wannier states and Polarization

Dear reader, have you ever wondered what the Fourier transform of the Bloch states is?
It is called the Wannier state! We will use the Wannier states to get a more physical
understanding of the polarization, as it is defined in (3.2.1). For this, we follow (ref.
Resta-Modern Polarization and Martani-Maximally localized Wannier..).
As we would expect from the Fourier transform of an extended and period state, the
Wannier state is a localized state. It is localized around a lattice site which we will
denote as R (we have set the lattice constant to be equal to unity) and for a system of
length L, one such Wannier state is given by1

|nR〉 =
L

2π

˛
dk e−ikR |ψnk〉 (3.2.2)

where |ψnk〉 is, of course, the Bloch state for the n-th band with wave-vector k. For clarity
in the calculations, we will take L = 2π. Let us now show how the center of a Wannier

Figure 3.2: Wannier states are localized around lattice sites.

state is connected with the polarization of the lattice by calculating the expected value
of the position operator in the Wannier basis. Without loss of generality, we use the

1Whenever we are integrating over k, the domain of integration will always be the first Brillouin zone,
so the integral over k will always imply this on its own.
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Wannier state |n0〉. The center of a Wannier states is then given by:

〈n0| x̂ |n0〉 =

ˆ ˆ
dkdk′ 〈unk′ | e−ik

′x xeikx︸ ︷︷ ︸
=−i∂keikx

|unk〉

=

ˆ ˆ
dkdk′ − ie−ik′x 〈unk′ | ∂k

(
eikx |unk〉

)
+

ˆ ˆ
dkdk′i 〈unk′ | ∂k |unk〉 e−i(k

′−k)x

=

ˆ
dk − i∂k

ˆ
dk′e−i(k

′−k)x 〈unk′ |unk〉︸ ︷︷ ︸
δ(k−k′)

+

ˆ ˆ
dkdk′i 〈unk′ | ∂k |unk〉 e−i(k

′−k)x

=

ˆ
dk − i∂k

[ˆ
dk′δ(k − k′)

]
︸ ︷︷ ︸

=1

+

ˆ ˆ
dkdk′i 〈unk′ | ∂k |unk〉 e−i(k

′−k)x

=

ˆ ˆ
dkdk′i 〈unk′ | ∂k |unk〉 e−i(k

′−k)x

(3.2.3)

In order to reach the final result of this derivation, we use the identity2

〈unk′ | e−i(k
′−k)xi∂k |unk〉 = δ(k′ − k) 〈unk| i∂k |unk〉cell

where the integration is now carried our over the unit cell3.
This gives

〈n0| x̂ |n0〉 = i

˛
dk′
˛
dk e−i(k

′−k)x 〈unk| ∂k |unk′〉

=

˛
dk 〈unk| i∂k |unk〉cell

(3.2.4)

The Berry connection is defined as4

A(k) = i 〈unk| ∂k |unk〉cell

From now on, we will not be integrating over the real space, so we will omit the subscript
denoting the integration over the unit cell.
What (3.2.4) tells us is that the polarization can be defined with respect to Wannier

2Its derivation can be found in sources such as [43]. We will not attempt to prove it here because it
will steer us away from our main path.

3In the presence of a magnetic field, the integration is taken over the magnetic unit cell.
4See for example [44].
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centers as follows:

P =
e

L

∑
filled n

〈n0| x̂ |n0〉

=
e

2π

∑
filled n

˛
dk 〈unk| i∂k |unk〉

=
e

2π

∑
filled n

˛
dkA(k)

(3.2.5)

which agrees with (3.2.1) when we sum up over the filled bands.

Equation (3.2.5) shows us that the polarization is closely related to the charge centers
of the Wannier states. These, in turn, are centered around their corresponding lattice
sites. A change in the polarization is thus equivalent to the a shift in the site around
which a charge is centered. When we say change here, we mean a change that is not just
a mod(q) change, because, from our qualitative arguments that we gave at the start of
the chapter in order to motivate the modern definition of polarization, such a change is
not physical.
To make more explicit and quantitative the statement that a mod(q) change is not
physical, we perform a gauge transformation on the polarization, and by (2.1.16) we get

P
gauge

==========⇒
transformation

P ′ = P + qm, m ∈ Z (3.2.6)

Thus, a mod(q) change in the polarization is equivalent to a gauge transformation, so
with such a change in P , we get a gauge-equivalent state. So, only a non-integer change
in P corresponds a physical change in the Wannier centers, or a physical transport of
charge on the lattice.
Of course, the result (3.2.6) was to be expected from the arguments that we gave when
we talked about the qualitative ambiguity in the Polarization and the charge, which
arises from imposing periodic boundary conditions.

3.3 The Su-Schrieffer-Heeger model

3.3.1 Introducing the SSH model

In this section, we will introduce the famous Su-Schrieffer-Heeger model, whose inventors
used in their attempt to describe the polymer called Polyacetylene back in 1979 [8].
The trio, SSH, proposed an arguably oversimplified model for polyacetylene that nonethe-
less captured the most important physical aspects of real polyacetylene. Their tight-
binding model omitted on-site potentials but had different hoping elements between
adjacent sites.
We will give an explicit form for the SSH Hamiltonian in two different basis. The first,
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which we will introduce in a moment, will give us a more clear view of the model and
what to expect from it. The second, which we will introduce a bit later, is easier to work
with and compute the topological quantities associated with the model.

The SSH Hamiltonian, given in its real space representation and in the language of second
quantization is finally given by

H =
2N∑
j=1

(
to
2

+ (−1)j
δ

2

)(
c†jcj+1 + h.c.

)
(3.3.1)

where N is the number of lattice sites, to > 0 is the mean hopping amplitude and δ

is modulation to the hopping amplitude. Also, h.c. stands for Hermitian conjugate. A
word on notation: cj "destroys" a particle which is in a Wannier state centered around
lattice site j while c†j "creates" a particle in the Wannier state that is centered around
lattice site j. That is also why every term in (3.3.1) is called a hopping term: it destroys
a particle at site j + 1 and creates one at site j and the reverse(from the Hermitian
conjugation).
To get a better feel for (3.3.1), the reader should take a look at 3.3 below. In the above

Figure 3.3: Su-Schrieffer-Heeger model: We see alternating hoppings to ± δ with the
plus sign corresponding to even j. We also transform (3.3.1) into (3.3.2) by doubling

our unit cell size.

picture, we see that our lattice is not a Bravais one because of the interchanging hopping
amplitude, but looking a bit closely we can see that our whole lattice is made of two
Bravais sublattices, which we will denote as A and B; so, (3.3.1) can be written as product
of the Hamiltonians of each sublattice. To do this, we double our unit cell by getting N
doublets (N unit cells). We also set the unit cell spacing to be equal to one.
We redefine our creation and annihilation operators as follows:
cj destroys a particle in sublattice A and
dj destroys a particle in sublattice B.
We can now write (3.3.1) as follows

H =
1

2

N∑
j

(to − δ)
(
c†jdj + h.c.

)
︸ ︷︷ ︸

intracell hopping

+ (to + δ)
(
c†j+1dj + h.c.

)
︸ ︷︷ ︸

intercell hopping

(3.3.2)



Topological Insulators and Polarization in (1 + 1)D 62

Figure 3.4: We divide our lattice into two sublattices, A and B and a double unit
cell containing one site per sublattice. Intercell hoppings are different from intracell

hoppings.

Terms such as c†jdj represent intracell hoppings; that is, hoppings between sites of the
same unit cell (here, we are talking about our doubled unit cell). Terms like c†j+1dj are
called intercell hoppings; they have to do with hopping from site of one cell to the nearest
site of the next cell. This is shown in 3.4. We now want to diagonalize the Hamiltonian.
Due to the periodic boundary conditions, k is quantized; in particular, k = 2π

N n, n ∈ Z.
Note that k ∈ [−π, π). We can thus perform the following Fourier transformations

cj =
1√
N

∑
k

ei(j−
1
2

)kck

dj =
1√
N

∑
k

eijkdk

(3.3.3)

To be clear, c†k creates a state with momentum k in sublattice A while d†k creates a state
with momentum k in sublattice B. Using transformation (3.3.3), (3.3.2) becomes:

H =
1

2N

∑
j,k,k’

(
e−i(j−

1
2

)k+ijk′c†kdk′ + h.c.
)

(to − δ)

+
(
e−i(j+

1
2

)k+ijk′c†kdk′ + h.c.
)

(to + δ)

=
1

2N

∑
j,k,k’

(
eij(k

′−k)e+i k
2 c†kdk′ + h.c.

)
(to − δ)

+
(
eij(k

′−k)e−i
k
2 c†kdk′ + h.c.

)
(to + δ)

(3.3.4)

Now, putting (3.3.3) and its inverse transformation, we find that∑
j

eij(k
′−k) = Nδkk′ (3.3.5)



Topological Insulators and Polarization in (1 + 1)D 63

where δkk′ is the usual Kronecker delta. Using (3.3.5) in (3.3.4), we find

H =
1

2

∑
k

(
c†kdke

+i k
2 + h.c.

)
(to − δ)

+
(
c†kdke

−i k
2 + h.c.

)
(to + δ)

1

2

∑
k

[
to

(
e+i k

2 + e−i
k
2

)
+ δ

(
e−i

k
2 − e+i k

2

)]
c†kdk + h.c.

=
∑
k

[
to cos

k

2
− iδ sin

k

2

]
c†kdk + h.c

=
∑
k

(
c†k d

†
k

) 0 to cos k2 − iδ sin k
2

to cos k2 + iδ sin k
2 0


︸ ︷︷ ︸

:= H̃(k)

ck
dk


(3.3.6)

where we have defined the Bloch Hamiltonian, H̃(k) as

H̃(k) := h(k) · σ, h =

(
to cos

k

2
, δ sin

k

2
, 0

)
(3.3.7)

where σ = σxex + σyey + σzez and σi is the i-th Pauli matrix. As is evident from the
form of h(k) in (3.3.7), it parametrizes an ellipse in h-space. From now on, we will refer
to H̃(k) and h as the Hamiltonian, since the one implies the other. We will also take
H̃(k) and H(k) to mean the same thing and we will use the two interchangeably.
It should be noted that the Bloch Hamiltonian in the context of first quantization with
a Bloch state ψnk = eikxunk is given by the following transformation of the real space
Hamiltonian, H:

H̃(k) = e−ikxHeikx

So, both in the context of first quantization and in the context of second quantization(see
(3.3.6)), we reduce our problem to one sub-problem per k. A very important thing to
point out is that since we have imposed periodic boundary conditions, we have effectively
ignored the boundaries of the problem. This means that H̃(k) is effectively the bulk
Hamiltonian.
Now, when H̃(k) is written in the form (3.3.7), it is easier to work with. For example,
its eigenvalues, which are the bulk energies, are given by the norm of h(k):

E± = ±
∥∥h(k)

∥∥ = ±
√
t2o cos2

k

2
+ δ2 sin2 k

2
(3.3.8)

which is also the k-dependent radius of the aforementioned ellipse.

We now go back to polarization, as it was defined in (3.2.1). For any calculation to have
any meaning, or to be gauge-invariant, the contour integral must be closed. We will try
to construct one such close path.
From the definition of h in (3.3.7), we find that h(k) can trace two paths in the h-space
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depending on the sign of δ. These paths are illustrated in 3.5. We can integrate over
the closed contour C = C1 − C2 = Cδ>0 − Cδ<0 which is an anti-clockwise integral in
3.5. Before doing any calculation, we first note down what we expect in the case that

Figure 3.5: Two paths in h-space are shown. As k goes from −π to π, depending
on the sign of δ, we get either path C1 which corresponds to δ > 0 or path C2 which
corresponds to δ < 0. The path C1 − C2 gives a closed contour and the evaluation of
the Berry connection along C is meaningful, i.e. gauge invariant. Note that here we

take |δ||to| = 1.

we send δ → −δ so as to gain some intuition on what to expect. This interchanges the
hoppings between intercell and intracell hoppings, as shown in (3.3.2). This is equivalent
to shifting the lattice by 1

2 (remember that we set the unit cell spacing equal to one).
This is illustrated in figure 3.6. From way that the polarization is defined with respect
to the Wannier centers, we expect that this shift in Wannier centers will bring a shift
in polarization. This shift is not a mod(q) shift but a q

2mod(q) shift, which is physically
relevant.

Figure 3.6: We see that the rigid shift of the lattice by 1
2 is equivalent to sending

δ → −δ.

Before proceeding to the next section where we will make rigorous calculations for the
polarization, we will first make a kind of heuristic calculation.
H̃(k) in (3.3.7) has the same structure as the spin-1

2 case (which we treated back in
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section 2.1.8) with θ = π
2 , so that the "magnetic field" always lies on the equator. Here,

we are of course referring to the equator of an ellipsoid, the three dimensional equivalent
of a 2D ellipse. But, since the Berry curvature has to do with the topology, rather with
the geometry, of h-space, we will directly use the results of the spin-1

2 system for θ = π
2 .

∆P = P
(
δ = +|δ|

)
− P

(
δ = −|δ|

)
=

e

2π

˛
dkA±

=
e

2π

(
∓1

2
Ω

)
= ∓ e

2π

1

2
2π(1− cos θ)θ=π

2

= ∓e
2

(3.3.9)

where Ω is the solid angle as defined back in section 2.1.8.
Indeed, we got what we expected from our previous discussion. Reversing this, the fact
that we got a physically correct result by using results of an example with different
topology (different manifold parametrized by h(k)) motivates even further the argument
that we used above about Berryological quantities being topological.
Moreover, in agreement with the conversion that led to (3.3.2) (see the discussion above
it), this shows that sublattice A corresponds to the spin-up case while the sublattice B
corresponds to spin-down. A general eigenstate of the Hamiltonian will be a product of
a Bloch state with this peudospinor.

3.3.2 Winding number of the SSH model

In the previous section, we have used some heuristic arguments to calculate ∆P in (3.3.9).
It is now time to be more systematic in our approach. Although we have already seen the
effects of the topological invariant that characterizes the SSH model, we have not given
an explicit formula for it nor did we state precisely what it represents. The reason for
this is that the previous basis for our Hamiltonian, namely (3.3.1) and (3.3.2) does not
offer the best way to visualize the topology of h-space. For this reason, we will convert to
another basis using another Fourier transformation. We will derive the winding number
and we will then calculate it explicitly and rigorously.
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3.3.2.1 The calm before the storm

Rather than the expansion (3.3.3), we now use

cj =
1√
N

∑
k

eijkck

dk =
1√
N

∑
k

eijkdk

(3.3.10)

Rather than doing the whole diagonalization process all over again, we simply take H̃(k)

from (3.3.7) and perform the following transformation

ck → e+i k
2

dk → e−i
k
2

(3.3.11)

So, (3.3.7) becomes

H̃(k)→

 0
(
to cos k2 − iδ sin k

2

)
e−i

k
2(

to cos k2 + iδ sin k
2

)
e+i k

2 0

 (3.3.12)

We manipulate one of its components:(
to cos

k

2
− iδ sin

k

2

)
e−i

k
2 =

to
2

(1 + e−k)− δ

2
(1− eik)

=
1

2
(to − δ) +

1

2
e−ik(to + δ)

=

(
1

2
(to − δ) +

1

2
cosk(to + δ)

)
− i
(

1

2
(to + δ)sink

)
= (v + wcosk)− iwsink

(3.3.13)

where from going to the last line we used the definitions

v =
1

2
(to − δ), intracell hopping

w =
1

2
(to + δ), intercell hopping

(3.3.14)

Note that the other non-zero component of (3.3.12) is just the complex conjugate of
(3.3.13).If we write (3.3.12) in the form h · σ then

h(k) = (v + wcosk, wsink, 0) (3.3.15)

and the energy dispersion is given by the norm of (3.3.14):

E± = ±
√
v2 + w2 + 2vwcosk (3.3.16)
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3.3.2.2 The storm: Explicit calculation of the winding number

We will now go on to calculate the topological index of the SSH model. Before doing so,
we point out that the SSH chain has two distinct states: δ > 0 and δ < 0. For an infinite
chain, we can go from one to another by a rigid displacement of the chain, but for a finite
chain, they are distinct. But, even without considering a finite sample and staying in the
confines of the problem that we are working on, each of the two cases correspond to two
different polarizations that do not differ by a trivial mod(q). That this has topological
origin remains to be proven.
Notice that h(k), in (3.3.15), parametrizes a circle of radius w that is centered around
v in h-space. Going back to the dispersion relation (3.3.16), we see that the gap only
closes in the case of h = 0. This only happens when v = w(or δ = 0) at points k = ±π.
Note that the w > v case corresponds to the δ > 0 case, while w < v corresponds to
δ < 0. We have argued that these correspond to distinct states. Let us see what happens
in h-space in these two cases.

Figure 3.7: The dispersion relation for the SSH model. The gap closes only when
v
w = 1 at the boundaries of the FBZ.

What we see in the figure below is that each of the two cases corresponds to whether or
not the origin is enclosed in the circle which is parametrized by h(k).

Figure 3.8: The origin of h-space corresponds to closing the gap in the first BZ. In
the w > v case, the circles encloses the origin, while in thew < v case it does not. For

w = v, the encircling of the origin is an ill-defined concept.

We now proceed on with the only topological index that we are aware of: the Chern
number. Obviously, this is not the Chern number we know because we cannot convert
the Wilson loop into a surface integral. We will have to work with the line integral of the
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Berry connection so we cannot find a closed surface that could have the path of the loop as
its boundary. Hence, we cannot expect this Chern number to be quantized. Nonetheless,
computing it will give valuable insights about the nature of the true topological index
that corresponds to this problem.
To do so, we convert our line integral from k-space to h-space as follows:

C =
1

2π

˛
dkA± =

1

2π

˛
α±i ∂khi (3.3.17)

where α± is the Berry connection in h-space corresponding to the |±〉 pseudospinors
and the Einstein convention is assumed. As this case is the same as that of the spin-1

2

case when θ = π
2 , we have that α = ∓ 1

2h φ̂h where h =
∥∥h(k)

∥∥ and φ̂h = ẑh × ĥ is the
azimuthal unit vector and ĥ is the radial unit vector in h-space. With this notation, we
can write (3.3.17) as

C =
1

2π

˛
dk ∓ 1

2h
∂khi (ẑh × ĥ)i

=
1

2π

˛
dk ∓ 1

2h2
εijzhi∂khj

= ∓ 1

4π

˛
dk

1

h2
ẑh · (h× ∂kh)

(3.3.18)

We are now ready to calculate the Chern number of the SSH model. The reader is warned
that the calculation is a bit long an tedious, but we will try to make sure that the tricks
used here will make it worthwhile.
Using h = (v + wcosk, wsink, 0) and ∂kh = (−wsink,wcosk, 0), we get that (3.3.18)
becomes

C = ∓ w

4π

˛
dk

vcosk + w

v2 + w2 + 2vwcosk

= ∓ w

4π

ˆ π

−π
dk

vcosk + w

(v + wcosk − iwsink)(v + wcosk + iwsink)

(3.3.19)

We define ξ = v + wcosk − iwsink. Also, ∂kξ = −w(sink + icosk). In this way, we get

C = ∓ w

4π

ˆ π

−π
dk
w + vcosk

ξξ∗
(3.3.20)

If we can write the numerator in (3.3.20) as a product of ξ or ξ∗ with ∂kξ
∗ or ∂kξ

respectively, then the integral will almost become trivial. Calculating one such product,
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we get

∂kξ ξ
∗ = −w(v + wcosk + iwsink)(sink + icosk)

= −w
(
vsink + ivcosk + wcosksink + iw cos2 k + iw sin2 k − wsinkcosk

)
= −w(iw + vsink + ivcosk)

= −i(w2 + wvcosk − iwvsink)

(3.3.21)

This means that
w2 + wvcosk = i∂kξ ξ

∗ + iwvsink (3.3.22)

Combining (3.3.22) with (3.3.20), we get

C = ∓ 1

4π


ˆ π

−π
dk
i∂kξ

ξ
+

ˆ π

−π
dk

wvsink

v2 + w2 + 2wvcosk︸ ︷︷ ︸
odd in k


= ∓ i

4π

ˆ π

−π
dk

d

dk

(
ln(ξ)

)
= ∓ i

4π
ln(ξ)

∣∣∣∣π
−π

(3.3.23)

While we can easily evaluate this by writing the natural logarithm of the complex function
ξ in terms of the polar coordinates in the complex plane, we will proceed a bit differently
following a much more general and interesting way of doing such integrals.5

Now, the integrand in (3.3.23) can be written as:

∂kξ

ξ∗
=
−w(sink + icosk)

v + wcosk − iwsink
=
−iwe−ik

v + we−ik
(3.3.24)

so that the Chern number is given by the much simpler integral

C = ∓ 1

4π

ˆ π

−π

dk
w
v + eik

(3.3.25)

We now analytically continue k to the complex plane by eik → z where z is a complex
number of unit length, and we make the integral in (3.3.25) a closed path integral in the
complex plane with the path being the unit circle around the origin; we denote this path
as C.
Using the Jacobian to change variables, we write dx = dz

iz . Using the Cauchy Residue

5 Note that if the reader prefers to do it using the natural logarithm, decomposing ξ in polar coordi-
nates would give a real result because the radial part of ξ at k = ±π is the same and only the azimuthal
part changes.. The integral of the azimuthal part will give -Spoiler alert!- either zero or 2πi depending
on the ratio v

w
.
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theorem, (3.3.25) can be written with respect to z as follows:

C = ∓ 1

4πi

˛
C
dz

1

z(z + w
v )︸ ︷︷ ︸

f(z)

= ∓ 1

4πi
2πi

Res (f(z)
)

z=0

+ Res
(
f(z)

)
z=−w

v


= ∓1

2

[
1−Θ(1− w

v
)

]
(3.3.26)

For clarity in the following discussion, we now assume that only the lower energy band
in filled, so we take the Chern number of the |−〉 state which corresponds to a plus sign
in (3.3.26). What (3.3.26) tells us is that

C =


1
2 , if |w| > |v|, or δ > 0.

0, if |w| < |v| or δ < 0.
(3.3.27)

Where we have also recast these results with respect to δ. Since we have set to > 0 from
the beginning, we get a non-trivial result when δ > 0 and get the trivial result when
δ < 0. Also, we can neglect the absolute values in (3.3.27).
The result (3.3.27) and figure 3.8 suggest that this "Chern number" is related with the
number of times that our closed path circulates around the origin of the h-space. Or
better, it has to do with how many times it winds around the origin. Of course, it does
not give an integer answer since this Chern number does not have to do with the integral
over a closed manifold (so the Gauss-Bonnet-Chern theorem is not applicable), but the
results strongly motivate us to define a new topological invariant, the winding number.
We say that it is a topological invariant because it does not depend on the exact values of
the parameters v, w of the model; it gives a freedom to choose a range of parameters and if
we want to change (or, deform) the parameters, we can do it and still get the same result.
The only way to change the topology is for the closed loop to pass continuously through
the origin and this means that the gap in the first BZ closes, so we have a degeneracy
which gives rise to singularities in the Berry curvature, so this kind of "deformation" in
the parameters is not a smooth one and thus one such change is not topological in its
strict sense.
We now define the winding number,W, by just multiplying the, essentially, Berry-or Zak-
phase by 2:

W =
1

2π

˛
dk

1

h2
ẑh · (h× ∂kh) (3.3.28)
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3.3.2.3 Poseidon strikes again: Another calculation for the winding number

The reader may wonder why we needed to first present the Hamiltonian (3.3.7) since we
have already calculated the winding number for the Hamiltonian (3.3.15). The reason
for doing so is that (3.3.15) gives a much more clear picture of what the winding number
actually is, but we will also compute the winding number for (3.3.7) in order to show
that we get the same result no matter the basis that we choose to write our Hamiltonian
in. The reader can skip this section without loss of continuity.
Using (3.3.28) for h = (to cos k2 , δ sin k

2 , 0), in the case of δ > 0 we get

Wδ>0 =
δto
4π

ˆ π

−π
dk

1

t2o cos
k
2 +δ2 sin2 k

2

=
δto
2π

ˆ π
2

−π
2

dx
1

t2o cos2 x+ δ2 sin2 x
(by x =

k

2
)

=
δto
2π

ˆ π
2

−π
2

dx
1

δ2 + (t2o − δ2) cos2 x

=
δto
2π

ˆ π
2

−π
2

dx
sec2 x

δ2 sec2 x+ (t2o − δ2)

=
δto
2π

ˆ π
2

−π
2

dx
sec2 x

t2o + δ2 tan2 x

(3.3.29)

Now, since d(tanx) = sec2 x, we are motivated to make the change of variables y = tanx

in (3.3.29) to get

Wδ>0 =
δto
2π

ˆ +∞

−∞

dy

t2o + δ2y2

=
1

2π
arctan

(
to
δ
y

) ∣∣∣∣∞
−∞

=
1

2

(3.3.30)

This result is, of course, not gauge invariant. We can gauge transform to get another
Berry connection and get a totally different result! This is because our path, although a
closed path in the first BZ, it is an open path in h-space. This path corresponds to C1 of
figure 3.5. To get the actual winding number that is comparable with (3.3.27)(multiplied
by two, of course), we have to take the difference of the paths C1 and C2. The calcu-
lation for the path C2 only differs by C1 by a sign. Note that they differ by a sign in
this particular gauge. The reader could, for example, construct a gauge such that the
contribution from the path δ > 0 is zero and all the contribution comes from the path
δ < 0. It is their difference that is gauge invariant.
The final result, then, is

W =WC1 −WC2 = 1 (3.3.31)
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The Zak phase that corresponds to W is equal to 1
2 . The polarization, as defined in

(3.2.1) is e times the winding number.
We now want to compare what we got in the first basis, (3.3.7), with what we got in the
second basis, (3.3.15).

first basis: ∆P =
e

2

Wδ>0︸ ︷︷ ︸
= 1

2

−Wδ<0︸ ︷︷ ︸
=− 1

2

 =
e

2

second basis: ∆P =
e

2

Wδ>0︸ ︷︷ ︸
=1

−Wδ<0︸ ︷︷ ︸
=0

 =
e

2

(3.3.32)

Satisfyingly enough, they both reach the same result. Otherwise the author would have
huge problems with his thesis supervisor!
Also, note how what we commented above of (3.3.31) on gauge choices is fully realized
here but in reverse: in the first basis, we have chosen a gauge so that the contribution
from the path that corresponds to δ < 0 gives zero. This also very nicely illustrates that
gauge transforming is equivalent to changing basis.

Lastly, the difference in how much each factor contributes to the final result of each basis
shows that the winding number has to do with the mapping, h : k 7→ h(k), that we
choose to go from k-space to the h-space; it gives the same final result but the details
might vary. When we say details, we of course mean the contribution of each section of
the whole, closed, path.

At the start of section 3.3.2.2, we pointed out that these two were distinct cases. We can
now understand that this distinctness comes from the model’s underlying topology. The
case δ > 0 always differs from the case δ < 0 by a specific number, but it is now clear,
again from the topology of h-space, that the two are fundamentally different, distinct.
We will call the case δ < 0 the trivial case and δ > 0 the topological case.

A very important thing to note here is that every pedagogical treatment, with the most
pedagogic and thus the grandest example being that of [9], rely on the results (3.3.27)
to conclude that it is the case δ > 0 that possesses non-trivial topology although this is
highly misleading. The results (3.3.32) show that in a different basis, the two cases give
a non-zero contribution and only differ by a sign. Also, we have previously mentioned
a gauge chosen in such a way so that the winding number of δ > 0 is zero while that
of δ < 0 is equal to −1 (so that their difference is preserved). In this gauge, a naive
mind would have concluded, in analogy to bibliography like [9], that it is the case δ < 0

that corresponds to non-trivial topology, rather than the case δ > 0, because the only
non-zero contribution, and a proper winding around the origin, comes from δ < 0. And
the result would have been gauge-invariant! So, we emphasize that we did not choose to
call the δ > 0 case as the topological case from our above discussion. We chose to do so
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in hindsight of what’s to come next.
In particular, we will see that the topological case gives rise to highly non-trivial physics.
Interestingly and seemingly weirdly enough, this non-trivial physics, which rise from
properties of the bulk Hamiltonian, has to do with the edges, which we do not have in
the above model!

We now have to go from the very mathematical treatment that led to (3.3.32) to its
physical consequences. ∆P does not have to do with one of the two distinct cases, but
with the difference of each’s contribution to the winding number.
So, the result is about the change in the case in which we find the system is. From
(3.3.32), we see that we computed the difference between the winding number that
corresponds to δ > 0 with that of δ < 0. So, it really corresponds to a transition from
one case to another; from the topological case to the trivial case.
As we have explained a while back, the result a shift in the Wannier center of the electron.
So, what (3.3.32) says is that we have electron transport by half a unit (extended) cell.
This is called the adiabatic charge pumping, or the Thouless charge pumping. But, a key
point to take from here is that the charge pump takes place due to the transition from
one state to another.
To sum this up, the result of (3.3.32) can be interpreted as a rigid shift of the lattice,
which automatically means a charge transport in the direction of the shift, or equivalently,
as the transition from the case δ > 0 to the case δ < 0, with the lattice remaining at
the same place but changing reversing the hopping amplitudes. This change in the
topological state of the system gives rise to a charge pumping from one side of the
lattice to another. The last interpretation is much more general than the first; the first
interpretation is not so natural when we make the jump to higher dimensions. Hence,
from now on we will rely on the notion of topology and the distinction between the
topological and the trivial phases.

The next step in the analysis of the rich physics that take place due to topological reasons
is that of the famous edge states. Before going to these though, we will first make a stop
in order to make the above discussion more systematic.

3.3.3 Winding number in all its generality and mixed Berry curvature

We now go all the way back to our definition of the polarization, (3.2.1). As we have
already mentioned, it is not gauge-invariant. But, we have seen that the meaningful
quantities that we found thus far are expectedly gauge independent, although the results
(3.3.32) clearly showcase how the parameter δ plays a significant role in this.
So, we now go to a general problem with a 1D FBZ and with one free parameter that
the experimentalist can tune. We will denote it by R. Again, (3.3.32) motivate us to
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consider the difference in polarization:

∆P =
e

2π

ˆ π

−π
dk
[
Ak(k,Rf )−AK(k,Ri)

]
(3.3.33)

with Rf and Ri denoting the final and initial value for R, respectively. Notice that ∆P is
gauge-invariant. We can now think of an extended parameter space which is the product
space of the first BZ and the finite real line that is parametrized by R.
We can write (3.3.33) as

∆P =
e

2π

ˆ π

−π
dk

ˆ Rf

Ri

dR ∂RAK(k,R) (3.3.34)

We can now use a particular and important gauge, called the parallel transport gauge
such that the Berry-Zak phase accumulation while traveling along the R-axis is zero. By
denoting the component of the Berry connection along the R-axis as AR = 〈ψ| ∂R |ψ〉,
the parallel transport gauge is given by the condition for parallel transport:

〈ψ| ∂R |ψ〉 = 0 (3.3.35)

This condition is illustrated in the R-k-space below:

Figure 3.9: An illustration of the parallel transport gauge in the R-k space

Note that we cannot simultaneously impose the gauge condition 〈ψ| ∂k |ψ〉 = 0, otherwise
any path in this space would not produce a Berry-Zak phase accumulation. Only if the
topology is trivial we can impose both gauge conditions.
In the parallel transport gauge:

ˆ π

−π
dk

ˆ Rf

Ri

dR ∂kAR(k,R) =

ˆ Rf

Ri

dR
[
AR(k = π,R)−A(k = −π,R)

]
= 0 (3.3.36)
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So, we can freely add such a term Using this gauge for ∆P , (3.3.34) becomes

∆P =
e

2π

ˆ π

−π
dk

ˆ Rf

Ri

dR ∂RAk(k,R)

=
e

2π


ˆ π

−π
dk

ˆ Rf

Ri

dR ∂RAk(k,R)−
ˆ π

−π
dk

ˆ Rf

Ri

dR ∂kAR(k,R)︸ ︷︷ ︸
=0


=

e

2π

ˆ π

−π
dk

ˆ Rf

Ri

dR
(
∂RAk(k,R)− ∂kAR(k,R)

)
(3.3.37)

We can now form a Berry curvature which has to do with a set of very different param-
eters, k and R, and it is thus called the mixed Berry curvature. We can write (3.3.37)
as

∆P =
e

2π

ˆ π

−π
dk

ˆ Rf

Ri

dR FRk (3.3.38)

with FRk = ∂RAk(k,R)− ∂kAR(k,R) being the aforementioned mixed Berry curvature.
Note that the double integral refers to a surface integral in the k − R space. But, we
know that k is a periodic variable, so its corresponding subspace is S1 and not IR, which
gives the k−R space a different topology. In particular, if Rt is not cyclis, then the k-R
space is the product space S1 × IR, which is a (finite) cylinder. In the case that R is
cyclic, we then get a torus.

Now, we want to showcase why we get the winding number, an integer, without relying
on the Chern number as we did in previous sections. Going a bit back to (3.3.34), we
re-write it as

∆P =
e

2π

ˆ π

−π
dk

ˆ Rf

Ri

dR ∂RAk(k,R)

=
e

2π

ˆ Rf

Ri

dR ∂R

(ˆ π

−π
dk Ak(k,R)

)
︸ ︷︷ ︸

Zak phase

=
e

2π
φZ

∣∣∣∣Rf
Ri

(3.3.39)

where φZ is the Zak phase, as found in (3.3.39).
Imposing the restriction thatR is a cyclic parameter, i.e. Rf = Ri, then

´ π
−π dk Ak(k,R) =

2πn for some integer n. This is because if R is cyclic, then the phases at the identified
points Rf and Ri can only differ by an integer multiple of 2π. The final result is

∆P = e n, n ∈ Z (3.3.40)

To get an intuitive picture for the above, we give a schematic representation of it on a
cylinder with its two edges identified. This is shown the following figure for the case of
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W = 2:

Figure 3.10: The case of a winding number n is shown. k is a periodic variable. We
have also made the identification Rf Ri, so that R is also cyclic. This quantizes (3.3.39)

As shown in figure 3.10, the integer W is the winding number. An important thing
to note here is that (3.3.40) seems to disagree with (3.3.32). In particular, the results
(3.3.32) imply that ∆P = e

2W, which clearly disagrees with (3.3.40) by a factor of 1
2 .

To go from (3.3.39) to (3.3.40), we used the argument that when R is cyclic, the Berry
phase at Ri must be the same as Rf , mod(2π). So, we concluded that φZ must be an
integer multiple of 2π. But, what if there are conditions that make two values(or, more
generally, classes) of φZ to be equivalent? Then, we could wind around the cylinder but
we would have a larger class of equivalent φZ , so we would not require only that we
wound around it integer times.
Indeed, this is what is happening here. The SSH model has inversion symmetry around
any point of our choice that is in the middle of two sites where each belongs to a different
sublattice. Although we will study symmetries in a very systematic way in chapter 5, we
will give a heuristic explanation of what is happening here, in order for this chapter to
be complete and independent of the next chapters.

Under inversion transformation x → −x and k → −k. The analogous happens to the
Bloch states: |unk〉 → |un−k〉. When we have inversion symmetry, we demand that
|unk〉 = |un−k〉. In this way, A(k) = i 〈unk| ∂k |unk〉 → i 〈un−k| ∂−k |un−k〉 = −A(−k).
Armed with this knowledge, let us find restrictions to the Zak phase:

φZ =

ˆ π

−π
dkA(k)

inversion
==========⇒
transformation

ˆ π

−π
dkA(−k)

inversion
======⇒
symmetry

−φZ mod(2π) (3.3.41)

So, φZ = 0 mod(2π) or φZ = π mod(2π). So, we see that due to symmetry reasons,
the argument that we used to reach (3.3.40) can be extended. In the case of inversion
symmetry, like the one that the SSH model enjoys, φZ(Rf ) can now differ from φZ(Ri)

by an integer multiple of π rather than 2π. We must thus update (3.3.40) in the case of
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inversion symmetry.

∆P =
e

2
W, W ∈ Z for Inversion symmetry (3.3.42)

Now, everything is consistent. The careful reader might have noticed that n in (3.3.40)
is the winding number that numbers the times that we go around the FBZ (as evident in
figure 3.10), whileW in (3.3.42) give the number of times that the vector h winds around
the origin in h-space. So, while they are both winding numbers, as we have already said,
they differ by 1

2 . What inversion symmetry does is to impose an equivalence class between
points k = 0 and k = ±π of the cylinder in figure 3.10. What this does is to change the
topology of the cylinder. For each R-slice, we get a circle. Inversion symmetry imposes
the identification of k = 0 with its antipodal 6 points ∀R.
This is illustrated in the figure below.

Figure 3.11: Under Inversion symmetry, k = 0 and k = ±π are identified. Here we
see its effect on an R-slice, which is a circle.

This is true for every R-slice, so we finally get a manifold with topology much different
from that of the cylinder. See figure 3.12. It is this change in the manifold’s topology
that is imposed by inversion symmetry that makes the two results to agree.

To close the subject of the connections of this section with the previous sections, we will
make a final remark on the use of the parallel transport gauge is also in hand. For the
results (3.3.32), we also used the parallel transport gauge, (3.3.35) and this is obvious
from the fact that for the calculation of ∆P , we never considered integrals with respect
to δ, so there is no phase accumulation along the δ direction.

The results that we obtained in this section will help us to understand the quantization
that we will get in a later model, called Rice-Mele model, in which time will play the
role of the cyclic parameter R.

6As Wikipedia puts it, the antipodal point of a point on a circle is the point which is diametrically
opposite to it
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Figure 3.12: Inversion symmetry changes the topology of the k-R space through
imposing the identification of k = 0 and k = ±π on the cylinder. This expands the

integer n in (3.3.40) to also half-integer values.

3.3.4 Existence of zero-energy edge states of the SSH model

In this section, we will figure out the physical differences between the trivial case and the
topological case, apart from having a different polarization. We will work in the second
basis, (3.3.15) and we consider a finite sample.
We will now consider two extreme limits, one for each case. For the trivial case, where
v > w (or δ < 0), we take the limit w = 0, thus turning off the intercell hopping. For
the topological case, where v < w (or δ > 0), we take the limit v = 0, so that we turn
off the intracell hopping. These two limits are shown in the figure 3.13.

Figure 3.13: Illustrated here are the topological case(upper lattice) and the trivial
case(lower lattice) of the SSH model. We see that for the topological case, the sublattice
A has one site at each end that is left by itself. This is where the edge states reside.
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For the topological case, we see that at the edges of the sample there exists one site per
edge with zero hopping amplitude for going to the site next to it and without on-site
potential. This means that these two sites correspond to localized states of zero energy
because no extended state (such as the eigenstates of the bulk Hamiltonian for the infinite
lattice) can also cross to these sites, otherwise we would have a non-zero probability of
hopping to the sites next to them.
In the first limit, namely w = 0, the reader can easily verify that the Hamiltonian (3.3.16)
has eigenstates

1√
2

 1

±1

 for E = ±v respectively (3.3.43)

So, we have an even and odd superposition of states that correspond to an electron being
localized at one site. In this limit, the edges are no exception.
In the second limit, namely v = 0, we get

1√
2

 1

±eiφ

 for E = ±w respectively (3.3.44)

where eiφ = cos k + i sin k. This is k-dependent since we have an even and odd super-
position of localized electronic states that belong to sites of different cell. In this case
however, the edges clearly do not obey these eigenstates since they cannot mix with
their nearest neighbors due to the zero hopping amplitude. We hope that this qualita-
tive discussion is enough to convince the reader that we should at least expect something
non-trivial to happen at the edges. That the edge states correspond to zero energy re-
mains to be proven. The existence of such edge states will become important when we
consider 2D lattices because they will turn out to be very important in the conductivity
of the lattice.

It is very striking that the bulk Hamiltonian that we used for an infinite lattice gave rise
to two distinct cases and these two cases correspond to very different physics at the edges
of a finite lattice, which were absent in our previous analysis! How can a Hamiltonian
which does not take into account the edges give us rich information about the edges of a
finite lattice? The reason for this is very deep and we will delve into this matter in one
of the next sections; for now, this mysterious result should only excite the reader!

3.3.5 Back to the monopole picture

Let us consider again the winding number (3.3.28). We re-write h = (v, 0, 0)+w(cosk, sink, 0) =

(v, 0, 0) + d and we re-write this integral as

W =
1

2π

˛
dk

1

h2
ẑ ·
[
(v, 0, 0)× ∂kd

]
︸ ︷︷ ︸

C1

+
1

2π

˛
dk

1

h2
ẑ · [d× ∂kd]︸ ︷︷ ︸
C2

(3.3.45)
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Note that d parametrizes a circle of radius w centered around the origin. Now, consider
the limit of v = 0. At this limit C1 = 0. Also C2 = 1 so that the result in (3.3.32) for
the second basis is satisfied.

We will now go into a bit more geometric discussion. The reader who is not well ac-
quainted with differential geometry of curves can consult [45]. The curvature of a curve7

is intuitively the rate at which its unit tangent vector changes when it is parametrized
by the curve’s arc length, which is the most natural parametrization.
Now, d = wn̂ where n̂ is the normal vector to the curve, ∂kd = w(−sink, cosk, 0) = wT̂

where T̂ (k) denotes the unit tangent vector which is parametrized by k. We now change
parametrization and write T̂ (s) = 1

w T̂ (k) where s = wk is the arc length of the curve.
The acceleration of the curve is just d

ds T̂ (s) = κ(s)n̂(s), where κ(s) is the curvature of
the curve. By evaluating the acceleration, we find d

ds T̂ (s) = − 1
w2d = − 1

w n̂, and hence we
can conclude that κ = − 1

w . With this choice for the sign convention for the curvature,
the minus sign shows us that it is curved towards the origin while we get the expected
result that the curvature is inversely proportional to the radius. Also, d × ∂kd = w2ẑ,
and we can thus write C2 as

C2 =
1

2π

˛
ds

1

w
=

˛
ds(−κ) (3.3.46)

Ignoring the sign convention, this gives us that

C2 =
1

2π

˛
ds κ (3.3.47)

Now, consider the Gauss-Bonnet theorem [46]:

1

2π

‹
M
K dS = χ(M) (3.3.48)

with K being the Gaussian curvature of the surface which is equal to the product of the
principal curvatures of the surface. For the uninitiated reader, the principal curvatures
are the minimum and maximum curvatures at each point of the surface and they are the
eigenvalues of the Hessian matrix (which is fitting since the Hessian matrix has to do
with the second derivatives on the surface, which we know from the 1D case that they
are somehow related to the curvature). M denotes that manifold, which is a surface and
χ(M) is the Euler characteristic for the surface which is equal to 2(1− g), where g is the
surface’s genus, or the number of its holes.
Now, for a closed, compact surface, (3.3.47) is an even number8 so we can re-write it as

1

4π

‹
K dS = n, n ∈ Z

7We have to make a distinction for the readers with differential geometry background: we are talking
about the extrinsic curvature; the intrinsic curvature of any curve is zero. In contrast, the curvature
used in the Gauss-Bonnet theorem, or that which gives the Chern number, is the intrinsic or Gaussian.

8Other surfaces can have the Euler characteristic to be odd. Non-convex surfaces are such.
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.
A curve, as a one dimensional manifold, only has one principal curvature, and it is κ.
So, (3.3.47) is the one dimensional analog of the Gauss-Bonnet theorem.

Other than this connection with one of the most powerful and important theorems in
differential geometry and topology, this also gives some insight as to what actually hap-
pens when we change v. Doing so, moves the circle away from the origin. While |v| < w,
to preserve (3.3.32), whatever the change in C2 is, C1 has to change by an equal but
opposite amount. This happens in order to preserve the total curvature of the curve.
It is as if we again have a flow of curvature coming from the origin. When |v| becomes
larger than w, then C1 and C2 cancel each other out so that the total curvature flow is
zero. This clearly shows us that the Gauss-Bonnet 1D analog is generalized with sources
from which emanates the curvature that we expect the manifold to have. As we will see,
this is also the case in 2D, where the proper Gauss-Bonnet theorem is generalized so that
the curvature of the 2D manifold is provided by the monopole at the origin. We will also
find there that we have terms such as C1 that make sure that our topological indices
have to do with the flow of curvature that passes through the manifold. New subtleties
will rise up there, but the core concept remains the same. These new subtleties will only
add to the beauty of how everything works.

3.4 Edge states of the SSH model

In this section, we will be concerned with the edge states of the SSH model. To find
them, we will go through the route of domain walls. But, first we will describe the
effective theory of electrons at half-filling when the band gap is nearly closed and we will
study some aspects of Dirac theory.

3.4.1 Dynamical description for the case of the near-metallic Hamil-
tonian

We will now try to find out what happens in the metallic case, where the band gap is
closed, and the nearly metallic case where the band gap is -you’ve guessed it- nearly
closed. The reason that we are interested in these two cases is because we know that
when the band gap closes, then and only then topological transitions9 can occur. This
is because, when the band gap closes, the winding number can change.
Also, note that when we say metallic case, we mean the case in which if there’s half
filling, then any excitations will mean going from the valence band to the conducting
band. From now on, we will always work in the basis h = (v+w cos k,w sin k, 0). We can

9Here, we mean the transition from the topological/trivial case to the trivial/topological case.
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Figure 3.14: The band structure for the metallic case(left), with w = v, and the
nearly metallic case(right) with typical ratio v

w = 1.5.

expand h around k = ±π to find an effective theory describing the motion of electrons
at half-filling.

3.4.1.1 Metallic case: Massless Dirac theory

Expanding up to linear order, we find h(k) ≈ w
(
0,−(k ∓ π), 0

)
for k = ±π respectively,

so that
H(k) ≈ −w(k ∓ π)σy = −wk̃σy for k̃ := k ∓ π (3.4.1)

The energy spectrum around k = ±π is E± ≈ ±w k̃ and the eigenstates of the Hamilto-
nian are approximated by the eigenstates of σy, |±y〉.

We now make a small departure to discuss aspects of Dirac theory. Using the notation
adapted in ref.(Greiner, Relativistic QM), the Dirac equation is given by

Hψ =
(
βmc2 − i~cα · ∇

)
ψ = i~∂tψ

where the matrices αi and β satisfy the Dirac algebra {αi, αj} = 2δij , {αi, β} = 0 and
α2
i = β2 = 1 ∀i, j.

In less that three spatial dimensions, the Dirac spinor has 2 components(rather than the
usual four) and the Dirac algebra is satisfied with αi, β being any combination of the
Pauli matrices.

For the one dimensional case, we can choose α1 = σy, which gives H = ~ckσy for the
case of massless particle. Converting to the second quantization language, we get the
Hamiltonian density H = ψ†

(
~ckσy

)
ψ with H(k) = ~ckσy.

Comparing with what we have in (3.4.1), we see that we have an effective Dirac theory
with reduced velocity in the lattice, called Fermi velocity, that is equal to vF = w

~ . The
role of the spin degree of freedom is now carried by the lattice points of the cell; one
component of the spinor belongs to sublattice A while the other belongs to sublattice B.

We can now expand on this by introducing some kind of mass term that will resemble
massive particle Dirac theory. There are two ways that we will follow: one is to go to the
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nearly metallic case, which we will follow next, while the other is through the Rice-Mele
model which we will visit a bit later in the chapter.

3.4.1.2 Nearly-metallic case: Then Moses said to Mass, "Open the Gap"!

We now consider the case of v ≈ w. From basic understanding of solid state physics, we
expect this to give rise to some-kind of effective mass. The band structure is of the form
of the figure on the right in 3.14, so we know that at the edge of the FBZ we have an
effective mass that is typically defined as10

1

m±eff

∣∣∣∣
k=±π

=
1

~2

d2E±
dk2

∣∣∣∣
k=±π

(3.4.2)

Thus, for v ≈ w, expanding around k = ±π up to linear order, we find11

H(k) ≈ (v − w)σx − wk̃σy, with k̃ := (k ∓ π) (3.4.3)

Going back to the Dirac theory again, but this time for the massive case, we can choose
α1 = σy and β = σx so that H(k) = mc2σx + ~ckσy. Comparing this with (3.4.3), we
see that v − w is a parameter that plays the role of mass in this effective Dirac theory.
So, we now set m = v − w. This gives us

E± = ±
√
m2 + w2k̃2 (3.4.4)

which is the analog of the relativistic dispersion relation for massive particles. Note how
beautifully this effective theory is integrated into a condensed matter system: if we excite
an electron from the valence band to the conduction band, it leaves behind a hole, like
the one proposed by Dirac in the context of the Dirac sea. Here, the "Dirac sea" is the
valence band, and at half-filling where this effective theory is valid, the sea is indeed
filled as postulated by Dirac back back in 1930.

3.4.2 The crescendo moment: Domain walls and edge states

After the cliffhanger with which we left the reader back in section 3.3.4, we are now ready
to examine what exactly happens at the edges and find out why we get information about
the edges from the bulk!

10See for example [47], eq.28 on p.198.
11Had we use the first basis from the start of this chapter, we would have found H(k) ≈ tk̃σx + 2δσy.

The two are related by a unitary transformation and ultimately describe the same dynamics.
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3.4.2.1 Qualitative part of domain walls

First, we need a toy model so that we won’t deal with the mathematical complexities
arising from finite lattice models. To find one, we turn to a simple motivating example12.
We know that the cases v > w and v < w correspond to different topological cases in
the SSH model, so it makes sense to ask what would happen if we joined together two
SSH configurations, one semi-infinite SHH lattice in the topological case and one in the
trivial case. The Chern number is now space-dependent in a certain sense. So, we will
join two SSH lattices as shown in the figure below13 and we will then let v < w in the
left lattice and v > w in the right lattice. The point at which there is transition form

Figure 3.15: We join two semi-infinite SSH lattices, the left in the topological case
and the right in the trivial case. Each lattice corresponds to a different winding number
and the winding number is thus space-dependent. This dependence will be transferred
by the mass term m = v − w. The point that divides the two domains is the domain
wall. In the upper figure we show the lattice configuration as related to figure 3.13,
while in the lower figure we show a more clear picture by presenting the strong bonds
with thick lines and the weak bonds with thin lines. The point that divides the two

lattices is the domain wall.

one lattice to another, or from one winding number to another, is called domain wall.

We again see that in the limit of v → 0, the domain wall corresponds to a site of zero
energy due to the zero hopping amplitude and zero on-site potential. Through this
limit, and using some kind of symmetry, we will argue that something very interesting
is happening there, apart from being a site in which a zero energy mode resides in the
limit v → 0.

In the limit v → 0, an electron is localized at one unit cell at a time because at each unit
cell exist two sites with between them hopping amplitude equal to w but with turned
off hopping between them and the nearest sites of the cells next to them. We just have

12This example can be found in [48]
13Note that the spacing of the sites does not play any role in how we pictorially represent the bonds.

On the other hand, they play a role in the actual values of the hopping parameters, but we take these
as free parameters.
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Figure 3.16: In the limit v → 0 the domain wall problem looks like the upper figure
while the energy spectrum is that of the lower figure, with only one state residing at
E = 0. The red lattice site represents the domain wall at which the zero energy resides.

dimers that do not communicate with those next to them. Because the Bloch states are
cell periodic, these Bloch states have to have energy equal to ±w. And there’s also the
aforementioned zero-energy state localized at the domain wall. The double lattice model
and the corresponding energy spectrum is shown in figure 3.16.

We now take an interlude into Chiral symmetry. Since {σi, σj} = 2δij , we have that
{H(k), σz} = 0 (for the general Hamiltonian, not only for (3.4.3)). So, we can simulta-
neously diagonalize H(k) and any operator-function of -only- σz. Let us denote one such
operator as γ̂(σz).
Let us denote the n-th eigenstate of H(k) by |n〉 and its corresponding energy by En.
Then, from the above anti-commutativity property, we have that

H(k)γ̂(σz) |n〉 = −γ̂(σz)H(k) |n〉

=⇒H(k) |γ̂n〉 = −En |γ̂n〉
(3.4.5)

We thus conclude that for any state |n〉 with energy En, we also have another state |γ̂n〉
with energy −En. We have a symmetric spectrum around E = 0.

Going back to our domain wall problem, figure 3.16 shows that indeed the spectrum is
symmetric around E = 0. Every state at E = +w has its partner state at E = −w. But,
we also have the zero energy state. It is only one, so it is its own partner! If we now
start cranking up v, the spectrum will start to close its wide gap. But, since the zero
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energy state is its own partner, as v goes up, it must remain at zero energy until the gap
closes and it then becomes part of the bulk states!
Now, what we see here is that due to a symmetry, namely chiral symmetry, and due
to having two different domains, we have a zero energy that persists even when we go
away from the v = 0 limit. That this state is topologically protected remains to be
proven. What we will see is that the persistence of this state ultimately has to do with
the fact that it lies on the boundary between two topologically distinct cases. And this
be yet another instance where we see that symmetry affects topology: we used the fact
that we have chiral symmetry in order to predict the persistence in the edge mode; in
the next section, we will show that we can get to the same result only with topological
considerations.

3.4.2.2 No talk, only action: Quantitative part of domain walls

We now take the thermodynamic limit at which the number of lattice sites goes to infinity.
We take the following Hamiltonian14

H(k) = m(x)σx − wpσy (3.4.6)

with m(x) being continuous and bounded. The only restriction that we impose is in the
form of boundary conditions:

sgn
[
m(x)

]
=

1 x > 0

−1 x < 0
(3.4.7)

Apart from this, it is left very general. We remind the reader that when m changes sign,
the winding number changes. So, we keep m very general for a reason.
We re-quantize (3.4.6) by p→ p̂ = −i~∂x and we solve the eigen-system 0 m+ ~w∂x

m− ~w∂x 0

α
β

 = E

α
β

 (3.4.8)

where α and β are functions of x.
Now, since we have already given physical arguments that the state residing at the
domain wall must be localized there, we make the ansatzα(x)

β(x)

 =

u1

u2

 e−f(x) (3.4.9)

14A similar procedure was first carried by in [49].
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for u1 and u2 being complex numbers. This ansatz turns (3.4.8) into 0 m− ~wf ′

m+ ~wf ′ 0

u1

u2

 = E

u1

u2

 (3.4.10)

where f ′ = ∂xf The energies that we get are E± = ±
√

(m(x))2 − (~wf ′). Solving with
respect to f ′, we get

f ′ = ± 1

~w

√
(m(x))2 − E2

± (3.4.11)

A single sign choice in (3.4.11) cannot lead to meeting the boundary conditions of the
problem, so we divide our space into two domains, x > 0 and x < 0. We seek solutions
that do not lead to infinitely extended states. For these, we must have E2

± < lim
x→±∞

m2(x)

in order to have f ′ to be real. In this case, we choose

f ′ =

+ 1
~w

√
m2 − E2

± x > 0

− 1
~w

√
m2 − E2

± x < 0
(3.4.12)

for the boundary condition lim
x→±∞

ψ(x)→ 0 to be satisfied.
This can more clearly be seen in the large x limit. Since m is bounded, we can say that
asymptotically at x→ ±∞, m→ m± for some m±. At this limit, (3.4.12) becomes

f ′ =

+ 1
~w

√
m2

+ − E2
± x > 0

− 1
~w

√
m2
− − E2

± x < 0
(3.4.13)

which gives

ψ ∝

e
− 1

~w
√
m2

+−E2
± x > 0

e+ 1
~w
√
m2
−−E2

± x < 0
(3.4.14)

which indeed goes to zero as |x| → ∞.
Now, from (3.4.10) we choose

ψ ∝

u1

u2

 =

m−~wf ′
E±

1

 (3.4.15)

which is not normalized, of course. Now, because we divided our continuous problem
into two mathematical domains, we will now impose the boundary condition ψx<0(0−) =

ψx>0(0+). The equality in the second component of each (see (3.4.15)), we conclude that
their normalization is the same, so we can also directly compare the first components of
each. Denoting as f1 = f(0−), f2 = f(0+) and the analogous for m15 (for E± this is not

15Here, we study the more general case, in which m(x) can be non-smooth at the boundary.
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necessary because it is smooth), the equality of their first component gives

m1 − ~wf ′1
E±

=
m2 − ~wf ′2

E±
(3.4.16)

which is reduced to
m1 +

√
m2

1 − E2
± = m2 −

√
m2

2 − E± (3.4.17)

which, for m1 6= m2, is solved only with E± = E = 0, giving us the much anticipated
zero mode that we expected to find. We can now write (3.4.12) as

f ′ =

+
|m(x)|
~w x > 0

−|m(x)|
~w x < 0

=⇒ f ′ =
m(x)

~w
, ∀x 6= 0

(3.4.18)

where the last equality follows from the fact that m(x) > 0 for x > 0 and m(x) < 0 for
x < 0. Integrating, we get that

f(x) =
1

~w

ˆ x

x
m(x′)dx′ (3.4.19)

where we have neglected the term f(0)16 which is constant and can be absorbed into the
normalization constant.

The eigenvalue equation (3.4.10) for E = 0 give u1 = 0. So the final form of the edge
state is

ψ(x) = A
(
m(x)

)0

1

 exp

[
− 1

~w

ˆ x

0
m(x′)dx′

]
(3.4.20)

where A
(
m(x)

)
is a normalization constant that depends on m(x).

The result is quite amazing and manifests robustness of the edge states from the point
of view of "deformations": any m(x) with sgn(m(x)) = Θ(x) − Θ(−x) has edge states
of zero energy! We can change the profile of m(x) as much as we like, as long as the
above condition is satisfied then the edge states survive.

To see what the solutions of (3.4.20) look like, consider the example ofm being equal to a
constant (different in sign for each domain). Then the edge state will decay exponentially
as we go away from the domain wall. The bigger the m is, the faster it decays. This
makes sense because for the trivial case, the larger m = v − w is, the weaker v is with
respect to w and as we can see from figure 3.15, this means that the hopping amplitude
of the site residing at the domain wall is weaker than w. The analogous argument holds

16Here, it is implied that we should have had a term equal to f(0+) if x > 0 or a term equal to f(0−)
if x < 0 in (3.4.19).
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for the topological case. So, the larger |m| is, the less the probability to hop is. So, as
we turn up |m|, the more localized the edge state is.

Figure 3.17: The un-normalized solution (3.4.20) for m(x > 0) = 0.5, m(x < 0) =
−1.5. Since

∣∣m(x < 0) > m(x > 0)
∣∣, the state is more localized for x < 0.

Before moving on to the magnificent way that the bulk-related quantities are related
with the edges, we provide a figure showing the positioning of the edge states in the
Brillouin zone:

Figure 3.18: On the left, the position of the edge states in the FBZ is presented. This
is shown again in the right figure for k ∈ (0, 2π), where Dirac "cone" is shown more
clearly. Note that in the presence of one domain wall, as in the example of section

3.4.2.2, we only have either the green edge state or the red edge state.

3.4.2.3 Bulk-boundary correspondence preview

We have seen that when the winding number changes, then we have induced states at
the domain walls.
Consider now the case of the finite SSH lattice again, which is in either the topological
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phase or the trivial phase. Since the sample is finite, on the left/right of its left/right
edge we have the vacuum, whose a winding number is zero. If the SSH chain is in the
trivial phase, then the winding number does not change. But, if it’s in the topological
case, then we have a change in the topological index and as such, we must have induced
edge states there. We have two edges of the sample, so we have two domain walls. Hence,
we will have one induced edge state per edge.
Now, let us not forget that we started this chapter with a bulk Hamiltonian and found
its associated topological index. Then, we proceeded on with the edge state and found
that this topological index is crucial for their existence. We started with a Hamiltonian
that seemingly did not contain any information about the edges, and then we found that
its information is absolutely critical for non-trivial physics at the edges to occur. This is
what lies at the heart of the bulk-boundary correspondence.
It might not be evident from the study of only one model, but the bulk-boundary corre-
spondence is actually more quantitative and says that the number of edge states found in
an interface between two lattices in topologically distinct states is equal to the difference
in the two topological indices that correspond to these states.
This is certainly true for what we have seen so far because we have seen that we have ex-
actly one localized zero-energy state residing at the domain wall connecting two lattices
in different topological state. Back in the SSH model, not necessarily in the thermody-
namic limit, we found that the band gap closes when v = w at k = ±π; but, k = ±π are
equivalent points, so they do not correspond to two edge states, but only one.

While we have seen glimpses of the bulk-boundary correspondence that motivate it, it’s
still not clear that this holds in general. In the later study of other models, it will become
clear that this is always the case.

3.5 Let there be time: Rice-Mele model

We can now spice things up. Let us take the SSH model and include staggered on-site
potentials; it now energetically costs to even just being on a lattice point. This takes us
to the Rice-Mele model [10].

3.5.1 Introduction to the model

H = HSSH +
∑
j

(−1)i∆c†ici = HSSH +
∑
j

∆c†jcj −∆d†jdj (3.5.1)

Fourier transforming:

cj =
1√
N

∑
k

eijkck, dj =
1√
N

∑
k

eijkdk (3.5.2)
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Combining (3.5.2) with (3.5.1), we get

∆
∑
j

c†jcj − d
†
jdj =

∆

N

∑
j,k,k′

eij(k
′−k)(c†kck′ − d

†
kdk′)

= ∆
∑
k

(c†kck − d
†
kdk),

by
∑
j

eij(k−k
′) = Nδk,k′


=
∑
k

(
c†k d

†
k

)∆ 0

0 −∆

ck
dk


=
∑
k

(
c†k d

†
k

)
h′(k) · σ

ck
dk



(3.5.3)

with h′(k) = (0, 0,∆). This corresponds to the RHS of Hamiltonian HRM so that

h = hSSH + h′ = (v + w cos k,w sin k,∆) (3.5.4)

with E± = ±|h| = ±
√

∆2 + v2 + w2 + 2vw cos k.
What we did is that we essentially added a σz term in the Hamiltonian H(k), which
based on our previous sections, is a mass-like term that opens the bulk gap ∀k.

We have a degeneracy point for ∆ = 0, v = w at k = ±π. We have already studied the
case of ∆ = 0, so we now seek to find a way to give rise to non-trivial topology by keeping
the on-site potential. As we explained, to have topological states, the gap needs to close
somewhere, which means that we must somehow find a way for ∆ to not open the gap
∀k. We choose to do so by introducing a cyclic temporal parameter in our model.

Trying to find a non-trivial time-parametrization, t, such thatH(k, t = 0) = H(k, t = 2π)

for a period 2π, we try the very general17

∆ = ∆o sin t

v = u+ ū cos t
(3.5.5)

This choice is pretty general and also possesses everything we wanted: we have ∆ = 0

at t = 0, 2π and at t = 0, 2π we get v = u+ ū while at t = π we get v = u− ū. So, if we
set either u+ ū = w or u− ū = w then the gap closes at the corresponding time instant.
This way, (3.5.4) becomes

h = (u+ ū cos t+ w cos k,w sin k,∆o sin t)

= (u, 0, 0) + (ū cos t, 0,∆o sin t) + w(cos k, sin k, 0)
(3.5.6)

The surface that h sweeps out is an elliptic torus centered around (u, 0, 0). We will see
that this is not a normal elliptic torus.

17 Or more generally ∆ = ∆o sin
(

2πt
T

)
, u = u+ u cos( 2πt

T
); here we take T = 1.
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When t = π , we get a circle parametrized by k which is centered around (u − ū with
radius w. If (u− ū−w) < 0 and u− ū+w > 0 then the elliptic torus encloses the origin
and we have a flux of the monopole inside the torus. We will very soon give the general
conditions that will give non-trivial Chern numbers18 for this model.

Although using a software like Mathematica can give the Chern number of the problem ,
we will get the result through arguments that come from the interpretation of the Chern
number; this way we can obtain a better, more intuitive understanding of it.

3.5.2 Chern number=Winding number

We will now show that the Chern number is the 2D analog of the winding number,
(3.3.28). Our Berry curvature here is mixed in the sense of section 3.3.3. We adopt the
convention that English indices refer to the parameters of the problem and Greek indices
refer to the components of the h-vector. From (2.1.44), we define the Berry curvature
2-form as

Fk =
1

2
εijkFij = εijk∂iAj

= iεijk

(〈
∂iu
∣∣∂ju〉− 〈u∣∣∂i∂ju〉)

= iεijk
〈
∂iu
∣∣∂ju〉

= iεijk∂ihµ ∂jhν
〈
∂µu

∣∣∂νu〉
(3.5.7)

where in going from the second to the third line we used that εijk is anti-symmetric
under i↔ j, while ∂i∂j is symmetric under the same exchange.
Now, denoting by f the Berry curvature in the h-space, we have that

εµνσfσ = i
〈
∂µu

∣∣∂νu〉− i 〈∂ν∣∣∂µ〉 (3.5.8)

but

iεijk∂ihµ∂jhν
〈
∂νu
∣∣∂µu〉 = −iεijk∂jhµ∂ihν

〈
∂νu
∣∣∂µu〉

= −iεijk∂ihµ∂jhν
〈
∂µu

∣∣∂νu〉 (3.5.9)

Combining (3.5.7) with (3.5.8), we get

iεijk∂ihµ∂jhν
〈
∂µu

∣∣∂νu〉 =
1

2
εijkεµνσ∂ihµ∂jhνfσ (3.5.10)

18The Chern number is an integer in this model because time is a second dynamical parameter, such
as k, so we have a 2D parameter space mapped by h : k 7→ h(k) to a 3D space with a well-defined mixed
Berry curvature.
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We can finally re-write (3.5.7) as

Fk =
1

2
εijkεµνσ∂ihµ∂jhνfσ

=
1

2
εijk

(
∂ih× ∂jh

)
· f

(3.5.11)

Now, the Rice-Mele Hamiltonian is of the form h · σ, so it is a spin-1
2 -like Hamiltonian.

We can thus write

f± = ∓1

2

ĥ

h2
(3.5.12)

For k = z in (3.5.11), we can write it as

F±z = ∓1

2

(
∂xh× ∂yh

)
· ĥ
h2

= ∓ 1

2h3
εµνσhµ∂xhν∂yhσ

(3.5.13)

Note that the above form for the Berry curvature is very general and is valid for any
system with a two dimensional parameter space. It also shows that the Berry curvature
is singular at the point of degeneracy h = 0.

Now, by writing hµ = h ĥµ and using the anti-symmetry properties of εijk as above, one
finds that

F±z = ∓1

2
εµνσĥµ∂xĥν∂yĥσ = ∓1

2

(
∂xĥ× ∂yĥ

)
· ĥ (3.5.14)

The Chern number, then is given by

C± =
1

2π

ˆ 2π

0
dt

ˆ π

−π
dkF±z

= ∓ 1

4π

‹
ĥ

h2
·
(
∂xh× ∂yh

)
dS

(3.5.15)

where dS = dtdk and F±z is the mixed Berry curvature for the conduction and valence
bands respectively. As we can see, the form of (3.5.15) suggests that the Chern num-
ber for systems with 2D parameter space is the generalization of the winding number,
(3.3.28).

We will now give an interpretation of (3.5.15) by first visiting some concepts basic of
geometry: Let there be a general curved surface parametrized by a vector h(k, t). Then
the vector that gives the infinitesimal change in h as we move along lk is given by:

lim
∆k→0

h(k + ∆k, t)− h(k, t) ≈ ∂kh(k, t) dk (3.5.16)

The length of the above vector gives the arc length on the surface as we move along the
direction k.
To find the infinitesimal area element of the surface, we just need the product (∂kh× ∂th) dtdk
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because its length gives the area spanned by ∂kh and ∂th. So, we can write

dS = ‖∂kh× ∂th‖dtdk (3.5.17)

Note also that (∂kh× ∂th) points along the normal direction at each point of the surface.
With (3.5.17), we can write (3.5.15) as

C± = ∓ 1

4π

‹
dtdk

cos θ

h2
‖∂kh× ∂th‖ (3.5.18)

where θ is the angle between the unit normal vector to the surface, n̂ = ∂kh×∂th
‖∂kh×∂th‖ , with

ĥ.
Now, loosely -but correctly- speaking, the numerator h2 "normalizes" the area element,
making the whole integral in (3.5.18) nothing but the solid angle of the surface. This
is because while there is the factor cos(θ) in the integrand, the integral over the whole
surface will give the same answer as an integral over the unit sphere since the surface
is closed and thus for any deformation of S2, with the deformation given by the factor
cos θ, there will be another deformation that makes sure that the surface closes on itself.
Note that the above integral gives the signed area of the unit sphere, where the area of
the unit sphere is essentially its solid angle.
We thus expect that

‹
ĥ

h2
·
(
∂xh× ∂yh

)
dS = 4πn, n ∈ Z (3.5.19)

so that C± ∈ Z as we would expect for a closed manifold.
From the above arguments, we can conclude that C± gives the times that S1

t ×S1
k winds

around S2, or, equivalently, around the origin. To make it even clearer, as the periodic
variables k and t vary, the aforementioned solid angle is swept out, which is also the area
because we have a unit sphere.

3.5.3 Figuring out the Chern number by pulling rabbits out of our
hats!

Let us now find C± and find out its dependence on the parameters of the model. We
need to do computational work for it in order to calculate it, but we can actually argue
its value.
To do this, for simplicity let’s first set ∆o = ū in (3.5.5). We write it, and the dispersion
relation down in order to keep them in front of us:

h = (u, 0, 0) + ū(cos t, 0, sin t) + w(cos k, sin k, 0)

E± = ±
√

(u+ ū cos t+ w cos k)2 + w2 sin2 k + ū2 sin2 t
(3.5.20)
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From the form of h, we can understand that it is at least locally an elliptic 2-torus.
The figure below shows the intersection of the surface that h parametrizes with the
hz = 0 plane for the case u > ū > w19. As evident from the figure, the elliptic torus

Figure 3.19: Intersection of the elliptic torus with hz = 0.

encloses the origin when

|u− ū| < w

|u+ ū| < w
(3.5.21)

As t runs from 0 to 2π, we start from the right circle, go out of the page along the positive
hz and at t = π we end up at the left circle. This is shown in figure 3.20. For |u− ū| < w

Figure 3.20: Evolution of each circle at constant hZ as t runs. We are on the right
and left circles at t = 0 and t = π respectively.

the left circle encloses the origin while for |u+ ū| < w the right circle encloses the origin.
Now, as k and t sweep [−π, π) × [0, 2π), the torus winds around the origin once, so
in analogy with the winding number, we expect that the Chern number will have an
absolute value of 1. The reason that we emphasize that it is its absolute value is because
the surface is locally S1

k × S1
t , while globally it is not a normal torus, as we will see in a

moment.
Now, as we have stated before, as this is a 2 dimensional system, we can again use

19Note that this inequality is just a restriction that we choose in order to draw the figure.
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the results from the spin-1
2 case. For the lower energy state, recall that the monopole

associated with it has a plus charge, so depending on the direction of its corresponding
Berry curvature with respect to the normal vector of the torus, we will also get the
corresponding sign for the Chern number of each of the two cases in (3.5.21).

To prove that indeed the torus is not a "normal" torus, we examine its normal vector.

n = ∂kh× ∂th = x̂ (ūw cos t cos k) + ŷ (ūw cos t sin k) + ẑ (ūw sin t cos k) (3.5.22)

For maximum hx, which we get when t = 0, 2π and k = 0, we have n = +ūwx̂. For
minimum hx, which we get when t = π and k = ±π, the normal vector to the surface
is n = +ūwx̂ again. We see that, in contrast to the normal torus, the direction of the
normal vector is reversed as we go from its one side to its opposite one.
In the figure below, we show how the two tori compare.

Figure 3.21: The upper figure shows the direction of the normal vector on the two
sides of a normal torus. The lower figure shows that the normal vector is reversed in

the torus that we have.

To visualize, to the best of our abilities, the way that the unit vector reverses its direction,
we refer to figure 3.22. The torus twists inside-out as t varies.
We will see that this kind of "anti-symmetry" of the surface will give rise to opposite
Chern numbers for each of the cases (3.5.21).

Now, let us remember that

C± =
1

2π

ˆ 2π

0
dt

ˆ π

−π
dk f± · (∂kh× ∂th) (3.5.23)

For the lower band, we have f− which corresponds to a positively charged monopole at
h = 0, so that f− points radially outwards.
From the lower figure in figure 3.21, we expect that if the torus does not enclose the
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Figure 3.22: The normal vector to the "twisted" torus changes its direction at two
points.

charge, then the total flux through the torus will be zero. But, when the monopole is
enclosed by the torus, since the orientation of the torus is as in the figure, the flux of
the monopole through the torus depends on where it is enclosed. If a positively charged
monopole is enclosed in the right circle, then the total flux is positive because the field
strength at the left circle is diminished(think of electrostatics and Gauss’ law). If the
positively charged monopole is enclosed by the left circle, then the flux is negative, for
the analogous reasons.
For |u− ū| < w, we start at the right circle and we enclose the monopole at the left
circle. So, where the Berry curvature field is strongest is at the left circle. There, the
Berry curvature and the normal vector’s directions are opposite to each other, so we
expect the total flux to be negative. Since

∣∣C− = 1
∣∣, we must have that for |u− ū| < w,

C− = −1.
For the case |u+ ū| < w, we enclose the monopole at the right circle, so by analogous
arguments, for this case we have C− = +1.
Summing these up:

C− =


+1 |u+ ū| < w

−1 |u− ū| < w

0 otherwise

(3.5.24)

Note that in the next chapter, we will figure out a way to actually calculate the Chern
number. Moreover, the reader can also read relevant sections of [23] for a brief study of
the Rice-Mele model in a different gauge.

3.5.4 Relation to Gauss-Bonnet theorem

Going back to section 3.3.5, we find that something analogous to that case is also hap-
pening here, although in this case it is not as trivial as in the case of having curves
winding around the origin.
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The Euler characteristic in the Gauss-Bonnet theorem, (3.3.48) is equal to χ = 2(1−g) =

0 since the genus of a torus is equal to 1. So, the Gauss-Bonnet theorem reads

1

4π

‹
KdS = 0 (3.5.25)

for the torus.
We have a twisted torus here, so its genus is still equal to one. So, what happens
here is that the curvature flow in each case is non-zero because of the difference in the
orientation of the normal vector. But, the twisting is done in such a way so that for the
two topological cases to give fluxes that only differ by a sign, which added together give
the zero answer that we expect from the theorem, in the same way that in section 3.3.5
we found that no matter how we deform our parameters, as long as the monopole was
inside the curve, the result was that which we expected from the theorem.

To be extra clear, note that this does not have to do with the fact that the sum of
monopole charges is equal to zero (see (2.1.58)); the fluxes that we are talking about
refer to a particular monopole (it does not matter which one) but with different values
for the parameters (see (3.5.24), which refers to the positively charged monopole for the
different values of parameters as shown there).

Again, in the analogous spirit as that in section 3.3.5, the above are possible because
now the Berry curvature is emanated by sources, so it is a vector quantity (in the U(1)

case). Hence, the Berry curvature is not intrinsic to the surface in the sense of the Gauss-
Bonnet theorem, but it is intrinsic in the sense that the total flow reproduces the results
we expect from the Gauss-Bonnet theorem; if the surface encloses the monopole, the
inner product of the Berry curvature with n̂dS gives the integrand of the Gauss-Bonnet
theorem(neglecting the sign of the charge of the monopole).

Before closing this section, and the whole chapter, let us make one final remark.
From (3.5.18), cos θ

h2 is there to project the are element of the surface to a part of the
solid angle of a sphere. So, we expected the if the whole manifold is sufficiently far
away from the origin, the contribution would give zero. Each area element whose normal
vector points along a certain direction has another element whose normal points along
the opposite direction. When we project these to the unit sphere, they cancel each other
out.
Lastly, since all the above are topological, the "sufficiently far away from the origin"
condition to get C = 0, becomes "if the monopole is not enclosed inside the surface"20.

20The arguments that one can give when s/he talks about topological concepts are remarkably simple!
But, that is why higher topological concepts are much harder to describe!
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3.5.5 Charge pumping

Before ending this big chapter, we make a very brief, and qualitative stop at charge
pumping.

Since we know that the Chern number is associated with the polarization, we see that a
non-zero Chern number makes a physical, measurable difference in the system.
In the case of the SSH model, we saw charge pumping taking place, where we saw that
the difference in polarizations P (δ)−P (−δ) gave us a shift in the Wannier centers by 1

2 ,
and thus a charge transport of e2 . This is exactly what it is happening here also, because
nothing changed in our analysis, other than the fact that the variation of the system was
parametrized by time.
Hence, what is happening, for a non-trivial Chern number is illustrated in the following:

Figure 3.23: An illustration of the Thouless charge pumping in the context of the
Rice-Mele model. Semi-classically speaking, an electron is naturally "pulled" by non-
zero binding between nearest neighbors and by the lowest on-site potential. This means
that it it pumped to the right. Note that, at half filling, we have on average one electron

per two sites. Also, here T = 2π in order to agree with our analysis.



Chapter 4

2D Topological Insulators:
Qi-Wu-Zhang model and Chern
Insulators

Bob, a topologist and Alice, a
condensed matter physicist, go into a
coffee shop to celebrate their wedding
anniversary. The barista asks Bob if
he wants a doughnut or a hot coffee
poured into their new cups. Bob
doesn’t have a preference, of course.
The barista then asks if they would
both prefer a coffee served into a
doubled-handed cup especially made
for couples. Suddenly, Alice shouts
"Are you trying to get us electrocuted
here?".

4.1 Introduction

In this chapter, we will turn the number of spatial dimensions up to two. We will try to
find a 2D lattice model which displays non-trivial topology.
From the previous chapter, we already have a Topological Insulator in 2D, namely the one
described by the Rice-Mele model. Though, the RM model is contains one spatial and
one temporal dimension, so we will do a kind of transformation that is called dimensional
extension in order to promote the variables (k, t) to (kx, ky).

100
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This will give us the famous Qi-Wu-Zhang model, whose topological index and edge states
we can study.

Through the study of this model, we will derive the Quantum Anomalous Hall effect and
get our first glimpses of the so-called spin-momentum locking. Towards the end of the
chapter, we will delve into the subject of zeroes of wavefunctions and their corresponding
vortices that their ll-defined phase induces. We will end with a connection to an old
formulation of Quantum Mechanics invented/discovered by Madelung.

4.2 From Rice-Mele to Qi-Wu-Zhang through dimensional
extension

In seeking a 2D lattice model with a non-trivial topological index, we will use the results
obtained form the Rice-Mele model since both the RM model and the model we are
seeking depend on two dynamical variables.
The topological index of the Rice-Mele model was the Chern number that depends on
the mixed Berry curvature. In mapping the Rice-Mele model to a model associated with
a 2D lattice, we expect the nature of the index to not change, although now it will
correspond to a proper, or just non-mixed, Berry curvature.

Rather than start off from the mapping of the Rice-Mele model to our desired one, we
will diagonalize a very general real-space Hamiltonian that we will give below and then
perform the mapping. In this way, we will get a feel for the real-space dynamics that
will give rise to the non-trivial topology and will also have a very general Hamiltonian
to play with. This is also more fun than just inverse Fourier transforming.
Note that this real-space representation of the QWZ Hamiltonian is very rarely done in
the bibliography.

The general Hamiltonian that we will start with is the following.

Hgen =
∑
i,j,σσ′

Mσσ′C†ijσCijσ′ + (Aσσ
′
C†i+1,j,σCijσ′ +Bσσ′C†ijnσCijσ′ + h.c.) (4.2.1)

where Mσσ′ , Aσσ
′
, Bσσ′ ∈ C. Also, σ and σ′ can only take the values 1 or 2, which

indicate that we have two degrees of freedom per unit cell given by the pair (i, j). The
σ indices can correspond to spin degrees of freedom, sublattice degrees of freedom or
anything else.

As is apparent from (4.2.1), we have only kept nearest neighbor hoppings. This was done
because of the form of the Rice-Mele Hamiltonian. We could use an even more general
Hamiltonian, but we will see that the above will serve our purposes well without the
need to over-complicate things.
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Diagonalization:
To Fourier transform (4.2.1), we use the following two relations

Cijσ =
1√
NxNy

∑
k

eikRCkσ∑
ij

e−iR(k−k′) = NxNyδk,k′
(4.2.2)

where we have converted to the easier notation k = (kx, ky), R = iαx + jαy = i+ j, for
αx = αy = 1, with αx, αy being the lattice constants in directions x, y, respectively.
Using (4.2.1) and (4.2.2), we get

Hgen =
∑
k,σ,σ′

Mσσ′C†kσCkσ′ + (Aσσ
′
e−ikxC†kσCkσ′ +Bσσ′e−ikyC†kσ′Ckσ′ + h.c.)

=
∑
k

(
C†k1

Ck2

)H11(k) H12(k)

H21(k) H22(k)

Ck1

Ck2

 (4.2.3)

with the components of H(k) given by

H11(k) = M11 +M11∗ +A11e−ikx +A11∗eikx +B11e−iky +B11∗e−iky

H12(k) = M12 +M21∗ +A12e−ikx +A21∗eikx +B12e−iky +B21∗eiky

H21(k) = M21 +M12∗ +A21e−ikx +A12∗eikx +B21e−iky +B12∗eiky

H22(k) = M22 +M22∗ +A22e−ikx + (A22∗eikx)∗ +B22e−iky + (B22∗e−iky)∗

(4.2.4)

We now want to map the Rice-Mele model to this.
The Rice-Mele Hamiltonian is

H(k, t) =

 ∆o sin t u+ ū cos t+ w cos k − iw sin k

u+ ū cos t+ w cos k + iw sin k −∆o sin t


= (u+ ū cos t+ w cos k)σx + w sin k σy + ∆o sin t σz

(4.2.5)

Although optional and not necessary for what is about to follow, we will choose to convert
to another basis by performing a unitary transformation. This because we will try to get
a Hamiltonian that will closely resemble the original QWZ Hamiltonian.
We will use the unitary transformation ÛH(k, t)Û † with

Û =

w sin k − i∆o sin t w sin k − i∆o sin t

∆o sin t+ iw sin k −(∆o sin t+ iw sin k)

 (4.2.6)
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to convert (4.2.5) to

H(k, t)→

u+ ū cos t+ w cos k w sin k − i∆o sin t

w sin k + i∆o sin t −(u+ ū cos t+ w cos k)


= w sin k σx + ∆o sin t σy + (u+ ū cos t+ w cos k)σz

(4.2.7)

We will now use the method of dimensional extension to send (k, t) → (kx, ky). This
transforms (4.2.7) to

H(k, t)→ H(kx, ky) =

u+ w cos k + ū cos ky w sin kx − i∆o sin ky

w sin kx + i∆o sin ky −(u+ ū cos ky + w cos kx)


= w sin kx σx + ∆o sin ky σy + (u+ w cos kx + ū cos ky)σz

(4.2.8)

This now has a similar form as that in [11], in which the celebrated Qi-Wu-Zhang model
was first presented.

We now compare our general Hamiltonian, as in (4.2.3)and (4.2.4) with (4.2.8). This
way, we find

2Re(M11) + (A11e−ikx + c.c.) + (B11e−iky + c.c.) = u+ ū cos
(
ky
)

+ w cos(kx) (4.2.9)

From this, we ca choose:

M11 =
u

2
, A11 =

w

2
, B11 =

ū

2
.

M22 = −u
2
, A22 = −w

2
, B22 = − ū

2

(4.2.10)

We also have

M12+M21∗+A12e−ikx+A21∗eikx+B12e−iky+B21∗eiky = w sin(kx)−i∆o sin
(
ky
)
(4.2.11)

From this, we can take

M12 +M21∗ = 0⇒M12 = M21 = 0

A12 = A21 = i
w

2
, B12 =

∆o

2
, B21 = −∆o

2

(4.2.12)

We can now understand the physical content of the Hamiltonian of a 2D lattice that
gives rise to the non-trivial topology.
Our previously very general Hamiltonian has now got a concrete form.
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First, write:

Mσσ′ =
u

2
(δσ1δσ′1 − δσ2δσ′2) =

u

2
(σz)σσ′

Aσσ
′

=
w

2

1 i

i −1


σσ′

=
w

2
(σz + iσx)σσ′

Bσσ′ =

 ū

2

∆o

2

−∆o

2
− ū

2


σσ′

=
ū

2
σz + i

∆o

2
σy

(4.2.13)

Note that since Mσσ′ hasn’t got off-diagonal components, terms like C†ij1Cij2 are sup-
pressed, which means that we have no mixing of spin/pseudospin states without any
hopping to neighboring sites.
With the above choices, (4.2.13), our generalized Hamiltonian, as given in (4.2.3), be-
comes

Hgen =
∑
i,j,σ,σ′

u

2
C†ijσ (σz)

σσ′ Cijσ′

+

[
w

2
C†i+1,jσ (σz + iσx)σσ

′
Cijσ′ + C†i,j+1,σ

(
ū

2
σz + i

∆o

2
σy

)σσ′
C ′ijσ′ + H.C.

]
(4.2.14)

From what we have seen in the Rice-Mele model, only the relative values of the param-
eters ∆o, u, ū, w matter. So, we will freely choose w

2 = ū
2 = ∆o

2 = 1 and u
2 → u.

For completeness reasons, we explicitly expand (4.2.14) with the above choices of the
parameters, although we can understand what is happening in real space from the form
of (4.2.14). Expanding, we get:

Hgen =
∑
i,j

u
(
C†ij1Cij1 − C

†
ij2Cij2

)
+

[(
C†i+1,j,1Cij1 − C

†
i+1,j,2Cij2 + iC†i+1,j,1Cij2 + iC†i+1,j,2Cij1

)
+ H.C.

]
+

[(
C†i,j+1,1Cij1 − C

†
i,j+1,2Cij2 + C†i,j+1,1Cij2 − C

†
i,j+1,2Cij1

)
+ H.C.

]
(4.2.15)

We graphically illustrate these hoppings in the figure 4.1 below. What we see in this
figure is that there are hoppings that mix up the two degrees of freedom (DoFs). If the
DoFs represent spin DoFs, then such terms could come from spin-orbit coupling. If the
DoFs represent atomic states, then such terms stand for the mixing of the orbitals, or
their so-called hybridization.
Also, the u-terms represent on-site potentials if our DoFs are atomic states or represent
magnetization terms if our DoFs are spin DoFs; the parallel spins with the material’s
magnetization have different energy from the spins which are anti-parallel.
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Figure 4.1: Graphical illustration of the real space Hamiltonian for the QWZ model.
The empty circles correspond to the first spin/pseudospin degree of freedom, σ = 1,

while the filled one corresponds to σ = 2. The on-site potentials are not shown.

4.3 Chern number for the QWZ model

We got the Qi-Wu-Zhang model from dimensional extending the Rice-Mele problem.
The only thing that changes in the Chern number is that it now does not come from a
mixed Berry curvature.
In order to be able to directly convert results of the Rice-Mele model, from now on, we will
work with the dimensionally extended Rice-Mele Hamiltonian, as given by dimensional
extension of (4.2.5).
From section 3.5.3 if the reader takes a look back at the Hamiltonian (3.5.20) and the
Chern number (3.5.24) and remembering that we took all of our parameters to be equal
to 2 (see below (4.2.14)), we find that the Chern number for the Qi-Wu-Zhang model is
given by:

C− =


+1 0 > u > −2

−1 +2 > u > 0

0 otherwise

(4.3.1)
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4.4 Edge states and their Chern number

From our discussion of the SSH model ad its edge states, we saw that their existence is
essential for topological transitions, i.e. for going to the trivial to the topological phase
and the reverse.
As evident from (4.3.1), we have three topologically distinct phases in the QWZ model.
So, motivated by our discussion from the previous chapter, we expect to also find here
edge states that might also be present.
This is further motivated by the fact that if we drop the terms in the first and second
line of (4.2.15), we essentially get the SSH model. The remaining terms refer to hopping
along the y-axis. So, for the edges parallel to the y-axis of a finite QWZ lattice, if we
neglect on-site potentials, we get exactly the SSH model. So, we must have exponentially
localized states at the edges of these edges. But this is also true for any one-dimensional
slice that is parallel to the y-axis, so these exponentially localized states exist along the
line that connects the edges of every such slice.
Now, of course the on-site potentials cannot be neglected, but as we have seen from the
Rice-Mele model, we could include on-site potentials and still get non-trivial physics.
And since we got the QWZ model from the Rice-Mele model, we expect these to be
present here too.

Before starting with the calculations, we make a last remark on the closing of the gap in
the FBZ.
Our Hamiltonian is given by h = (u, 0, 0) + (cos ky, 0, sin ky) + (cos kx, sin kx, 0) and the
dispersion relation that we have is

E± = ±E = ±
√
u2 + 2(1 + cos ky cos kx + u(cos ky + cos kx)) (4.4.1)

The gap closes when

u = 0 at (kx, ky) = (±π, 0), (±π, 2π), (0, π) (2 distinct Dirac points)

u = 2 at (kx, ky) = (±π,±π) (1 distinct Dirac point)

u = −2 at (kx, ky) = (0, 0) (1 distinct Dirac point)

(4.4.2)

We will now examine the limit of u = −2. At this limit, the gap closes at (0, 0), so we
expanding around that point in linear order in (kx, ky) gives

h ≈ (u+ 2, kx, ky)

H(kx, ky) =

 ky u+ 2− ikx
u+ 2 + ikx −ky


E± ≈ ±

√
(u+ 2)2 + k2

x + k2
y

(4.4.3)
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In analogy with what we found in section 3.4.1.2, we can conclude that (u+ 2) is like a
mass-like term in a effective massive low-energy Dirac theory.
For convenience, we can transform to another basis using the unitary transformation
H → UHU † with

Û =

kx − iky kx − iky
ky + ikx −(ky + ikx)

 (4.4.4)

which takes us to

H →

 u+ 2 kx − iky
ky + ikx −(u+ 2)

 (4.4.5)

We now write u+ 2 = m to indicate that it is a mass term. We also convert our FBZ to
a complex plane with r =

√
k2
x + k2

y and φ = tan−1
(
ky
kx

)
, so that kx − iky = re−iφ. In

this way, we have

H =

 m re−iφ

reiφ −m


E± =

√
m2 + r2 = ±E

(4.4.6)

In this way, we clearly see that the dispersion relation around the point in which we
expanded around is conical for m = 0. So, these Dirac points, at the massless limit,
have the so-called Dirac cones around them. Of course, while being in any one of the
distinct topological phases, the cone is opened by the non-zero mass term and the band
structure is gaped. We expect the edge states, in analogy with the SSH model, to live
around these Dirac points.

To compute the Chern number of the whole FBZ and of the edge states, we have to first
find the Berry connection. But, we have already argued again and again that the Chern
number does not depend on the details of the integration path, so we will choose a path
such that along that path, we have r = constant.

To illustrate our upcoming points, we choose the lower energy band for which we have
the following eigenvalue equation: m re−iφ

reiφ −m

u1

u2

 = −E

u1

u2

 (4.4.7)

where u1, u2 are constants to be evaluated.
To make our lives easier1, we choose single-valued eigenstates. The choice of such states
depends on the sgn(m).

1Here, this means that we choose a single-valued basis in order to not have any problems with any
delta function that could arise from the derivative of a multi-valued state.



Qi-Wu-Zhang model and Chern Insulators 108

m > 0:
For this case, we choose u1

u2

 =

 re−iφ

−(E +m)


The factor e−iφ is one that can give rise to multi-valuedness to the term that does not
go to zero at r → 0, so we absorb this phase factor in the component of our spinor that
will go to zero at r → 0.
Normalizing the above, we get

|−〉+ =
1√

2E(E +m)

 re−iφ

−(E +m)

 , m > 0 (4.4.8)

where the plus subscript under the ket indicates that we are referring to the case of
m > 0.
For the calculation of the Berry connection, we need:

∂φ |−〉+ = − 1√
2E(E +m)

ire−iφ
0


This gives

A+ = i 〈−|+ ∂φ |−〉+ êφ =
r2

2E(E +m)
êφ = A+,φ êφ (4.4.9)

Now, going around the Dirac point (around the tip of the Dirac cone), we find that

1

2π

˛
A+,φ dφ =

r2

2E(E +m)

We will now consider the limit m
r << 1. In this limit, we expand the above result up to

linear order to get

r2

2
√
m2 + r2

1√
m2 + r2 +m

≈ r2

2

1

r

(
1

1 + 1
2(mr )2

)(
1

r(1 + 1
2(mr )2) +m

)
≈ 1

2

(1− 1

2

(
m

r

)2
)(

1− m

r
+

1

2

(
m

r

)2
)

≈ 1

2

(
1− m

r

)
(4.4.10)

In the limit of infinitesimally small loop around the cone, we get

CDC,m+ =
1

2
, m > 0 (4.4.11)

where the subscript of CDC,m+ indicates that this is the Chern number associated with
the Dirac cone/point when m > 0.
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m < 0:
For m < 0, in order to have a single valued state, we choose

|−〉−
1√

2E(E +m)

 −r
(E +m)eiφ

 (4.4.12)

Since now the upper component is non-zero at r → 0(the normalization factor included)
while the lower component is zero, there is zero ambiguity due to eiφ at the origin, so we
will not have any problems with any multi-valuedness.
To compute the Berry connection, we need

∂φ |−〉− =
1√

2E(E +m)

 0

i(E +m)eiφ


This gives

A−,φ = − 1

2E(E +m)
(E +m)2 = −(E +m)

2E
(4.4.13)

In the limit of mr � 1 :, we expand the above to linear order to get

−(E +m)

2E
= −

√(m
r

)2

+ 1 +
m

r


2

√
1 +

(
m

r

)2

≈ −1

2

[(
1 +

1

2

(
m

r

)2)
+
m

r

]
(

1 +
1

2

(
m

r

)2)
≈ −1

2

(
1 +

m

r
+

1

2

(
m

r

)2
)(

1− 1

2

(
m

r

)2
)

≈ −1

2

(
1 +

m

r

)

(4.4.14)

In an analogous way as in the case of m > 0 from above, we get

CDC1,m− = −1

2
, m < 0 (4.4.15)

So, we see that at m = 0 (which corresponds to u = −2), there is a jump in the Chern
number of the Dirac cone.
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Now, from (4.3.1), we see the the Chern number for the whole band is

C− =

+1 u > −2

0 u < −2
, at the vicinity of u = −2. (4.4.16)

We thus find that the sudden jump in C is due to the jump in CDC , which means that the
Chen number of the bulk varies smoothly as we change u, while it is the Chern number
of the Dirac points that varies discontinuously.

For u < −2 (m < 0), we have C = 0 and CDC = −1

2
, so the bulk must have Cb =

1

2
.

For u > −2 (m > 0), C = 1 and CDC =
1

2
, so, again Cb =

1

2
, which proves our above

statement.

We can follow the analogous procedure for the cases of u = 2 and u = 0. We do the case
u = 2 first. We expand our Hamiltonian in the same way to find h ≈ (m, k̄x, k̄y, where
m = u − 2, k̄x = kx ∓ π and k̄y = ky − π for (kx, ky) = (±π,∓π) representing the one
distinct Dirac point (see (4.4.2)). Again using the unitary transformation (4.4.4), the
reader can verify that we find: For u > 2 (m > 0), CDC = 1

2 while for u < 2 (m < 0),
CDC = −1

2 , illustrating again the jump that we expect, since for u > 2, C = 0 and for
u < 2, C = −1.

In the exact same way, we can prove the same things for u = 0. In this case though,
h = 0 at (kx, ky) = (−π, 0) and (kx, ky) = (0, π), so we have two inequivalent Dirac
points. This is what will give the jump from C = 1 for −2 < u < 0 to C = −1 for
0 < u < 2. Note that in this case, we have a jump |∆C| = 2, while for the previous cases
we had a jump of |∆C| = 1. This again motivates us to associate the jumps in the Chern
number with the edge states that correspond to the above inequivalent Dirac points of
each case. This means, that the CDC that we found also correspond to the Dirac cone’s
associated edge states.

Before ending this section, we make a last remark. The results (4.4.11) and (4.4.15), can
give us another insight as for what happens at the Dirac cones. Since these results have
to do with the Berry phase divided by 2π, and the Berry phase is defined as the Berry
curvature flux through the area of integration, we can see that the above results mean
that we have the so-called π-fluxes at Dirac cones. When the Dirac cones close and we
have a transition to another topological phase, then their flux is also changed; for the
above results, it is changed by 2π as we go from m < 0 to m > 0. Also, for the case of
u = 0 that is discussed in the previous paragraph, we have two distinct Dirac cones and
a jump of |∆C| = 2, or equivalently, a jump of π (in absolute value) per Dirac cone; so
this case is also consistent with our above claims.
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Figure 4.2: The Chern number associated with a Dirac cone in any topological phase
(where we are only considering the lower band as being filled) is always equal to ± 1

2
(blue). In the case of only one Dirac point per topological phase, the rest of the FBZ

contributes with a Chern number equal to ∓ 1
2 (red).

4.5 Edge states of the Qi-Wu-Zhang model

The previous section has further motivated that we have edge states in this model. In
this section, we will give them an explicit, quantitative description in the context of
domain walls, as we did for the case of the SSH model back in section 3.4.2.

In order to use the results of section 3.4.2, in this section we will not use the Hamiltonian
that we got after the unitary transformation. We will also use the same kind of domain
wall as in the SSH model.

We will first consider the case of u = +2. We expand to linear order our Hamiltonian
around (kx, ky) = (−π,−π), at which we have a Dirac point, so we get

H =

 −k̄y (u− 2) + ik̄x

(u− 2)− ik̄x +k̄y

 (4.5.1)

where k̄j = kj + π. We also take the thermodynamic limit and set u − 2 = m(x), with
the only restriction on m(x) being that

sgn
[
m(x)

]
=

+1 x > 0

0 x < 0
(4.5.2)
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Re-quantizing, we get2 k̄j = −i∂j , where ∂j = ∂
∂xj

. This, way, our Hamiltonian becomes

H =

 i∂y m(x) + ∂x

m(x)− ∂x −i∂y

 (4.5.3)

Since the mass term has no y-dependence, we expect the electron to behave like a free
particle along the y-direction3. We thus make the ansatz

ψ = eiky

α(x)

β(x)

 (4.5.4)

Using this and (4.5.3), we get the eigenvalue equation −ky m(x) + ∂x

m(x)− ∂x ky

α
β

 = E

α
β

 (4.5.5)

Now, since the x-direction of this problem is identical to that in the SSH model, we will
try to take as an ansatz the solution to the SSH model, as given by (3.4.20) (without
the normalization factor and by taking ~w = 1 because of the difference in the two
Hamiltonians). Writing it down again for convenience purposes:α

β

 =

0

1

 exp

{
−
ˆ x

0
m(x′)dx′

}
(4.5.6)

Plugging (4.5.6) into (4.5.5), we find−ky 0

0 ky

0

1

 = E

0

1

 (4.5.7)

This satisfies the eigenvalue equation. So, we have successfully found an edge state with
energy E = +ky. So, the previously zero-energy eigenstate in the corresponding domain
wall problem for the SSH problem now has an energy corresponding to a particle freely
traveling along the y-axis, as expected.
To sum this up, we got

ψ = A
[
m(x)

]
eiky exp

{
−
ˆ x

0
m(x′)dx′

}0

1

 , E = +ky (4.5.8)

2We are using natural units.
3We could have also just said that we have translational symmetry along the y-direction.
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where A(m) is a normalization constant that depends on the form of m(x).
Also, note that this is a particle that moves along the positive y-axis since4

v =
∂E

∂kj
êj = +êy

Let us now find what happens when

sgn
[
m(x)

]
=

+1 x < 0

−1 x > 0
(4.5.9)

Since we have already shown that we do not care about the exact form of m(x), rather
than re-solving the whole problem, we will just take parts of the previous solution when
we send m(x)→ −m(x). We now make the ansatz

ψ = eiky exp

{ˆ x

0
m(x′)dx′

}u1

u2

 (4.5.10)

Plugging it into the eigenvalue equation gives−ky 2m

0 ky

u1

u2

 = E

u1

u2

 (4.5.11)

The eigenvalues are E = ±ky, but the positive one gives (from (4.5.11)) that kyu1 = mu2;
its RHS is x-dependent while the LHS is not, so we must not accept it.
So, the solution for this case is

ψ = A′
[
m(x)

]
eiky exp

{ˆ x

0
m(x′)dx′

}1

0

 , E = −ky (4.5.12)

which has velocity

v =
∂E

∂kj
êj = −êy

To clearly showcase what is happening here, consider a sample of a lattice that is de-
scribed by the QWZ model, with

sgn
[
m(x)

]
=

+1 |x| > xo

−1 |x| < xo
(4.5.13)

for some xo which is much larger than the decay length of the edge states (along the x-
axis). The fist solution that we found in this section, namely (4.5.8), lives at the domain
wall at x = xo, while the second solution, (4.5.12), lives at the domain wall at x = −xo.

4The Einstein summation convention is implied.
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This is shown in figure 4.2 below. Note that due to the condition imposed above for xo,
the two edge states do not overlap.

Figure 4.3: Chiral states of the Qi-Wu-Zhang model for u = 2.

What we see here is that the velocity of these edge states has to do with the signed jump
in the Chern number. This velocity seems to also correspond to a particular spin state.
Such states are called chiral states.
Let us verify these suspicions from a similar analysis for the other cases, u = −2 and
u = 0.

u = −2:
We have a degeneracy point in the FBZ at (kx, ky) = (0, 0), so we expand our Hamiltonian
around that point to get

H =

 ky m− ikx
m+ ikx −ky

 (4.5.14)

with m = u + 2. Going to the thermodynamic limit, we define m(x) such that m(x >

0) > 0 and m(x < 0) < 0. Note that for m < 0 we have C = 0 while for m > 0 we have
C = 1.
Taking the analogous steps as the case u = 2, we make the ansatz

ψ ∝ eiky exp

{
−
ˆ x

0
m(x′)dx′

}α
β


The eigenvalue equation becomes −i∂y m− ∂x

m+ ∂x i∂y

 eikye−
´
m(x′)dx′

α
β

 =

ky 2m

0 −ky

α
β

 = E

α
β

 (4.5.15)
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The solution that satisfies the above is given byα
β

 =

1

0

 for E = +ky

The velocity is v = +êy. By reversingm(x), we get the opposite velocity with spin-down,
as we did in the case of u = 2.
These are shown in figure 4.4 below.

Figure 4.4: Chiral edge states for the QWZ model for u = −2.

u = 0:
In this case, we have two closed Dirac cones situated at (kx, ky) = (−π, 0) and (kx, ky) =

(0,−π). We set m = u.

For (kx, ky) = (−π, 0), the low-energy Hamiltonian is

H ≈

 ky m+ ikx

m− ikx −ky

 (4.5.16)

The solutions, as the reader can verify, is

ψ ∝ eiky exp

{
−
ˆ x

0
m(x′)dx′

}0

1

 , with E = −ky (4.5.17)

This state has velocity v = −êy.

For (kx, ky) = (0,−π), we expand the Hamiltonian to linear order to find

H ≈

 −ky m− ikx
m+ ikx +ky

 (4.5.18)
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The solution is

ψ ∝ eiky exp

{
−
ˆ x

0
m(x′)dx′

}1

0

 , with E = −ky (4.5.19)

with the velocity again being equal to v = −êy. These two edge states, that correspond
to the two distinct Dirac cones, are shown in figure 4.5.

Figure 4.5: The two edge states for the case of u = 0 are shown. They correspond
to different Dirac points. Due to being two in number, they bring a shift of |∆C| = 2,

with its sign being determined by the direction of movement of the states.

Before moving on, we have a couple of patterns that we want to comment on.:
(1) The shift of the Chern number at m = 0 at each of the three cases, u = 0, u = 2,
u = −2, equals the number of edge states that lie at the boundary of two domains.
(2) sgn

[
C(m > 0)− C(m < 0)

]
= sgn(vy), where vy is the component of the velocity

v along the direction y. The direction in which the particle is moving, either along the
positive or the negative y-axis, is given by this difference between the final Chern number
and the initial Chern number of each case. This is apparent from figures 4.3, 4.4 and
4.5.

These two remarks, show us something that was already showing its signs in our study
of the SSH model: the Bulk-Boundary correspondence. This will be the subject of our
next section.

Before ending the section, we will say a few general things on the edge states and their
position in the FBZ.
As we have already said, we only have one edge state residing at an opened Dirac cone.
Of course, these edge states are described by the low-energy effective Dirac theory, so
the Fermi energy has to reside within the energy gap.
In a next section, we will see that there’s yet another phenomenon taking place at these
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edge states, so we need to have a clear picture of how such edge states look like in the
FBZ. So, in the following we give a typical picture of how an edge state resides at a Dirac
point.

Figure 4.6: A typical edge state residing at the vicinity of a Dirac point. An edge
state is described by the low-energy effective Dirac theory, so to get it we need the

Fermi energy to lie within the gap.
(Adopted from Hasan, Kane, Topological Insulators)

4.6 Bulk-Boundary correspondence

A reoccurring theme that we see throughout is how the topological index of a model
relates to the edges of the lattice. As we remarked all the way back when we studied the
SSH model, at a first sight it would seem absurd that a topological invariant, which we
get from the physics of the bulk through the bulk Hamiltonian, would give information
about the edges which where not even included in our analysis.

That we have a precise relation between the change in the Chern number in the QWZ
model or the winding number in the SSH model with the number of edge states that lie on
a domain wall makes this believable. This is called the Bulk-Boundary correspondence5

and it is one of the most striking features of Topological Insulators.

To precisely state it, the correspondence says that the number of states lying at the
interface between two lattices in a different topological phase is equal to the difference
in the topological index describing them.

It has now become a way to detect non-trivial topological behaviour of materials and
while it has no easy proof6, it is something that is happening in every topologically
non-trivial material that we know of.

5We believe that the correspondence was first proposed by [50].
6If any rigorous proof exists.
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4.7 A first glimpse of the Spin-Momentum locking

For this section, we will showcase a very important and remarkable property of topological
insulators.

To do this, with foresight we choose to use the Hamiltonian of section 4.4. In the near
metallic limit, it gives

H = kxσx + kyσy +mσz (4.7.1)

where m = u + 2. Converting to polar coordinates, the energy can be written as E± =

±E = ±
√
m2 + r2. Using some of the results of section 4.4, we find that its eigenstates

for m→ 0+ and for r = 1 are

|±〉+ =
1√

2E(E ∓m)

−e−iφ
m∓ E

 , for m→ 0+ (4.7.2)

Taking the limit m
r = m << 1, we find that

E ≈
(

1 +
1

2
m2

)
1√

2E(E ∓m)
≈ 1√

2
(1− 1

2
m)

Using these, we can find that

E +m√
2E(E ∓m)

=

√
E +m

E

≈

√√√√1 +m+ 1
2m

2

2
(

1 + 1
2m

2
)

≈ 1√
2

√(
1 +m+

1

2
m2

)(
1− 1

2
m2

)
≈ 1√

2

√
1 +m

≈ 1√
2

(
1 +

m

2

)

(4.7.3)

So, the lowest energy eigenstate becomes

|−〉+ ≈
1√
2

e−iφ(1− m
2 )

−(1 + m
2 )

→ 1√
2

e−iφ
−1

 (4.7.4)

where in the last equality we have taken the limit of approaching the limit of being
infinitely close to closing the gap.
In a similar fashion, we can also compute the higher energy eigenstate in the same limit.
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Doing so, we can write the two eigenstates as

|±〉+ ≈
1√
2

e−iφ
±1

 , m→ 0+ (4.7.5)

Now, remembering that for the case of m → 0− we just make sure that our eigen-
states are single-valued by absorbing the phase factor in the second component of the
spinor/pseudospinor, we also find that

|±〉− ≈
1√
2

 1

±eiφ

 , m→ 0− (4.7.6)

In this extreme limit of "massless" particle (or infinitely close to gapless system), (4.7.5)
and (4.7.6) coincide (up to a phase), of course. For this reason, for our upcoming analysis
we will only consider the case of m→ 0+. So, from now on we denote |±〉+ = |±〉.

Now, we have already seen some clues that suggest that the spin and the momentum of
a state are related or interconnected. To examine how much, we go through the Helicity
operator, defined as follows.

Ĥel =
σ · p
‖p‖

=
σ · p
r

= σ · p (r = 1) (4.7.7)

It is clear from its form that the Helicity gives us how much is the momentum parallel
or anti-parallel with the spin/pseudospin.

If we now convert it to cylindrical coordinates and put pz = 0, then (4.7.7) can be writen
as

Ĥel = σx cosφ+ σy sinφ =

 0 e−iφ

eiφ 0

 (4.7.8)

Acting on the eigenstates (4.7.5), we get

Ĥel |±〉 =
1√
2

 0 e−iφ

eiφ 0

 1

±eiφ

 =
1√
2

±1

eiφ

 = ± |±〉 (4.7.9)

What this tells us is that the states |±〉 have positive and negative helicity respectively.
So, for the |+〉 states, we have their spin parallel with their momentum, while for the
|−〉, it is anti-parallel. This is the famous spin-momentum locking.

Let us pictorially get an intuitive picture7 for this. We represent the spinor (4.7.5) on a
Dirac cone as in figure 4.7.

7Pun intended.. again!
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Figure 4.7: Spin-momentum locking on the Dirac cone.

We remind the reader that φ is the angle between the vector (kx, ky) with the kx-axis.
For every value of φ, we have a corresponding spinor. For every value of φ, |+〉 (in the
upper cone, since it corresponds to the higher energy band) has the opposite spin from
that of |−〉 (lower cone). Also, the physical velocity is given by v = ∇kE.

We also give the following figure in order for the reader to have a clearer picture of what
is going on in the upper and the lower cone:

Figure 4.8: On the left, we have an intersection between the Dirac cone with a
positive constant energy plane, while on the right we have one such intersection but
with a negative constant energy plane. For each value of φ, we have the opposite spin

orientation from going from one cone to the other.

We now want to go back to our analysis of the edge states of the QWZ model at domain
walls, in section 4.5. As an example, we will take the case of u = −2. There, we found
that the edge state depicted on the left figure of figure 4.4 was proportional to

ψ ∝ eiky
1

0

 , with E = +ky (4.7.10)
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Of course, the

1

0

 is the physical spin of the state, but expressed in different coordi-

nates in those that we are working in, because the above result was a solution to the
Hamiltonian without transforming it to another basis, while our results are solutions
to the Hamiltonian after we performed the unitary transformation using (4.4.4). So, in
order to directly compare the two, we need to also transform the result (4.7.10) into our
basis using the same unitary transformation.

We write the unitary transformation as

Û ≈

kx − iky kx − iky
ky + ikx −(ky + ikx)

 =

 e−iφ e−iφ

ei(
π
2
−φ) e−i(

π
2

+φ)

 (4.7.11)

We now have to be a bit more careful8. For E = +ky, we have φ = π
2 for E > 0 and

φ = −π
2 for E < 0. To see why, we refer the reader to the following figure, which depicts

the intersection of the Dirac cone with the plane kx = 0. From the above figure, then,

Figure 4.9: Intersection of the Dirac cone (shown in 4.7) with the plane kx = 0.

we see that the line E = +ky is the one in which all the spins point up in the y-direction,
so the above conditions for φ are justified. So, we now write (4.7.11) for φ = π

2 and
φ = −π

2 :

Û

∣∣∣∣
k=π

2

=

−i −i
1 −1


Û

∣∣∣∣
k=−π

2

=

 i i

−1 1

 (4.7.12)

8Or, better, a little less sloppy.
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Acting on the spinor in (4.7.10), we get

Û

∣∣∣∣
k=π

2

1

0

 =

−i −i
1 −1

1

0

 =

−i
1

 = |+y〉

Û

∣∣∣∣
k=−π

2

1

0

 =

 i i

−1 1

1

0

 =

 i

−1

 = |+y〉

(4.7.13)

Note that the final result of each line in (4.7.13) differ by a trivial, constant phase, which
makes them equivalent.
The state with velocity v = ∇kE = êy has its spin up along the y-axis. We can do the
analogous calculation for the state that is depicted on the right figure of the figure 4.4 to
find that it has v = −êy and |−y〉. So, the results of our previous sections demonstrate
spin-momentum locking.

Note that in a 2D system, which has 1D edges, we are confined in just a slice of the
Dirac cone, so we cannot see the full effects of the spin-momentum locking in action. If
we had a 3D system with 2D boundaries, then the states would have access to all of the
Dirac cone, with their movement in the 2D hypersurface (boundary) being associated
with their spin through the locking. If, semi-classically speaking, the electron changes
its direction while moving along a 2D boundary of a 3D Topological Insulator, then its
spin will change accordingly.
This is indeed what happens in 3D Topological Insulators. It is remarkable that we are
able to derive such statements for higher-dimensional systems from the physics of two
dimensional lattices.

4.8 Vortices and connection to the Hydrodynamical formu-
lation of Quantum Mechanics

We will now view the whole subject of the Chern number in band theory from another
point of view, namely through the so-called vortices. This is a fairly old subject9 but it
is still relevant today.

Consider the Hamiltonian

H =

 sin ky u+ cos kx + cos ky − i sin kx

u+ cos kx + cos ky + i sin kx − sin ky

 (4.8.1)

9See for example [51].
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The reader can verify that the energy eigenstates are given (up to a normalization con-
stant) by:

|±〉 ∝

√2 + u2 + 2u cos kx + cos
(
kx − ky

)
+ 2u cos ky + cos

(
kx + ky

)
− i sin ky

∓(u+ cos kx + cos ky + i sin kx


(4.8.2)

At the Dirac points for their corresponding value of u (see (4.4.2)), |±〉 → 0. What this
means is that the Dirac points are points at which the phase of |ψnk〉 = eik·r |unk〉 (but
also the phase of |unk〉) is ill-defined.
Due to this phase ambiguity at these points, the Berry connection at these points will be
singular. If we back to (4.4.11), for example, we see that if we take the path of integration
in the line integral of the Berry connection above of (4.4.10) to be infinitely small, then
the result (4.4.11) still survives, which shows that the Berry connection must be singular
at that Dirac point.
This is more general: for 1

2π

¸
C A · dk, if we take C to be an infinitesimally small circle

around a Dirac point, then the result will be a non-zero integer, which is the Chern
number, of course. Choosing another gauge can just move the Dirac point around, but
we cannot get rid of it. This is the exact same thing that we found when we where
studying the spin-1

2 system in chapter 2.
We will now prove the above statement more methodically.

For simplicity, we will consider the general case of a 2D FBZ, which is a torus, and will
consider the case where we only have one point of phase ambiguity in the FBZ, so that
we only need two gauges10 to cover without the need of any singular Berry connection11.

We will now follow and expand on [51].
We choose gauge 1 to have as a singular point (where we have a phase ambiguity) at
the point represented by the black dot in the upper figure of 4.10 and we choose gauge
2 to have the Dirac point at the point represented by a black dot in the lower figure in
4.10. To avoid each gauge’s singularity, we choose to use gauge 1 in domain 1 (D1) and
gauge 2 which is non-singular in domain 2 (D2) as shown in both of these figures. What
we want now is to have both gauges contribute only along the boundary that separates
them (the red circle in the lower figure. We can do this with the implementation of the
parallel transport gauge, which we originally studied back in chapter 3. For gauge 1,
we cannot choose it to be equal to the parallel transport gauge over all the boundary
of D1, otherwise the topology would be trivial. But, we can choose it to be such that
the contribution of this gauge along the boundary of D1 to give zero except at the
infinitesimally small section where the path 4 in the upper figure gets interrupted in
order to go towards the middle of the FBZ and form a circle around the Dirac point. So,
the contribution of this gauge will effectively give zero along the boundary of the FBZ,

10Or, for the more mathematically oriented reader, more patches.
11For the spin- 1

2
problem that we studied all the way back in chapter 2, we also needed two patches;

but in that case we had a sphere rather than a torus.
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Figure 4.10: Paths through the FBZ are depicted on a torus. Each of the two cases,
we choose a contour such that it does not enclose the singularity.

but will generally give a non-zero contribution along the circle that encloses the Dirac
point. In this way, both gauges contribute only along their common boundary, which we
denote below as ∂D. We also denote each domain’s boundary as ∂Di, i = 1, 2, so that
∂D = ∂D2 and the FBZ as T 2 (a 2-torus).

So, we now write

1

2π

¨
T 2

F · dS =
1

2π

¨
D1

F1 · dS +
1

2π

¨
D2

F2 · dS

=
1

2π

‰
∂D1

A1 · dk +
1

2π

‰
∂D2

A2 · dk

=
1

2π


∂D2

A1 · dk +
1

2π

‰
∂D2

A2 · dk

=
1

2π


∂D

(A1 −A2) · dk

(4.8.3)

But, the two gauges are connected by a gauge transformation A2 = A1 − ∇Rφ (see
(2.1.15) and (2.1.16)). So, we write (4.8.3) as

1

2π

¨
T 2

F · dS =
1

2π


∂D
∇Rφ · dk = C, C ∈ Z (4.8.4)

where the last equality follows from the fact that ∂D is topologically equivalent to S1. C
is, of course, the Chern number. Note that we can take ∂D → 0 and still get a non-zero
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answer. From (4.8.4), we see that C gives the number of times that φ changes at the
Dirac point at which |ψnk〉 is zero. So, it measures the (quantized) vorticity of these
points.

Closing, we make a connection with a very old theory that came during the times where
quantum theory was being built and it proved itself to be an equivalent formulation
of quantum mechanics, like the matrix formulation of Heisenberg and the Schrodinger
formulation.
The vorticity of the phase closely resembles the vorticity in the context of hydrodynam-
ics. Indeed, the theory that I mention above is a theory of quantum hydrodynamics,
introduced by Madelung all the way back in 192612.

In this formulation of quantum mechanics, Madelung wrote the wavefunction is some
kind of polar coordinates:

ψ(r, t) =
∣∣ψ(r, t)

∣∣ exp

{
i

~
S(r, t)

}
(4.8.5)

where S is the classical action. In this way, Madelung derived two Navier-Stokes kind of
equations, called the Madelung equations, with the density of the "fluid" being propor-
tional to |ψ|2 and the flow velocity being equal to v = 1

m∇S.
The interesting thing to notice here, apart from the elegance of the formulation, is that
the circulation or vorticity of the flow velocity is quantized:

˛
v · dl =

2π

~m
n, n ∈ Z (4.8.6)

which bears a striking resemblance to what we found in our analysis.
Since this thesis is not concerned with this theory, we will leave the analogy at this point,
but we remark that there is much room to build connections between the two.

4.9 Anomalous velocity and the Quantum Anomalous Hall
effect

In the second chapter, we commented on how the Berry connection is the analog of
the magnetic vector potential but in parameter space. The same analogy was made
for the case of the Berry curvature and the magnetic field. Also, both have the same
gauge structure, U(1), in the Abelian case. In this section we will take this analogy one
step further to give a heuristic proof of the anomalous velocity and use it to reach the
Quantum Anomalous Hall effect, which serves as the climax of this chapter due to being
an experimentally detected phenomenon.

12ref.(Madelung, Quantum theory in hydrodynamical form, 1926).
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4.9.1 Anomalous velocity

In the case where we have a non-zero electromagnetic field in real space, the equations
of motion for a particle with charge q = −e are given by

ṗ = −eE − e (v ×B) (4.9.1)

If we write p = ~k, then the above becomes

k̇ = − e
~
E − e

~
(v ×B) (4.9.2)

Also, the naive result from the old band theory that was neglecting any chance of having
non-trivial band topology, is that the velocity of a particle is given by

vn =
1

~
∂kEn(k) (4.9.3)

But, in the case of non-trivial band structure topology, the duality/analogy between
the magnetic field in real space and the Berry curvature in parameter space (here, the
k-space) cannot be ignored. There must be an extra term in (4.9.3) that contains the
dual quantities of v and B. From this we argue that the extra term is proportional to
k̇×F n. It can be proven rigorously that this is indeed the case, and that the final result
is given by

vn =
1

~
∂kEn(k)− k̇ × F n (4.9.4)

The last term, which corrects the naive result (4.9.3) is called anomalous velocity13 and
the equation of motion (4.9.4) is a semiclassical one.

4.9.2 Quantum Anomalous Hall effect

We are now ready to present the Quantum Anomalous Hall effect. It is called anomalous
because, in contrast to the original Integer Quantum Hall effect (IQHE), it does not need
a magnetic field to give rise to quantized Hall conductivity.
We should have expected something like this to be true because a 2D lattice described
by the Qi-Wu-Zhang model exhibits non-trivial topology in the form of non-zero Chern
number and the IQHE relied on the non-zero Chern number of each band.

To reach the QAHE, we write the semi-classical equations of motion in the following
form

ṙµ =
1

~
∂kµEn(k)− εµνσk̇νFnσ

k̇µ = − e
~
(
Eµ + εµνσ ṙνBσ

) (4.9.5)

13This term appeared for the first time in [52], although not in the context of Berryology.
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Since the QAHE has to do with the absence of a magnetic field, we set Bσ = 0 and
combine equations (4.9.5) to get

ṙµ =
1

~
∂kµEn(k) +

e

~
εµνσEνF

n
σ (4.9.6)

Multiplying (4.9.6) by e in order for the LHS to become a current, we can write it as

eṙµ =
e

~
∂kµEn(k) + ΣµνEν , with Σµν =

e2

~
εµνσF

n
σ (4.9.7)

From this, we can conclude that Σµν is like a conductivity matrix. For the Hall conduc-
tivity, we are only interested in the off-diagonal elements of Σµν .
Applying an electric field along the y-direction, E = Eoêy, and neglecting the first term
in (4.9.7)14 we get that

Σxy =
e2

~
εxyzF

n
z =

e2

~
Fnz (4.9.8)

Now, to convert to a current picture, and essentially make eṙµ → Jµ and Σxy → σxy,
which is the usual Hall conductivity, we sum over all the filled bands that contribute to
the conductivity and we average this over the FBZ so that our macroscopic current/con-
ductivity does not locally depend on the k-vector of each electron, but from the collective
motion of all the bands. In this way, we go from (4.9.8) to the Hall conductivity:

σxy = 〈Σxy〉T 2 =
e2

(2π)2~
∑

filled n

¨
T 2

d2k Fnz =
e2

h

∑
filled n

Cn , Cn ∈ Z, ∀n (4.9.9)

where we have used the fact that 1
2π

˜
d2k Fnz = Cn, which is the Chern number of band

n.
Defining C =

∑
filled nCn, we re-write (4.9.9) as

σxy =
e2

h
C , C ∈ Z (4.9.10)

What result (4.9.10) shows is rather extraordinary: we can have non-trivial Hall con-
ductivity even without an external applied magnetic field! This is called the Quantum
Anomalous Hall effect.
The Qi-Wu-Zhang model then, describes materials that exhibit non-zero Hall conduc-
tivity without the presence of an external magnetic field. In section 6.2, we will study
another topologically non-trivial model, the Haldane model, which was meant to study
the topological properties of graphene and was of greater importance for the development
of the field of topological matter since it was the first to show that an external magnetic
field was not needed to have a non-zero quantum Hall effect.
The QAHE has been experimentally detected in magnetic topological insulators in 2013;
see [53].

14This is non-zero in general, but here we are interested in the electron’s response to the transverse
respond of the electron under the application of an electric field.
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4.10 General Procedure for the calculation of the Chern
number

Before ending the chapter, we present the general method of calculating the Chern num-
ber and thus finding the distinct phases of a model that corresponds to a Chern insulator.
Consider first a general Bloch Hamiltonian H(k) = h(k) · σ and suppose that it has at
least one Dirac point at (kx, ky) = (k̄x.k̄y). Then, we expand the Hamiltonian up to
linear order around one such point to find H(q) ≈ qxσx+qyσy+mσz. where qi = ki− k̄i.
From (3.5.14) we can calculate the Berry curvature around the Dirac point:

F± =∓ 1

2

(
∂xh× ∂yh

)
· ĥ

‖h‖2

=∓ 1

2
ẑ · ĥ

‖h‖2

=∓ 1

2

hz

‖h‖3

=∓ 1

2

m(
q2 +m2

) 3
2

(4.10.1)

The limit q → 0 gives F± → ∓1
2
m
|m|3 , while for q 6= 0, the limit m→ 0 gives F± → 0. So,

if we close the cone (m→ 0) and approach it (q → 0), we get a divergence in F±, while
for a closed Dirac cone and q not approaching zero, we get F± = 0. This shows that at
the limit of a closed Dirac cone, the Berry curvature is essentially a delta function.
Now, the lowest band Chern number is computed as follows:

C− =
1

2π

¨
F−d2k

=
1

2π

¨
kdqdφ

m

2
(
q2 +m2

) 3
2

(4.10.2)

In the limit m
k << 1, which interests us, we can freely take the domain of integration of

q to be [0,∞). The above then gives

C− =
m

4

ˆ ∞
0

dq
2k(

q2 +m2
) 3

2

=
m

4

ˆ ∞
0

f ′

f
3
2

df
(
f = q2 +m2

)
=
m

4

(
−2f−

1
2

)∣∣∣∣∣
∞

0

= −m
2

1√
q2 +m2

∣∣∣∣∣
∞

0

=
m

2

1√
m2

=
1

2

m

|m|
=

1

2
sgn[m]

(4.10.3)
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This Chern number is not quantized; this was expected from our previous discussions
which make clear the fact that this Chern number is not quantized because it is not the
total Chern number but only the Chern number of the edge states. The above formula
proves beyond any doubt the fact that the discontinuity in m of C comes from the
contribution of the Dirac cones (or, equivalently, the edge states).
Physical systems are of course finite, so what we measure has to do with the difference
in the Chern number of (4.10.3) in m; for example, we could have a finite sample of a
material in its topological phase and since beyond the sample’s edges we have Ct = 0,
the edge states will occur due to the difference in m of the two sides. If the sample is in
its trivial phase, then the difference is zero and we get no edge states.
Another remark, although this one we have not mentioned before, is that the Chern
number of (4.10.3) is the one responsible for the quantized nature of the Hall conductivity.

We will now consider a more general case for a linear Hamiltonian. The Hamiltonian
H(q) = qxσx+ qyσy +mσz is too specific. More precisely, we need a unitary transforma-
tion to transform a Hamiltonian to this form, which is an extra step that we can avoid
as we will now show. Rather than the above Hamiltonian around the point q, consider
the more general

H(q) ≈Mijqiσj +mσz, i, j = 1, 2 (4.10.4)

For the Berry curvature, we write down the following:

h = (Mi1ki,Mi2ki,m)

∂xh = (M11,M12, 0)

∂yh = (M21,M22, 0)

∂xh× ∂yh = det (M) ẑ

(4.10.5)

Using our previous results, we can write the Berry curvature as

F± = ∓1

2
det (M)

hz

‖h‖
3
2

= ∓1

2
det (M)

m√∑
j(Mijqi)2 +m2 (4.10.6)

and the lowest band Chern number as

C− =
m

4π
det (M)

¨
d2q

1√∑
j(Mijqi)2 +m2

(4.10.7)

We now perform a change of variables: uj = Mijqi. For this change of variables, we have
to compensate with the Jacobian

J =

∣∣∣∣ ∂(q1, q2)

∂(u1, u2)

∣∣∣∣
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Now, to find the Jacobian in a compact form that will be of use to us, we do the following:

Mq = u =⇒ q = M−1u =⇒ qi = (M−1)ijuj =⇒ ∂qi
∂uj

= (M−1)ij

The Jacobian is finally given by

J =

∣∣∣∣det
(
M−1

)∣∣∣∣ =

∣∣∣∣ 1

det (M)

∣∣∣∣ (4.10.8)

Using this and following the analogous procedure as in the simpler case, we find

C− =
m

4π

det (M)∣∣det (M)
∣∣ ¨ d2u√

u2 +m2
=

1

2
sgn[m] sgn

[
det (M)

]
(4.10.9)

From the whole procedure, it is obvious that the above result does not change if we
associate to m another Pauli matrix15.

What we can do then, in order to calculate the total Chern number for different phases
of a model, is to identify the Dirac points where the system becomes gapless, and then
find the linear Hamiltonian around that point. Then, we can use (4.10.9) to compute
the changes in the Chern number when the "mass" changes. This will give the Chern
number of the Dirac point. We also need the Chern number of the bulk. For this, we
just take a case where we know that the system behaves like a trivial insulator, which
is obviously true in the limit m → ±∞, and then work our way up or down from there
by assuming that the Chern number of the bulk does not change discontinuously with
m. From this, we find the domains of m where the system behaves as a topological or
trivial insulator.

15It just corresponds to a rotation of our coordinate axis.



Chapter 5

Aspects of Discrete Symmetries

Rhythm, symmetry, and a happy
combination of elegance and utility –
a blend often desired in later days of
hope and struggle – these have been
fully attained, and with them a
delight in quiet communion with
Nature, expressing as she does the
sense of beauty in orderliness

Marie-Luise Gothein

5.1 Introduction

All the way back on our analysis of the SSH model, we used its Chiral symmetry in
order to predict or, better, motivate the existence of edge states. Using the symmetries
of a system to predict some of its major characteristics is a powerful method used to
analyze systems in all of modern fields in physics. That is why in this chapter we
will systematically build the mathematical foundations of the symmetries that are most
important to the models that we went through, but also to those that will come next.
The symmetries that we will study are time reversal and inversion, with time reversal
having a particularly special role. We start this chapter with the former; then we will
move on to inversion symmetry. When we finish the formalism for these two symmetries,
we will proceed on with the symmetry properties of the Su-Schrieffer-Heeger and the
Qi-Wu-Zhang models. From these, we will try to develop intuition on how symmetries
affect the topology of the Brillouin zone, and hence we will make a connection between
symmetries and Berryological quantities.
We will find that symmetries are what drive and protect the topology of our models and
we can thus use them to guess other, more complicated models using symmetry breaking
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to guarantee their non-trivial topology. This way of using symmetries has brought us
a handful of models that revolutionized the field of topological matter. Some of the
models that were born from just breaking a symmetry to get non-trivial topology will
be studied in the next chapter. Before beginning this chapter, we want to point out the
obvious shortcoming of the way that we will study these symmetries. We will not use
representation theory because, although it would make things more systematic and clear,
it would take up too much space for even a very brief review of this beautiful topic1. We
will rely on the fruitful combination of physical and mathematical arguments. Lastly,
note that a great reference for this chapter is [24]; a couple of good supplements for this
chapter for the group theoretic minded readers are [54] and [55].

5.2 Time Reversal Symmetry

5.2.1 Effect of the TR operator on general states

To derive general statements about time reversal, we will be concerned with general
states, |ψ〉 rather than Bloch states. In the parts where Bloch states are not used, we
will partially follow [56].
If we have a TR-symmetric system, then from figure 5.1, we expect that the following
holds:

U(t)Θ |ψ〉 = ΘU(−t) |ψ〉 (5.2.1)

where Θ is the time reversal operator and U(t) is the time evolution operator.

Figure 5.1: Operations U(−t)Θ and ΘU(t) lead to the same final state.

1We want to keep the treatment of symmetries as elementary as possible as there are few resources
that treat the symmetry aspects of topological matter in a pedagogical and simple way.
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An explicit form of the time evolution operator for a time independent Hamiltonian is
given by

U(t) = e
−i
~ Ht (5.2.2)

For infinitesimally small time displacements, we can expand (5.2.2) as

U(∆t) ≈ 1− i

~
H∆t (5.2.3)

Plugging (5.2.2) into (5.2.1) we find(
1− i

~
H∆t

)
Θ |ψ〉 = Θ

(
1 +

i

~
H∆t

)
|ψ〉

=⇒ −iHΘ |ψ〉 = ΘiH |ψ〉
(5.2.4)

Now, the next step is tricky and I warn the reader that it will actually turn out to
be wrong. If we proceed on just the way that we would do in elementary Quantum
Mechanics, then we would get that {Θ, H} = 0, i.e. they anti-commute. There is a
problem with this though. Suppose that it is valid, then for the n-th eigenstate of H
with corresponding energy En, we would get that ΘH |n〉 = EnΘ |n〉 = −HΘ |n〉 which
means that Θ |n〉 is also an eigenstate of H but with energy −En. What this would mean
is that every TR-symmetric system whose energy is not bounded from above will also
not be bounded from below. This is a catastrophe for conventional quantum systems,
such as the free particle and the quantum harmonic oscillator!
What we should do now is take a step back and go through (5.2.4) again. In going
from this to the anti-commutation relation, we assumed that Θ does not act on i, so we
just cancelled the is of both sides. The only other way to proceed with (5.2.4) is to stop
assuming that Θ is unitary. Wigner has showed that the only other way to get consistent
results are by using Θ as an anti-unitary operator. We can thus write

Θ = UK (5.2.5)

where U is a unitary operator and K carries out the act of complex conjugation. In this
way, we get what we expect from a symmetry of the system, namely that [H,Θ] = 0.

To explicitly show how Θ acts on states, we take a superposition of states, |A〉 , |B〉 with
coefficients α, β and act on it:

Θ
(
α |A〉+ β |B〉

)
= U

(
K(α |A〉) +K(β |B〉

)
)

U
(
α∗ |KA〉+ β∗ |KB〉

)
= α∗Θ |A〉+ β∗Θ |B〉

Also, since an operator is defined by its action, note that K = K†.
From these, we can show that 〈ΘA|ΘB〉 = 〈A|B〉∗.
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Proof:

〈ΘA|ΘB〉 =
∑
n,n′

[(〈
A
∣∣n′〉 〈n′∣∣)Θ−1

] [
Θ
(
〈n|B〉 |n〉

)]
=
∑
n,n′

(〈
A
∣∣n′〉∗ 〈Θn′∣∣) (〈n|B〉∗ |Θn〉)

=
∑
n,n′

(〈
A
∣∣n′〉 〈n|B〉)∗ 〈Θn′∣∣Θn〉

(5.2.6)

We also need the following

〈
Θn′

∣∣Θn〉 =

ˆ
d3r

〈
Θn′

∣∣r〉 〈r|Θn〉
=

ˆ
d3rK

(〈
Un′

∣∣r〉) (〈r|Un〉)
=

(ˆ
d3r

〈
Un′

∣∣r〉 〈r|Un〉)∗
=
(〈
Un′

∣∣Un〉)∗ = δn,n′

(5.2.7)

where the last equality follows from the fact that U is unitary and it thus preserves the
inner product between states.
Using (5.2.5) and (5.2.6), we finally find

〈ΘA|ΘB〉 =

(∑
n

〈A|n〉 〈n|B〉

)∗
=
(
〈A|B〉

)∗ (5.2.8)

which is what we had set out to prove.

We will now show that if a system has TR-symmetry, it does not have an associated
conserved quantity, as we would normally expect from a symmetry.
When we normally have a symmetry of the system that corresponds to a unitary operator,
say Ω̂, then [Ω̂, H] = 0 implied that [U(t), Ω̂] = 0, so we could conclude that Ω̂ is indeed
conserved -in the quantum mechanical sense- as time passes by.
But, what we have here is that U(t)Θ = ΘU(−t), so they do not anti-commute, which
shows that there is no such conserved quantity here.

5.2.2 How Θ acts on states

We first want to find how the time reversal operator, Θ, acts on the basis |r〉 and |p〉.
Some arguments found here were adapted from [57].
Based on our classical intuition and considering the canonical commutation relations

[ri, pj ] = iδij (5.2.9)
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we impose that
Θr̂Θ = r̂ (5.2.10)

and
Θp̂Θ = −p̂ (5.2.11)

This gives [r̂, p̂] = −Θ[r̂, p̂]Θ−1 = i~ and when acting with Θ−1 from the left and with
Θ on the right and acting on the i on the right, we get (5.2.9).
One can think of the transformation rules (5.2.10) and (5.2.11) using the classical simple
harmonic oscillation which is clearly exhibits TR-symmetry. When we reverse the time
arrow of this system, the position of the oscillation stays the same while its momentum
is reversed. The same goes for a simple pendulum.
From (5.2.10) we arrive at the following

r̂ |r〉 = r |r〉

⇒ r̂Θ−1Θ |r〉 = rΘ−1Θ |r〉

⇒
(

Θr̂Θ−1
)
|Θr̂〉 = r |Θr〉

⇒ r̂ |Θr〉 = r |Θr〉

(5.2.12)

So, r = |Θr〉 up to a phase which we will take to be equal to one. In an analogous way,
we find the transformation for |p〉. Summing them up, we have:

Θ |r〉 = |r〉 , Θ |p〉 = |−p〉 (5.2.13)

which is what we should have expected after the discussion above of (5.2.11).
It is now time to figure out how Θ acts on general states, |ψ〉.

Θ |ψ〉 =

ˆ
d3r′Θ

[∣∣r′〉 〈r′∣∣ψ〉]
=

ˆ
d3r′

(〈
r′
∣∣ψ〉)∗Θ

∣∣r′〉︸ ︷︷ ︸
=|r′〉

(5.2.14)

Acting on the left of (5.2.14) with 〈r|, we find

〈r|Θ |ψ〉 = 〈r|Θψ〉 = 〈r|ψ〉∗ (5.2.15)

So, finally
Θψ(r) = ψ∗(r) (5.2.16)

5.2.3 TR-symmetry and spinless Bloch states

We will now delve into the much more delicate matter of how Bloch states behave when
we reverse the arrow of time and what is the impact of having time reversal symmetry
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on the band structure.
We will do everything in one spatial dimension, but everything generalizes by just r → r

and the same for the momentum.
We first introduce the translation operator. Denoting the band index by n, a Bloch state
by ψnk(r) and the Bravais lattice vector by R, the translation operator, TR satisfies the
following property:

TRψnk(r) = ψnk(r +R) = eikRψnk(r) (5.2.17)

where the last equality follows from the properties of Bloch states. What is important
to notice is that (5.2.17) says that ψnk(r) is an eigenstate of TR with an eigenvalue eikr.
Now, acting with TR on Θψnk = ψ∗nk we get

TRψ
∗
nk(r) = ψ∗nk(r +R) = e−ikRψ∗nk(r) = ei(−k)Rψ∗nk(r) (5.2.18)

What (5.2.18) tells us is that ψ∗nk is also an eigenstate of TR but with eigenvalue ei(−k)R.
So, ψ∗nk corresponds to the quantum numbers (n,−k) that characterize the band struc-
ture.
Now, suppose that our system has time reversal symmetry. In such a case then, [Θ, H] =

0 implies that Hψ∗nk = En(k)ψ∗nk. To clearly see what is happening here, we gather the
relevant to the next discussion equations:

Hψnk = En(k)ψnk

Hψ∗nk = En(k)ψ∗nk

TRψnk(r) = eikRψnk(r)

TRψ
∗
nk(r) = ei(−k)Rψ∗nk(r)

(5.2.19)

Under time reversal symmetry then, ψ∗nk has the same energy as ψnk and the former
corresponds to (n,−k) while the latter corresponds to (n, k). To conclude anything
more about ψ∗nk we need to distinguish between the cases where we only have one state
per (n, k) and the one that we have multiple.
Case 1: Suppose that we only have one state per doublet (n, k). Then, since we already
know that at every (n,−k) resides the state ψn−k, then it must be that

ψ∗nk(r) = ψn−k(r) (5.2.20)

In this case, sending k 7→ −k in the the second equation in (5.2.19), we get that En(k) =

En(−k).
Case 2: Suppose now that we have a system with TR-symmetry but we can have more
than one states residing at every (n, k) doublet in the band structure. Then, we cannot
make the identification (5.2.20). But, we still have a state residing at (n,−k) that has
energy En(k). So, we have the same symmetry in the band structure as in case 1.
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Whenever we have time reversal symmetry:

En(k) = En(−k) (5.2.21)

5.2.4 TR-symmetry for spin-1
2
Bloch states: Kramer’s doublet

5.2.4.1 General Properties

To follow an analogous route as the one that we took for spinless particles, we need the
fundamental commutation relations for angular momentum:

[Ji, Jj ] = iεejkJk (5.2.22)

To preserve (5.2.22), we demand that the angular momentum transforms under the
reversal of time as

ΘJiΘ
−1 = −Ji (5.2.23)

This can be easily understood for the case of orbital angular momentum, given by L =

r × p. Under time-reversal r → r and p → −p, so that L → −L. If we time reverse a
merry-go-around (found in parks), its orbital angular momentum reverses its direction.
We now explicitly show how (5.2.23) preserves (5.2.22).

[Ji, Jj ] = iεijkJk −→ [ΘJi,ΘJj ] = iεijkΘJk

Θ[Ji, Jj ]Θ
−1 = −iεijkΘJkΘ−1

[Ji, Jj ] = −Θ−1i︸ ︷︷ ︸
iΘ−1

εijkΘJk

[Ji, Jj ] = iεijkJk

(5.2.24)

where the last equality follows because Θ−1 contains K−1 = K† = K.

Let us now find an explicit form for Θ in the case of having spin-1
2 .

Consider the state |±n〉 which denotes spin up/down along a radial unit vector ±n. To
see how |±n〉 transforms under time reversal, we first remind the reader that S ·n |±n〉 =

±~
2 |±n〉, where Si = ~

2σi and σi is the i-th Pauli matrix.

S · n |±n〉 = ±~
2
|±n〉

S · nΘ−1
(
Θ |±n〉

)
= ±~

2
Θ−1

(
Θ |±n〉

)
(

Θ−1SΘ · n
)
|±Θn〉 = ±~

2
|±Θn〉

S · n |±Θn〉 = ∓ |±Θn〉

(5.2.25)



Aspects of Discrete Symmetries 138

Hence, we can write |±Θn〉 = eiω |∓n〉 for some ω.
On the other hand, we can rotate |±n〉 to |∓n〉 by a rotation transformation R± =

e−i
φ
~S·n

′
for some unit vector n′. We can thus set Θ = eiωR±K. Following all the above,

we see that everything is consistent if we choose eiω = 1.
Using spherical coordinates and in the basis of |±z〉, we can represent |±n〉 explicitly:

|+n〉 =

 cos θ2
eiφsin θ2

 , |−n〉 =

e−iφsin θ2
cos θ2

 (5.2.26)

The reader can verify that in this basis, the following does the job:

Θ = −iσyK (5.2.27)

Note that
Θ |±n〉 = (−1)± |∓n〉 (5.2.28)

This is crucial to the so-called Kramer’s theorem that we will see next. Using (5.2.27),
we also find that

Θ2 = −1 (5.2.29)

This is not just because Θ is an anti-unitary operator. It has been proven that for
integer spin particles, while Θ is still anti-unitary, we get Θ2 = 1 and for half-integer
spin particles we get Θ2 = −1.
We now proceed to Kramer’s degeneracy.

5.2.4.2 Kramer’s degeneracy

Suppose again that we have a spin-1
2 system with time reversal symmetry. We have

already shown that due to the commutativity between the Hamiltonian and the time
reversal operator, an eigenstate of the Hamiltonian with energy E will have a time
reversed partner with the same energy. We call this eigenstate |n〉 and its corresponding
energy as En.
We will now show that |n〉 and Θ |n〉 are orthogonal. From (5.2.8) and (5.2.29):

〈n|Θn〉 =
〈
Θn
∣∣Θ(Θn)

〉∗
= −〈Θn|n〉∗ = −〈n|Θn〉 (5.2.30)

What (5.2.30) tells us is that
〈n|Θn〉 = 0 (5.2.31)

We have thus proven that they are indeed orthogonal; they are distinct states and they
are called Kramer’s doublet. Kramer’s doublet along with the fact that the doublet has
the same energy, constitute Kramer’s theorem.
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5.2.4.3 Kramer’s degeneracy for Bloch states

We are now to apply our knowledge to Bloch states.
We have seen that Θ sends2 |±n〉 → |∓n〉 and k → −k. The time reversed partner of
ψnk↑ with energy En↑(k), is ψn−k↓ and energy En↓(k). So, by Kramer’s theorem, their
energies must be equal:

En↑(k) = En↓(−k) (5.2.32)

Now, in the case of a 1D system, in the first Brillouin zone (FBZ), k = π is equivalent
to k = −π. So, at k = 0,±π we have a two-fold degeneracy, since the same (n, k)

corresponds to spin up and spin down states.
More generally, such a two-fold degeneracy occurs at k ∈ FBZ such that it differs
from −k by a reciprocal lattice vector. These points are called time-reversal invariant
momenta, or TRIMs. If we time-reverse a macroscopic system, these points will not
contribute to any changing of the charge current of the system. This argument is not
valid for spin current.

Figure 5.2: A generic band structure is shown for the case of a 1D system. We see
that we have energy degeneracy at k = 0,±π.

5.3 Inversion Symmetry

It is now time to tackle Inversion/Parity symmetry. This has its own subtleties that
mainly have to do with the the Inversion transformation working differently in an odd
number of dimensions and in an even number of dimensions. Inversion symmetry gives
additional symmetry to the band structure and it is important to study for this alone.

2We could again allow a phase to be picked up upon transforming, but this does not change the
results of sections 5.2.4.2 and 5.2.4.3. We will see that although the results here remain intact, it allows
for interesting non-trivial topology. This will be studied in the context of the Kane-Mele model and the
Z2 invariant in chapter 6.
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Except from this though, Inversion symmetry will prove to impose restrictions to Berry-
ological quantities, and thus also topological quantities, as well.

5.3.1 Inversion transformations and number of dimensions

We start by making some general remarks on why inversion symmetry has differences in
odd and even number of dimensions.

Inversion transformations have their determinant equal to −1, reflection transforma-
tions(which flip one coordinate only) have determinant equal to −1 and rotations have
determinant equal to +1. We can get inversion transformations by successively acting
with reflections and rotations.
In 1D, parity acts as a reflection: Pf(x) = f(−x).
In 3D, if we reflect all three coordinate (three reflection transformations) we get deter-
minant of the whole transformation equal to −1. So, in 3D the inversion transformation
is

P

xy
z

 =

−x−y
−z

 (5.3.1)

In 2D now, inversion transformation cannot transform as (x, y)ᵀ → (−x,−y)ᵀ because
such transformation is equivalent to two successive reflections or one rotation, which
have determinant equal to 1. The only way to get a transformation from combination of
the aforementioned transformations which will have determinant equal to −1 is for the
inversion transformation to essentially be one reflection transformation. That is, in 2D
we can choose

P

x
y

 =

−x
y

 (5.3.2)

This transformation reflects around y = 0. We could just as well choose a reflection
around any other axis we want.
The result can be digested more easily if one considers the case of mirrors. When we stare
ourselves at a mirror, we can see that the mirror only reflects one of the two coordinates
that it receives (it is a 2D object, so the image that we see is the 3D picture that is
projected on it).

5.3.2 Inversion symmetry in Quantum theory

For here and on, we will consider an odd number of dimensions and we will make ad-
ditional remarks whenever the 2D case differs in any substantial any. Every proof that
we will give in an odd number of dimensions will have analogous proof for the 2D case,
unless otherwise stated.
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We again start from (5.2.9). Demanding that the canonical commutation relations re-
main invariant under Inversion transformation, and using again our classical intuition,
we demand that

P−1pP → −p (5.3.3)

Note that in 2D, we would have imposed that P−1(p1, p2)P → (−p1, p2).
Note that P is unitary; for (5.2.9) to remain invariant, no action has to be taken on i.

Following an analogous route as the one we followed for Θ, we get

P |r〉 = |−r〉 , P |p〉 = |−p〉 (5.3.4)

up to a phase which we take as being equal to one again.

5.3.3 Inversion symmetry and Bloch states

We now want to find out how Inversion transformations act on Bloch states and what
effects does Inversion symmetry has for the band structure.
Consider again the spatial translation operator TR such that TRψnk(r) = eik·kψnk(r).
For odd number of dimensions:
We demand that PTR = T−RP . This is clearly illustrated in 5.3 below. Also, from the

Figure 5.3: The condition PTR = T−RP is illustrated graphically.

symmetry properties of TR, T
†
R = T−R because T †RTR = 1. Combining these we get

P TRψnk(r)︸ ︷︷ ︸
eik·rψnk(r)

= T−RPψnk(r)

eik·r
(
Pψnk(r)

)
= T−R

(
Pψnk(r)

)
= ei(−k)·(−R)

(
Pψnk(r)

) (5.3.5)
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In the case of Inversion symmetry, we have [H,P ] = 0 which gives that ψnk(r) and
Pψnk(r) have the same energy, En(k).
Following the exact same arguments as those in 5.2.3, we can identify

Pψnk(r) = ψn−k(−r) (5.3.6)

for the case of having one state per (n,k) because Pψnk(r) corresponds to (n,−k) and
En(k).
From this, we can write ψnk(r) = eik·runk(r) and find the transformation rule for unk(r)

Pψnk(r) = P
(
eik·runk(r)

)
= eik·rP (unk(r))

But we also know that

Pψnk(r) = ψn−k(−r) = eik·run−k(−r)

so we can conclude that if (5.3.6) holds, then

Punk(r) = un−k(−r) (5.3.7)

Now, whether or not (5.3.6) holds, if we have Inversion symmetry, then-in analogy with
section 5.2.3- we get the following symmetry for the band structure:

En(k) = En(−k) (5.3.8)

From (5.2.32) and (5.3.8), we conclude that in order to lose this symmetry, we need to
break both TR-symmetry and Inversion symmetry.
Lastly, we want to remark that for 2D we can follow an analogous procedure as the
above, but always keeping in mind that (5.3.2) holds.

5.4 Symmetries of the Bloch Hamiltonian

Since we are working with the Bloch Hamiltonian, H̃(k) = H(k), we need to translate
the symmetries of the Hamiltonian, H, to the symmetries of H(k). We will be proving
everything for the 1D case, and every other case is analogous, with their differences being
clearly stated as we go.

To do this, we will work in the context of first quantization. In this context we go from
the real space Hamiltonian to the Bloch Hamiltonian by decomposing |ψnk〉 = |k〉 |unk〉3

3although the correct notation would be |ψnk〉 = |k〉⊗ |unk〉, it will note make a difference if we omit
it in our discussion. And so we will..!
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with |k〉 representing a plane wave in real space. Then:

H |ψnk〉 = En |ψnk〉

〈k|H |k〉 |unk〉 = En(k) |unk〉

H(k) |unk〉 = En(k) |unk〉

(5.4.1)

Note that |k〉 is a state that expands over the whole lattice while |unk〉 is a periodic
state that is the same for each cell. In this way, we decompose the Hilbert space of the
problem into two: the lattice, or extenral Hiblert space where |k〉 ∀k, live in and the cell,
or internal Hilbert space where all the |unk〉 ∀n, k, live in. We also have to decompose
the operators that act on |ψnk〉.

We start with time reversal symmetry. We must decompose the time reversal operator
into a product of an operator Θin = KU that acts in the internal Hilbert space with
an operator Θex which acts on the external Hilbert space. By assuming TR-symmetry
then, and writing 〈k|H |k〉 = Hkk = H(k), then [H,Θ] = 0 translates as:

H = ΘHΘ−1

H =
∑
k′k′′

ΘinΘex

∣∣k′〉 〈k′∣∣H ∣∣k′′〉︸ ︷︷ ︸
=Hk′k′′

〈
k′′
∣∣Θ−1

in Θ−1
ex

and from (5.2.12) H =
∑
k′k′′

∣∣−k′〉 (ΘinHk′k′′Θ
−1
in

) 〈
−k′′

∣∣
H(k) =

∑
k′k′′

〈
k
∣∣−k′〉︸ ︷︷ ︸
δk,−k′

(
ΘinHk′k′′Θ

−1
in

) 〈
−k′′

∣∣k〉︸ ︷︷ ︸
δ−k′′,k

H(k) = ΘinH(−k)Θ−1
in

H(k) = KUH(−k)KU †

H(−k) = UH∗(k)U †

(5.4.2)

To have the results shown clearly, if we have TR-symmetry, then

H(k) = ΘinH(−k)Θ−1
in

H(k) = UH∗(−k)U †
(5.4.3)
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Proceeding on with Inversion symmetry, we perform the analogous decomposition P =

PinPex. So, [P,H] = 0 translates as

H = PHP

H =
∑
k′k′′

Pin Pex
∣∣k′〉︸ ︷︷ ︸

=|−k′〉 by (5.3.4)

〈
k′
∣∣H ∣∣k′′〉︸ ︷︷ ︸

=Hk′k′′

〈
k′′
∣∣P−1

in P
−1
ex

H =
∑
k′k′′

∣∣−k′〉 (PinHk′k′′P
−1
in

) 〈
−k′′

∣∣
H(k) = PinH(−k)Pin

(5.4.4)

Note that Pin and Θin are what we will be using in the analysis of our previous and next
models because we are working with H(k). As we will not be working with H, from now
on we will omit the index that denotes the internal Hilbert space.
Finally, we remark that the states that belong to the cell or internal Hilbert space,
denoted above as |unk〉 correspond to the spinors/pseudospinors that we get in the Su-
Schreiffer-Heeger, Rice-Mele and Qi-Wu-Zhang models.

5.5 Symmetry Considerations in Berryology

It is time for all our hard work to come to fruition! After so much building of formalism,
we are now ready to tackle the most important question of this chapter: How does
symmetry affect topology?
We will find that TR-symmetry imposes much more severe restrictions on the topology
of h-space than Inversion symmetry; we are thus going to build gradually towards this
by first considering Inversion symmetry before going for our climax.

5.5.1 Inversion symmetry

For a system enjoying Inversion symmetry, we demand that

Punk(r) = un−k(−r) = unk(r) (5.5.1)

The Berry connection then, must transform as follows

An(k) = i 〈unk| ∂k |unk〉

= i 〈un−k| ∂k |un−k〉

= −i 〈un−k| ∂−k |un−k〉

= −An(−k)

(5.5.2)
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Also, the Berry curvature is affected:

Fnk (k) = ∂kiA
n
j (k)− ∂kjA

n
i (k)

= ∂ki

(
−Anj (−k)

)
− ∂kj

(
−Ani (−k)

)
= ∂−kiA

n
j (−k)− ∂−kjA

n
i (−k)

= Fnk (−k)

(5.5.3)

Equation (5.5.2) tells us that the Berry connection is odd in k while (5.5.3) tells us that
the Berry curvature is even in k. But, they also tell us that the contributions to the
Chern number are evenly spaced in the first BZ; this certainly makes sense from the
point of view of the band structure, for which En(k) = En(−k).

5.5.2 TR-symmetry

This is the most important symmetry of the two, in that it has greater impact on Berry-
ological and topological quantities.
In the case of time reversal symmetry, then, we demand that

Θunk(r) = u∗nk(r) = un−k(r) (5.5.4)

or, equivalently, unk(r) = u∗n−k(r) The Berry connection, then, is transformed as

An(k) = i 〈unk| ∂k |unk〉 = i

ˆ
d3ru∗nk(r)∂kunk(r)

= i

ˆ
d3run−k(r)∂ku

∗
n−k(r)

= −i
ˆ
d3ru∗n−k(r)∂kun−k(r)

= i

ˆ
d3ru∗n−k(r)∂−kun−k(r)

= An(−k)

(5.5.5)

The Berry connection is even in k if we have time-reversal symmetry. The reader who
is thinking a couple of steps ahead can already see what a big impact on topology this
result brings. But, to make it more clear, we go on to the Berry curvature:

F n(k) = ∂k ×An(k)

= ∂k ×An(−k)

= −∂−k ×An(−k)

= −F n(−k)

(5.5.6)

This is big news for the Chern number because the integral over the first Brillouin zone
of an odd function in k will give zero. So, a non-zero Chern number exists only
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in systems with broken TR-symmetry! Of course, we will see in chapter 6 that
although the Chern number for a system with TR-symmetry is equal to zero, the fact
that the Berry curvature is non-zero can lead to other novel results4.

Also,the fact that F (k) 6= 0 can still lead to non-trivial results will be shown explicitly
for the SSH model later.
A second thing to note is that for 1D systems our conclusion for (5.5.6) does not hold;
they can have non-trivial topology because the Zak phase cannot be converted into a
double integral over some kind of curvature. This is why the SSH model can have
topologically non-trivial phases.

To make a physical remark, if we have a system with no TR-symmetry, then under time
reversal F (k) → −F (−k) and when integrated over the FBZ, we get that C → −C,
where C is the Chern number. This transformation of C makes much sense in the context
of the edge states. Going back to 4.5 (or figure 4.3 for example), C gives the number of
edge states with its sign corresponding to their direction of movement5, so when these
edge states are time-reversed, the reversing of C just means that the edge states reverse
their direction of movement.

Let us now consider the case of a system with both inversion symmetry and TR-
symmetry. This case is the one that imposes the most severe restrictions to the Berry
curvature and the Chern number, for if we have both symmetries, then (5.5.6) and (5.5.3)
tell us that the Berry curvature is even and odd, so it must be equal to zero ∀k.

Lastly, also remark that we could have derived the symmetry properties of F through
demanding the invariance of the semi-classical equations of motion, as given in (4.9.4).
While this would have been much quicker to do, we have followed this particular route in
order to be more systematic with this very important part of topological matter. Also,
we only heuristically argued about the form of (4.9.4), so "deriving" so far reaching
results would not feel earned and the reader might have felt uneasy with taking these
results at face value.

5.6 Symmetry properties of our previous models

We are now ready to apply our gained knowledge and see, based on our previous models,
if everything checks out. This will help us in our later quest to use the symmetry
properties of a system to also find the limits of the topological behaviour of a state.

4Such as in the famous Bernevig-Hughes-Zhang model and the Kane-Mele model.
5Of course, when we say C, we assume that the finite sample which contains the edge states is in

vacuum. This because it is the difference in the Chern number the induces the edge states, so we are
assuming that the Chern number of the one side is zero.
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5.6.1 Symmetries of the SSH model

The Hamiltonian of this system was given as H(k) = (u+ cos k)σx + sin kσy.
We can examine if the system is TR-symmetric by taking Θ = K. The above Hamiltonian
transforms as follows:

KH(k)K = (u+ cos k)σx − sin kσy = (u+ cos k)σx + sin(−k)σy = H(−k) (5.6.1)

(5.6.1) agrees with (5.4.1) and we thus conclude that the SSH is a TR-symmetric model.
From the analysis that we did back in chapter 3, we found that the SSH model can have
non-zero Chern number; now we see that it is TR-symmetric. This was expected from
the discussion under (5.5.6).

We now move on to parity. From figure 3.4, it is quite clear that we have inversion
symmetry around the mid-point between two lattice sites, so we just have to choose P
in such a way so that it reverses the pseudo-spins, or equivalently, reverses the lattice
sites. We can choose P = σx which (in the basis of |±z〉) is fit for this job.
Performing the transformation, we find that

PH(k)P = σx[(u+ cos k)σx + sin kσy]σx = (u+ cos k) σx − sin k σy = H(−k) (5.6.2)

which agrees with (5.4.4) for s system with Inversion symmetry and hence, the SSH
model also enjoys this symmetry, as expected.
Again, having both symmetries does not immediately mean having a trivial Chern num-
ber; this is a 1D system.

By introducing alternating on-site potentials, ∆o, we got a term equal to ∆o σz. This
term breaks both symmetries and the gap opens. But, to make a topologically interesting
change, we need to introduce a time variation in such a way so that the gap open and
closes at least once every one period; i.e., we have go to the Rice-Mele model. When
we did so, we got a non-zero mixed Chern number, which was only possible due to the
absence of any of the two (or both) symmetries.

We will now see how inversion symmetry restricts the values of P , thus having a direct
effect on a physical quantity, the polarization.
As we have shown in (3.2.5), by restricting ourselves in one band and remembering that
upon gauge transforming we have (2.1.16), we have, without loss of generality:

P =
q

2π

˛
dkA(k)

gauge
==========⇒
transformation

P ′ = P − q

2π

˛
dk∂kφ︸ ︷︷ ︸

−2πm, m∈Z

= P +mq (5.6.3)

So, we have
P = P mod(q) (5.6.4)
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which is a result that we had expected from the start of chapter 3.
Now, under an inversion transformation and by assuming inversion symmetry:

P
inversion

==========⇒
transformation

˛
dk︸ ︷︷ ︸

invariant

A(−k) =

˛
dk −A(k)︸ ︷︷ ︸

inversion symmetry

= −P (5.6.5)

But, P is still defined only mod(q), so this restricts the value of P to

P = 0 mod(q) or P =
q

2
mod(q) (5.6.6)

P = 0 and P = q
2 are topologically distinct. This agrees with what we have found in our

analysis of the SSH model and nicely illustrates how symmetries put firm restrictions to
the topology of the system.
By introducing time-dependence (for example, in the Rice-Mele model), we go from
P = 0 mod(q) to P = 1

2 mod(q), and since P is related to Wanniers’ centers, we have
charge transport after t = 2π (one period), as explained in section 3.2.2.

Breaking the symmetries of a system is the only way to get physically relevant changes
whose origin lies in the changing of the topology of the system. In this particular case,
when considering the SSH model, we do have topologically distinct cases, but what we
need is for transitions from one to another in order to have charge transport (i.e., a
change in the polarization that is not a mod(q) change).

We have also shown how chiral "symmetry" guaranties the existence of edge states. Now,
by breaking the inversion and TR symmetries, there are values of the fixed parameters
that guarantee us a change in topology, so we are guaranteed the existence of the edge
states of the model, as we found in chapter 3. But, what chiral symmetry guarantees us
that the other two do not is that for each En(k) there is an −En(k). To make it explicit,
the reader can check that we can chose the chiral operator to be σz; this operator anti-
commutes with the Hamiltonian of the SSH model, which can be found at the start of
5.6.1.

Before leaving the study of the symmetries of the SSH model, we remark that there exists
yet another symmetry that this model has, which is that of particle-hole symmetry. We
will just say a few things about this symmetry shortly, but for now it suffices to say that
this symmetry is evident from the band structure.

5.6.2 Symmetries of the QWZ model

The Hamiltonian that we used for the Qi-Wu-Zhang model is given byH(k) = sin kx σx+

sin ky σy + (u+ cos kx + cos ky) σz. We will first start with time reversal symmetry.
We remind the reader that the various terms in the QWZ Hamiltonian have different
interpretations based on the context of the problem. The two integral degrees of freedom
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can correspond to either spin or orbital degrees of freedom. In the former case, we have
spinor solutions while in the latter case we have pseudospinor solutions. Depending on
the case, we have different time reversal transformation due to the different way that
atomic orbitals and spins transform under time reversal.

For the sake of clarity, we take the interpretation given to each term of the real-space
Hamiltonian in section 4.2 and convert to the reciprocal space language:

Context sin kxσx + sin kyσy uσz (cos kx + cos ky)σz

Pseudospin Hybridization
between s-orbitals
and p-orbitals

Orbital-dependent
on-site potential

Hopping that does
not mix-up orbitals

Spin Spin-orbit coupling Magnetization Hopping that does
not mix-up spin

In the case of pseudospin, where we are interested in the orbital degrees of freedom, we
can choose Θ = K or Θ = 1, since both leave the orbital degrees of freedom unchanged
under time reversal. We will show here that Θ = K is not a symmetry of the QWZ
model6.

ΘH(k)Θ−1 = KH(k)K = sinxσx − sin yσy + (u+ cosx+ cos y)σz (5.6.7)

On the other hand H(−k) is given by

H(−k) = − sin kxσx − sin kyσy + (u+ cos kx + cos ky)σz (5.6.8)

It is clear that H(k) 6= ΘH(k)Θ−1. From the above table, what (5.6.7) and (5.6.8) tell
us is that the hybridization does not respect TR-symmetry, which was expected since
because jumping from one orbital to another is generally not equivalent to doing the
reverse.

Let us now consider Θ in the case of spin. We can choose Θ = iσyK (with Θ−1 = −iσyK)
because we have shown at the end of section 5.2.4.1 that iσy flips the spin, as it should
under a TR transformation. With this choice, we get

ΘH(k)Θ−1 = iσyK
(
H(k)

)
(−i)σyK

= iσy
(
sin kyσx − sin kyσy + (u+ cos kx + cos ky)σz

)
iσy

= − sin kxσx − sin kyσy − (u+ cos kx + cos ky)σz

6= H(−k)

(5.6.9)

From the table, (5.6.9) and (5.6.8), we conclude that the magnetization term and the
hopping terms break TR-symmetry in the context of spin. But, we should have expected

6The choice Θ = 1 is trivial and is left for the reader to prove that is not a symmetry.
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this from knowledge of elementary Quantum Mechanics where the spin-orbit coupling of
an electron with a nucleus is analogous to S ·(r × p) and under time reversal it transforms
as S · (r × p)→ (−S) ·

(
r × (−p)

)
= S · (r × p).

Therefore, we conclude that the QWZ model does not have TR-symmetry. This already
leaves us room for non-zero Chern number, but we will also show that the model does
not have space inversion symmetry either.

For space inversion symmetry, we remind the reader that in two dimensions, space in-
version is such that

P

x
y

 =

 x

−y

 (5.6.10)

Note that this is not the same as (5.3.2), but we have the freedom to choose any reflection
to represent space inversion in two dimensions. Also, we again need to differentiate
between the case of having a orbital DoFs and spin DoFs.

Starting again for the orbital DoFs, we need to consider the parity of the s-orbitals and the
p-orbitals.The s-orbital has even parity while the p-orbitals have odd parity7. We thus
represent the space inversion transformation by P = σz

8. With this, the Hamiltonian
transforms as follows

PH(kx, ky)P = σzH(kx, ky)σz = − sin kxσx− sin kyσy +(u+cos kx+cos ky)σz (5.6.11)

But, we also have that

H(kx,−ky) = sin kxσx − sin kyσy + (u+ cos kx + cos ky)σz 6= σzH(kx, ky)σz (5.6.12)

This certainly makes sense physically, as the mixing of orbitals means "mixing of parity",
so that parity is not conserved, so we should not expect parity/space inversion to be a
symmetry of this system.

Now, in the context of spin, we can trivially choose P = 1 because spin is of course not
affected by space inversion. Although P = 1, it is still not a symmetry because in 2D
we need PH(kx, ky)P = H(kx,−ky), which is certainly not what happens here.

Breaking these symmetries is the reason for which we get the non-trivial topology of
the model. This motivates us to find physically more intricate and complex models that
are constructed in such a way so as to break one of these symmetries and given rise to
non-trivialities.

7It can be shown that P |Y ml 〉 = (−1)l |Y ml 〉, with |Y ml 〉 being the spherical harmonics. Although we
will not show this here, we refer the reader to these excellent notes:
http://www.oulu.fi/tf/kvmIII/english/2004/11_parity.pdf

8In the language of first quantization and in the basis of |s〉 and |p〉, P = σz because P |s〉 = + |s〉
and P |p〉 = − |p〉.

http://www.oulu.fi/tf/kvmIII/english/2004/11_parity.pdf
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A comment on chiral symmetry is also in place: The model does not enjoy chiral sym-
metry because this requires finding a unitary 2 × 2 matrix that anti-commutes with all
three Pauli matrices. Something like this does not exist in 2D, although this changes
when we go to a 2N × 2N model for N = 2, 3, 4.., which could arise, for example, from
having two sublattices as a basis and unpolarized spin in a model.

Before moving on, we make a brief stop to comment on another important symmetry: the
particle-hole symmetry. While we are not interested in this symmetry for the moment
because it is not as relevant to the models that we will study as TR-symmetry and
space inversion symmetry, we will just say that this symmetry corresponds to the charge
conjugation operator, Uc, which is anti-unitary. If we choose Uc = iσyK when we have
orbital DoFs, then from (5.6.9)9, we get that UcH(k)U−1

c = −H(k). Using this, we
find that if the state |ψnk〉 has energy E(k), then the state Uc |ψnk〉 has energy −E(k)10.
This is the essence of particle-hole symmetry; that each particle has a partner of opposite
energy at the same point in the FBZ.

Although we will not pursue the other symmetries in the same detail as the TR and
space inversion symmetries, we do remark that it can be proven11 that if we have Chiral
symmetry along with TR-symmetry guarantees that we also have particle-hole symmetry,
while if we have Chiral symmetry along with particle-hole symmetry guarantees that we
also have TR-symmetry.

5.7 Interplay between Symmetry and topology

Before ending this chapter, we want to make crystal clear how the restrictions imposed
by the symmetries of a problem affect the "topological freedom" that the system enjoys.
When we say topological freedom, we refer to the way that we can change the parameters
of the system and still get topologically equivalent Hamiltonians; presented in h-space,
this translates as the freedom to deform the h, or better the manifold that h parametrizes.
For example, in the SSH model, having bot TR-symmetry and Inversion symmetry means
that the component in the Hamiltonian that corresponds to σz has to be both even and
odd in k, which means it has to be equal to zero12. The h(k) vector in this case is, in

9We emphasize here that (5.6.9) was done in the context of spin DoFs, so while the TR operator
there is the same as the charge conjugation operator here, the physics of each case differ significantly.

10To show this, use H(k) |ψnk〉 = En(k) and [H(k), Uc] = 0.
11And it is not too hard, but we will not do it here because it will serve us no purpose.
12We give a brief proof of this:

From (5.6.1), we see that a hzσz term transforms under time reversal(Θ = K) as Khz(k)σzK = h∗z(k) =
hz(−k), where the last equality folows from having TR-symmetry. By taking hz(k) ∈ Re, we find that
hz(k) = hz(−k). It is even in k.
For inversion symmetry, following (5.6.2), for P = σx, σxhz(k)σzσx = −hz(k)σz = hz(−k)σz, where the
last equality follows from demanding that it respects Inversion symmetry. We thus find that hz(k) =
−hz(−k). It is odd in k.
Having both symmetries means hz(k) is both odd and even, which means that hz(k) = 0 ∀k. We are
confined in the hx − hy plane, and this is the end of proof.
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general, an ellipse(as we have already shown), so its z-component being equal to zero
means that this ellipse is restricted to live entirely in the hx − hy plane, which means
that we can find a range for the values of the parameters of the problem so that we get
a non-zero winding number. By adding a non-zero hz term means breaking at least one
of the two symmetries, although this by itself does not give rise to interesting physics.
But, when we introduce a periodic time variation by going to the Rice-Mele model and
then as time goes by we get on and off of the hx − hy plane, with the winding number
possibly(based on the chosen values of the parameters) being non-zero only in the hx−hy
plane. This is why, for this model, we need the Chern number that corresponds to a 3D
h-space. Note that, as we have already shown, the winding number is still the Chern
number, but only in a 2D h-space.
Now, from breaking these symmetries, all kinds of possibilities have opened up. Based
on our choice of parameters, we saw that we can have a Chern number equal to zero or
±1. For a Chern number equal to zero, the winding number is never non-zero (∀t), while
for non-zero Chern number, the winding number must change at some point of the time
cycle.

Briefly going back to the SSH model, as we have shown, changing the winding number
comes from changing the sign of the parameter δ (see (3.3.2)). But changing δ contin-
uously by introducing a cyclic time variation so that δ goes from positive to negative
and again to positive (or the reverse) then we get (adiabatic) charge pumping. So, we
see that non-zero Chern number, which corresponds to changing winding number, gives
non-trivial physics.

Going back to the Rice-Mele model, breaking these symmetries has again allowed us
to find a range of the parameters of the problem that give a non-zero Chern number
(a changing winding number) so that we get non-trivial physics, again in the form of
charge pumping, although recall that here we also have on-site potentials and gave them
a periodic time dependence. An important thing to note here is that the time dependence
of the on-site potentials meant that for some time instances, the on-site potentials were
set to be equal to zero, thus gaining back our lost symmetries briefly(the on-site potentials
are σz terms). Now, as evident from figures 3.20 and 3.23, we have two time instances
where we gain back our symmetries but only one can enclose the monopole found at
h = 0. This means that the time parameter goes from a zero winding number to non-
zero winding number continuously. Doing so discontinuously means that the torus in the
h-space has to go through the monopole that resides the origin.
So, we again remark that breaking the symmetries of the problem allowed us to change
the topology of the SSH model, which was characterized by its winding number. The
topology of the Rice-Mele model though, is characterized by the Chern number, which
in turn characterizes whether or not the topology of the SSH model changes during one
time cycle. And continuously changing the topology of the SSH model(always in the
context of the Rice-Mele model) means charge pumping.
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Furthermore, we cannot emphasize more on the continuous part. This has to do with the
fact that topology is concerned with continuous deformations of manifold and topological
invariants are studied in this context. What we have here are basically effects that entirely
have to do with the topology of the manifold in h-space.

Moreover, it is useful to keep in mind that in the Qi-Wu-Zhang model for example,
breaking time reversal or inversion symmetries of the lattice means opening the Dirac
cones of the FBZ. So, a continuous deformation means that we do not close the cone.
Doing so signalizes a change in the topology, i.e. jump in the Chern number of the
model. This can also be seen from the SSH model, where the two distinct topological
states which correspond to δ > 0 and δ < 0 are separated by δ = 0 and at this value
the band becomes gapless; the analogs of Dirac cones in 1D FBZ present themselves at
δ = 0.

Now,say we continuously change the parameters, R, of a generic problem, from Ri to
Rf in order to go from H(Ri) to a "deformed" Hamiltonian H(Rf ). If the two have the
same topological index that characterizes the system (like the winding number in the SSH
model, or the Chern number in the Rice-Mele and the QWZ models) then we say that
H(Ri) and H(Rf ) are adiabatically connected and they are adiabatically equivalent.
This terminology also suggests that we have a freedom to deform our problem and still
get the same topology.

To sum this up, we have shown that the topology of a problem manifests itself through
the range of values that its parameters can take and still give the same topology; that
we can change the values of the parameters and still get the same topology is some kind
of topological freedom, i.e. we have freedom to deform h(k). Symmetries play a big
role in the characterization of the topology and can impose severe conditions on the
topology that play the most significant role in its characterization. Based on symmetry
considerations, we can conclude from the start of our study of a model if it could have
non-trivial topology or not since having some symmetries could rule out any non-triviality
from the get go; this is clearly presented in section 5.5.



Chapter 6

Time-Reversal Invariant and
Inversion Invariant Topological
Insulators

I found Rome a city of bricks and left
it a city of marble.

Augustus

6.1 Introduction

Having understood the importance of symmetries in the topology of topological mate-
rials, we are ready to study two large classes of topological insulators that are of great
theoretical and experimental significance. Namely, we will study topological insulators
with time-reversal symmetry and inversion symmetry. The discovery of these two classes
of topological materials has led to two separate revolutions in this field.

We will first tackle TR-invariant topological insulators. Now that the role of time reversal
symmetry has been shown to be truly important, we are ready to apply our knowledge
to Graphene and break its TR-symmetry in the ingenious way that Haldane proposed
back in 1988 [13].
By breaking TR-symmetry, Haldane showed for the first time ever that we can have
Quantum Hall effect even in the absence of a magnetic field. Note that the Qi-Wu-
Zhang model of the previous chapter came after the Haldane model, but the Haldane
model is slightly more involved.

Before the arrival of the Haldane model, everybody’s eyes where turned to the Inte-
ger Quantum Hall effect and the topological TKNN invariant (named after Thouless,

154



Time-Reversal Invariant Topological Insulators 155

Kohmoto, Nightingale, den Nijs) which required a non-zero magnetic field [1]. This is
why the Quantum Hall effect in the Haldane model was coined Anomalous Quantum
Hall effect.
For their far-reaching work, Haldane, Thouless and Kosterlitz shared the 2016 Nobel
prize in Physics "for theoretical discoveries of topological phase transitions and topolog-
ical phases of matter".

After we treat the Haldane model, we will proceed to the Kane-Mele model, which
introduced spin in such a way so as to produce yet another type of Quantum Hall effect:
the Spin Quantum Hall effect [15]! This has to do with the topologically protected
transport of spin at the edges of a material. While we have spin transport carried out
by chiral edge states, we do not have charge transport. This is in stark contrast with the
Integer and Anomalous Quantum Hall effects.
This set the ground for rapid developments of more applied areas of research, such as
that of spintronics.

We will end the chapter with the study of topological insulators with inversion symmetry,
whose discovery is more recent than that of topological insulators with TR-symmetry.
The main model we will use to get a better understanding of this class of materials is the
now called Bernevig-Hughes-Zhang model, named after people who are still considered
as being some of the biggest contributors to this are of studies.

6.2 Prerequisite to Kane-Mele model: Haldane model

6.2.1 The Aharonov-Bohm effect: fast and dirty

To fully comprehend the Haldane model, one first needs to understand the famous
Aharonov-Bohm effect, which was by itself a rich and counter-intuitive theoretical -and
then experimental- finding.
In this section then, we will see an elegant way in which magnetic fields cause effects
that exist purely in the quantum regime. We will see that a particle that does not pass
through a magnetic field can still "feel" it,producing measurable differences. To achieve
this, we will go through a slightly non-standard derivation of the Aharonov-Bohm effect
through generators of translations.

The real-space representation of the translation operator in the absence of any gauge
field is

T̂ = eip·r (6.2.1)

We are working in units where ~ = c = 1. Let us consider a free particle on a circular
ring of radius r which is normal to the z-axis, with magnetic field B = Boẑ in the inner
side of the ring. The flux that passes through the plane that is defined by the ring is
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Figure 6.1: Particle moving on a ring without passing through the magnetic field

Φ = Boπr
2.

A choice of gauge field that satisfies ∇×A = B is

A =
1

2
B × r (6.2.2)

This is called the symmetric gauge, and it obviously respects the rotational symmetry
of the problem.
Now, since we have a magnetic field in our problem, we have to generalize (6.2.1) to
magnetic translations. As proven in [58], and as the reader can prove through the
Newtonian equations of motion of a static field along the z-axis, the constant of motion
is the so-called pseudomomentum

K = p− qA+ q(B × r) (6.2.3)

which can also be shown to commute with the Hamiltonian which we get upon minimal
substitution. Note that neither the canonical, nor the dynamical(or kinematic) momenta
commute with the Hamiltonian.

Using the gauge choice (6.2.2), (6.2.3) becomes

K = p+
q

2
B × r (6.2.4)

Since the translation operator (as its generator) must commute with the Hamiltonian
and as Konstantinou and Moulopoulos explain, the magnetic translations operator of
this problem is given by

T̂m = exp{iK · r} (6.2.5)

where m is an index showing that it’s the magnetic translation operator.
Now, the eigenstates of this problem are the same as the one without the magnetic
field because adding a constant term in the Hamiltonian will again give as solution the
complex exponential and upon imposing the periodic boundary condition, it will again
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give ψn ∝ einφ, n ∈ Z, although imposing the periodic BCs will give a shift to the energy
spectrum if Φ 6= 2π ce (remember that ~ = 1).
Let’s now consider infinitesimally translating a particle along the loop. This will translate
the particle by ∆r = rδφêφ, where δφ is the infinitesimal angle displacement. We can
expand (6.2.5) as

T̂m ≈ 1 + iK · δr (6.2.6)

Now, writing pφ = −i1
r
∂
∂φ and q

2 (B × r)φ = Φ
2πr and acting on ψn, (6.2.5) will give

T̂mψn =

[
1 + i

(
n+

qΦ

2π

)]
ψ (6.2.7)

By doing N successive translations, thus having δφ = φ
N , where φ is the phase of the

final position, and letting N →∞ then

lim
N→∞

(
T̂m

)N
= lim

N→∞

[
1 + i

(
n+

qΦ

2π

)
φ

N

]N

→ exp

{
i

(
n+

qΦ

2π

)
φ

} (6.2.8)

So, when we translate ψ(φ) around the loop, it accumulates a phase equal to (6.2.8).
Let us translate our state by φ = 2π.

ψ(φ)→ ψ(φ+ 2π) = e2πin︸ ︷︷ ︸
=1

eiqΦψ(φ) = eiqΦψ(φ) (6.2.9)

The final phase accumulated by the state when translated around the loop is equal to
qΦ and this is called the Aharonov-Bohm effect. This is seemingly counter-intuitive, but
viewed as a consequence of a gauge field, it becomes easier to accept: a particle that
does not pass through a magnetic field can feel its effect.
Now, again the big question is whether or not this phase is measurable, i.e. if it is gauge
invariant. As the first chapter suggests, gauge transformations are basis transformations,
or transformations of coordinates. So, if we had translated the particle around an open
path, we would have gotten (6.2.8). This being a function of φ is not gauge invariant
since a gauge transformation will change these coordinates, and we could find a gauge in
which φ→ 0. But, if we translate a particle around a closed path, with φ = 2πm, then
we would get (6.2.9), which only contains Φ, and it is thus gauge invariant.
Now, this also ties up with the subject of geometric phases. It turns out that the
Aharonov-Bohm effect, in all its generality, can be reproduced if the position of the par-
ticle on a ring is treated as a parameter1. The translation should not even be adiabatic.
This changing of the parameters in a cyclic way should remind the reader of the dis-
cussion on the Berry phase. As it turns out, the Aharonov-Bohm phase is exactly the

1Note that the most general way to do this is given in [59]
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Berry phase accumulated by this changing of the coordinate parameter. For more details
on this, the reader could follow up on ref.(Berry 1984). A nice exercise for proving the
general formula of the Aharonov-Bohm effect is to follow the exact same steps as above,
but keep A in (6.2.3) general, while in the approximation steps writing it as A(φ+ jδφ)

for the j-th successive translation. The reader should finally arrive at the formula given
in the above seminal work by Berry.

6.2.2 Tight-Binding Approximation for graphene

We will start this section with the simplest approximation for the description of graphene:
the tight-binding Hamiltonian. Notice that we are treating spinless electrons2.

Since graphene is a 2D honeycomb lattice, so it is not a Bravais lattice. But, we can
use its symmetry by considering it as a lattice consisting of two sublattices, A and B.
We choose as our two-site basis (unit cell) the one shown in figure 6.2. We denote the
position of the i-th unit cell by Ri. Also, for the tight-binding Hamiltonian that we are
about to write down, the subscript 1 corresponds to sublattice A and 2 corresponds to
sublattice B. Also, let t1 denote the hopping strength.

Figure 6.2: Caption

2Their spin is essentially fully polarized along the axis that is normal to the lattice.
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This way, the tight-binding Hamiltonian is given by

HTB = t1
∑
i,j

C†Ri+δj ,1CRi,2 + H.C.

=
t1
N

∑
ijkk′

e−ik·(Ri+δj)eiRi·k
′
C†k,1Ck′,2 + H.C

by CRi,σ =
1√
N

∑
k

eik·RiCk,σ


= t1

∑
j,k

e−iδj ·kC†k,1Ck,2 + H.C.

by
∑
i

eiRi·(k
′−k) = Nδkk′


=
∑
k

(
C†k,1 C†k,2

) 0 t1
∑

j e
ik·δj

t1
∑

j e
−ik·δj 0

Ck,1
Ck,2


(6.2.10)

We also have:

δ1 =
1

2
êx +

√
3

6
êy

δ2 =
1

2
êx +

√
3

6
êy

δ3 = −
√

3

3
êy

(6.2.11)

So, we now can evaluate the off-diagonal factors of H(k) in (6.2.10). We write the Hamil-
tonian as H(k) = h(k) ·σ so that hx = Re

(
t1
∑

j e
ik·δj

)
and hy = −Im

(
t1
∑

j e
ik·δj

)
.

The reader can very easily verify that these are given by

hx = cos

(
3

3
ky

)
+ 2 cos

(
kx
2

)
cos

(
3

6
ky

)
hy = −2 cos

(
kx
2

)
sin

(√
3

4
ky

)
+ sin

(√
3

3
ky

) (6.2.12)

The energy is given by E± = ±‖h‖ = ±
√
h2
x + h2

y. It is given by

E± =±

√√√√√1 + 4 cos2

(
kx
2

)
+ 4 cos

(
kx
2

)cos

(
3

3
ky

)
cos

(√
3

6
ky

)
− sin

(√
3

6
ky

)
sin

(√
3

3
ky

)
=±

√√√√3 + 2 cos(kx) + 4 cos

(
kx
2

)
cos

(√
3

2
ky

)
(6.2.13)

where in going from the first to the last line we used that cos2 θ =
1 + cos(2θ)

2
and

cos θ cosφ − sin θ sinφ = cos(θ + φ). The band structure is shown in the below figure:
What we see here is that there are six Dirac points/cones in the FBZ. The two we can
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Figure 6.3: Band structure for graphene in the tight-binding approximation. Six
Dirac points are present in the FBZ.

very easily find from (6.2.13). They are (kx, ky) = (±4π

3
, 0). The other four Dirac points

are physically equivalent. This can be seen as follows: The two primitive unit lattice
vectors are given by

a1 = êx, a2 =
1

2
êx +

√
3

2
êy (6.2.14)

We also define a3 extending in a virtual third dimension so that we can use

bk =
2π
(
ai × aj

)
a1 · (a2 × a3)

This way, we find our reciprocal lattice vectors to be

b1 =

√
3

2
êx −

1

2
êy

b2 =
4π√

3
êy

(6.2.15)

(we don’t need b3)
From figure 6.4, we show that we can get from any one K ′ point to any other K ′ point
through a linear and integer combination of the reciprocal vectors (6.2.15). The same
happens for all the K points. So, all the K points are equivalent and the same is true
for the K ′ points. We cannot go from any K ′/K point to any K/K ′ point.

6.2.3 The Haldane term

Notice that the tight-binding Hamiltonian in (6.2.10) is invariant under the exchange
1 ↔ 2, something which reflects the fact that, in this approximation, we have inversion
symmetry around the center between two sites, A and B, of the same basis point.
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Figure 6.4: Equivalent Dirac points in the FBZ for the tight-binding Hamiltonian for
graphene.

We can now break this symmetry and open the gap by adding a staggered on-site po-
tential:

Hm = m
∑
i

C†Ri,1CRi,1 − C
†
Ri,2

CRi,2

= −m
∑
i,σ

(−1)σC†Ri,σCRi,σ

= −m
∑
k,σ

(−1)σC†k,σCk,σ

=
∑
k

(
C†k,1 C†k,2

)
mσz

Ck,1
Ck,2


(6.2.16)

Note that the complete Hamiltonian, H(k) = HTB(k) + Hm(k) is invariant under TR-
symmetry: choosing the time reversal operator to be Θ̂ = K̂, we find that Θ̂H(k)Θ̂−1 =

H(−k) because the minus sign that the σy Pauli matrix picks up is equivalent to
(kx, ky) → (kx,−ky) (see (6.2.12)). Also, the Hm(k) term just opens the gap3 and
nothing topologically non-trivial happens (since something like this needs the cone to
close and re-open).

Of course, from the previous chapter, we know that in order to get non-zero Chern
number, we need to break either TR-symmetry or space inversion symmetry. So, we
need to add a term in the Hamiltonian to do so. In 1987, Haldane thought of a ingenious
way to break TR-symmetry. Back then, only the IQHE was known, and it required
a magnetic field which breaks TR-symmetry to get a non-trivial and quantized Hall
conductivity. Haldane thought of a way to break TR-symmetry without needing an

3We could give the factor m in Hm a cyclic time-dependence, although this is not what we are
interested in here.
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external magnetic field, but he borrowed a concept that arises from the presence of a
magnetic field; I am referring to the Aharonov-Bohm effect from the start of this section.

Haldane introduced complex next nearest neighbor (NNN) hoppings. The hopping am-
plitudes being complex resemble an Aharonov-Bohm type phase that electrons gain upon
hopping from a site of a sublattice to another site of the same sublattice. So, Haldane
effectively introduced a local magnetic field (of unknown origin, but its source can be
anything that produces such local non-zero fluxes) that is normal to the plane in which
the lattice lives in, and which averages out to zero over the whole unit cell. In particular,
Haldane gave to all clockwise NNN hoppings a phase of eiφ and to all counter-clockwise
NNN hoppings e−iφ (which also comes from the fact that the Hamiltonian is Hermitian).
That the flux averages to zero can be seen from figure 6.5 below. The nearest neighbor
hoppings do not contribute in the phase accumulation, so only the NNN hoppings con-
tribute to the overall flux over any closed path.

Figure 6.5: We see how the total flux through a unit cell averages out to zero. We
only consider NNN hoppings from sublattice B to sublattice B and the flux is measured

with the clockwise path of each case.

The Haldane term is:
Hhald = t2

∑
<<i,j>>

eiφijC†iCj (6.2.17)

Where φij depends on whether the hopping is clockwise or anti-clockwise. For the former
it is equal to φ and for the latter it is equal to −φ. Also, << i, j >> denotes NNN
hoppings. We re-write it as eiφσ , where φσ = +φ for σ = 1 (sublattice A) and φσ = −φ
for σ = 2 (sublattice B). In this way, to write down the Haldane term in the Hamiltonian,
we need to consider the 6 NNN hoppings from sublattice A, which will have an index
σ = 1; for sublattice B, since the direction of rotation will be reversed in our terms, we
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just change φ → −φ which is given by our above definition of φσ for σ = 2. Before
writing down the Haldane term, we first give a schematic illustration of this:

Figure 6.6: Next nearest neighbor hoppings in the Haldane model

Finally, the Haldane term is given by4:

Hhald = t2
∑
σ,i

eiφσC†Ri+a1,σ
CRi + e−iφσC†Ri−a1,σ

CRi+

e−iφσC†Ri+a2,σ
CRi + eiφσC†Ri−a2,σ

CRi,σ+

e−iφσC†Ri+(a1−a2)CRi + eiφσC†Ri−(a1−a2)CRi

= t2
∑
k,σ

[
eiφσe−ik·a1 + e−iφσeik·a1

]
C†k,σCk,σ+

[
e−iφσe−ik·a2 + eiφσeik·a2

]
C†k,σCk,σ+[

e−iφσe−ik·(a1−a2) + eiφσeik·(a1−a2)
]
C†k,σCk,σ

= 2t2
∑
k,σ

cos[k · a1 − φσ] + cos[k · a2 + φσ] + cos[k · (a1 − a2) + φσ]

= 2t2
∑
k,σ

[
cos(k · a1) cosφσ + sin(k · a1) sinφσ

]
C†kσCkσ+

[
cos(k · a2) cosφσ − sin(k · a2) sinφσ

]
C†kσCkσ+[

cos[k · (a1 − a2)] cosφσ − sin[k · (a1 − a2)] sinφσ
]
C†kσCkσ

(6.2.18)

4We could have given the Haldane term more compactly by writing down just three terms and writing
H.C. beside them, but we wanted to write down all six of them for pedagogical reasons.
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The cosine terms do not change signs when φσ changes sign while the sine terms do. So,
the above can be written as:

HH = 2t2
∑
k

(
C†k,1 C†k,2

) (
A(k, φ) +B(k, φ)σz

)Ck,1
Ck,2


where A = cosφ

[
cos(k · a1) + cos(k · a2) + cos

(
k · (a1 − a2)

)]
and B = sinφ

[
sin(k · a1)− sin(k · a2)− sin

(
k · (a1 − a2)

)]
(6.2.19)

The A term in (6.2.19) just adds a constant factor to the overall energy, so we will omit
it. So, the Haldane term finally reduces to

HH(k, φ) = 2t2 sinφ
[
sin(k · a1)− sin(k · a2)− sin

(
k · (a1 − a2)

)]
σz (6.2.20)

with

a1 = êx

a2 =
1

2
êx +

√
3

2
êy

(6.2.21)

which are shown in figure 6.2.

Now, a comment on the physics of TR-symmetry breaking is in place. It is crucial that
the hopping terms are complex (for φ 6= 0,±π) because only in such a case hopping in
the the opposite direction from the original does not give us the same result (from the
hopping amplitude) as the original. If we time reverse the hopping in one direction, we
get the hopping in the opposite direction, which is not the same as the original hopping.
The time reversal operator, Θ̂ = K̂ acting on the AB-type phase factor will give us its
complex conjugate, which proves this statement.

6.2.4 Chern number of the Haldane model

We now want to compute the Chern number of the Haldane model. To do this, we first
write down our full Hamiltonian:

H(k, φ) = h(k, φ) · σ

with hx = t1

cos

(√
3

3
ky

)
+ 2 cos

(
kx
2

)
cos

(√
3

6
ky

)
hy = t1

sin

(√
3

3
ky

)
− 2 cos

(
kx
2

)
sin

(√
3

6
ky

)
hz = m+ 2t2 sinφ

sin(kx)− 2 sin

(
kx
2

)
cos

(√
3

2
ky

)

(6.2.22)
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where hz came from expanding (6.2.20) in terms of (6.2.21) ans using the identity
sin(A+B) = sin(A) cos(B) + cos(A) sin(B).

The gap closes when h = 0, so by having the extra parameters m and φ, we can impose
that hz = 0 at the points K,K ′ where the gap closes in the tight-binding approximation,
by finding a relation between m and φ so that this happens. To find one such relation,
we expand our full Hamiltonian around those two points.

ForK : (kx, ky) = (4π
3 , 0), we use expansions like sin

(
kx
2

)
≈
√

3
2 −

1
4qx, where qx = kx− 4π

3 ,

and cos
(√

3
2 ky

)
≈ 1 and sin kx ≈ −

√
3

2 −
1
2qx, etc.

In this way, we get

HK ≈ −
t1
√

3

2

(
qxσx − qyσy

)
+ (m− 3

√
3t2 sinφ)σz, for K (6.2.23)

For the points K ′ : (kx, ky) = (−4π
3 , 0), in the above expansions we just take the sine

terms to minus times themselves to get

HK′ ≈ −
t1
√

3

2

(
qxσx + qyσy

)
+ (m+ 3

√
3t2 sinφ)σz, for K ′ (6.2.24)

Seeing (6.2.23) and (6.2.24), we can see that the Dirac cones close for different values of
m with respect to φ at each of K,K ′. This further reinforces our suspicion that there
is non-trivial topology here since we know that the Dirac cones contribute with their
π-fluxes and if they closed together, then they would sum up to zero total flux. This is
because when both are closed, then we go to a case which is topologically equivalent5 to
the topologically trivial case of the tight-binding Hamiltonian that we studied.

Now, we expect that for |m| >>
∣∣∣3√3t2 sinφ

∣∣∣, we get a topologically trivial insulator;
for very large m, the phase does not play any role. This becomes especially clear when
somebody takes the limit of m → ∞ and neglects the term with φ, then we indeed get
the trivial case of the tight-binding case with the mass term added, which just opens the
cones. So, for such a case, C = 0.

Let us see what happens in the case of m ≈ −3
√

3t2 sinφ, with φ > 0. We define
u = m+ 3

√
3t2 sinφ with u < 0 corresponding to C = 0.

Also, because we already have enough parameters to play with, we set t1 = 2√
3
. Then,

if the energy corresponding to (6.2.24) is E± = ±E and we focus on the lower energy
band, we write the eigenvalue equation for (6.2.24) as u −reiθ

−re−iθ u

 |−,k〉 = −E |−,k〉 (6.2.25)

5This because, as we explained at the end of chapter 4, for two states to be topologically equivalent
means that we go from one to another without closing any Dirac cone.
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where |−,k〉 denotes the lower energy band state of wave-vector k and we have used the
polar coordinates in the reciprocal space, r, θ (the usual φ that we always use is reserved
at the moment).

If the reader goes back to section 4.4, at equation (4.4.7) in particular, s/he will find
that it bears a striking resemblance to what we have, other than the minus sign in front
of r and the renaming of the polar angle. In order to convert (6.2.25) to that form, we
write −eiθ = ei(θ−

π
2

). But following the steps from equation (4.4.8) to (4.4.15), one finds
that the extra phase factor does not contribute, and we can thus use the results found
in that section freely.

From those results then, we conclude that for u < 0, the Dirac cone contributes with
CDC = −1

2 . But, for this case, we know that the overall Chern number of the band is
equal to zero, so the bulk must contribute by Cb = 1

2 . On the other side, for u > 0

what we get from the results of the other section is that CDC = 1
2 . But, also, the bulk

contribution is continuous, as we have shown in the discussion after (4.4.16), so it must
contribute by Cb = 1

2 again, giving an overall Chern number equal to C = 1.

Now, for m >> 3
√

3t2 sinφ, we again get a trivial insulator; the Dirac point at K
closes at m = 3

√
3t2 sinφ. So, what we expect is that for φ > 0, we have C = 1 iff

−3
√

3t2 sinφ < m < 3
√

3t2 sinφ. For the case of φ < 0, the above arguments reverse,
and we get the reverse inequality condition for having C = 1. In any other case, C = 0.
The situation is shown in the below figure6:

Figure 6.7: Phase diagram for the Haldane model. We have C = 1 when
−3
√

3t2 sinφ < m < 3
√

3t2 sinφ for φ > 0 and C = −1 when 3
√

3t2 sinφ < m <
−3
√

3t2 sinφ for φ < 0. Adapted from [60].

Due to this topological non-triviality, we expect the Haldane model to include edge states
that contribute to the Hall conductivity. Indeed, this is the case and the analysis of the
edge states using domain walls is analogous to what we did in the Qi-Wu-Zhang model,

6Note that for an analysis of the geometry in the h-space that gives the phase diagram for the Haldane
model, in analogy with what we did in 3.3.2.2 (see figure 3.9 in particular) for the SSH model or in 3.5.3
for the QWZ model, the reader is advised to read section 3.5.5 and see figure 8 of [60].
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so we will not pursue it here. The QAHE that is present here too, follows from the
general principles, as we did in section 4.9.2.

Figure 6.8: The two main types of edge states that can be found in a graphene strip
are shown.

This model was, of course, a revolution in the study of topological matter, as it was
the first time that the world saw clearly that we can have an Quantum Hall effect
without the presence of an external magnetic field, theoretically at least. The Haldane
model for graphene was first fully realized experimentally as late 2014 [61] because of the
difficulty of producing complex hopping amplitudes, and though many years passed since
its original conception without an experimental observation of complex NNN hoppings
causing QAHE, it nonetheless inspired much theoretical and experimental work to be
carried out. The Qi-Wu-Zhang model came much later, but it was experimentally verified
much earlier. Also, the QAHE was experimentally observed in 2004. The observation was
done by Nomoselov and Geim [62], which landed them the 2010 Nobel Prize in Physics
"for groundbreaking experiments regarding the two-dimensional material graphene".

6.3 Z2 Topological Insulators and Quantum Spin Hall effect:
Kane-Mele model

In this section, we will reverse our logic: to arrive at the Haldane model, we where trying
to use TR-symmetry breaking in order to reach a topologically non-trivial model. After
doing so, we will try to keep TR-symmetry and still arrive at a topologically non-trivial
model. From the chapter of discrete symmetries, we saw that a TR-invariant system has
a Chern number which is equal to zero, but it generally has a non-zero Berry curvature.
This leaves room to play with our models a bit.
In particular, Kane and Mele [15] proposed the now-called Kane-Mele model, in which
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we essentially take two Haldane models7 and effectively double the degrees of freedom of
our system. That this will give a TR-symmetric system can be understood from the fact
that in the Haldane model, TR-symmetry was broken because the NNN hopping in one
direction was different from the NNN hopping in the opposite direction, so if we double
the degrees of freedom, then we might find a smart way to get electrons hopping in both
directions so that the time reversed case is exactly the same.
In this model, we combine two Haldane models by simply adding spin into the game:
the two Haldane models correspond to oppositely polarized spin states.

6.3.1 Setting up the model

We will first convert the terms in the Hamiltonian of the Haldane model to those of the
Kane-Mele model.
Let α, β =↑, ↓ denote the spin indices. The first term that we will convert is that of the
tight-binding approximation:

HTB = t1
∑
<i,j>

C†iCj −→ t1
∑

<i,j>,α

C†i,αCj,α (6.3.1)

In the context of the Kane-Mele model, the above term is the same for both spin orien-
tations.
For the mass term (staggered on-site potential) in the Hamiltonian, let us first use
m̄i = m for sublattice A and m̄i = −m for sublattice B. The mass term can then be
converted as follows

Hm =
∑
i

m̄iC†iCi −→
∑
i,α

m̄iC†i,αCi,α (6.3.2)

This term is thus also the same for both spin polarizations.
We now go to the Haldane term. From what we have seen in the previous section, for any
φ 6= 0, π we get the non-trivialities of the Haldane model, so we can just as well choose
φ = π

2 . To now introduce a way to modulate the clockwise NNN hoppings with the
anti-clockwise NNN hoppings8, we introduce νij such that νij = 1 for clockwise hopping
and νij = −1 for counter-clockwise hopping. We also introduce essentially the Pauli
matrices that act on the spin space and denote them as sx, sy, sz. With these definitions,
the Haldane term can be written as follows:

HHal =t2
∑

<<i,j>>

eiφijC†iCj = it2
∑

<<i,j>>

νij C
†
iCj

−→it2
∑

<<i,j>>,α,β

νij C
†
iαCjβ s

αβ
z

(6.3.3)

7A word of caution: we do not take two graphene lattices one on top of the other. See below.
8We characterize the direction of rotation with respect to the centre of the unit cell in question.
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The presence of sz makes very clear the interpretation that we can give to the above
generalized Haldane term; it is a spin-orbit coupling term because the direction of rota-
tion (given by νij) with respect to the orientation of the spin (given by sz) determine
the sign of this term in the same way that the coupling L · s is for unit orbital and spin
angular momentum vectors is equal to 1 when they are parallel and equal to −1 when
they are anti-parallel.
Note that this is well-motivated physically: the electron circling around an atom of the
lattice means that for the electron, in its own frame of reference, it perceives a magnetic
field, which means that circling around an atom encloses a magnetic flux, which in turn
means that the electron gains an Aharonov-Bohm type phase; is what Haldane proposed
in his original model.

With the three above terms, the two sub-models are not coupled since the spin of each
term stays the same (it is conserved); we do not have spin mixing. For this reason,
many of our upcoming arguments will come from treating the two sub-models indepen-
dently, as two Haldane models that do not talk to each other. We will shortly show this
mathematically.

While we will work only with the above terms for the following sections, it is useful to
also consider another term that is used very often, the Rashba coupling term:

HR = iλR
∑

<i,j>,α,β

[
s× dijC†iCj

]
z

= iλR
∑

<i,j>,α,β

(
s× dij

)
z
C†iCj (6.3.4)

where λR is a constant describing the Rashba coupling strength and dij is the distance
that an electron covers with NN hopping. The Rashba term is present whenever we
have an electric field. From the frame of reference of an electron, an electric field that is
normal to the lattice is viewed as a magnetic field coupled to its velocity as follows:

B = v×E =⇒ s ·B = s · (v ×E) = Eo (s× v)z (6.3.5)

The velocity v is represented by dijC
†
iCj because, semi-classically speaking, it gives the

hopping weighted by the distance the electron covered while hopping.
The Rashba term can change the spin of an electron, so it serves as a coupling term
between the two sub-models. We will omit it at first in order to showcase the non-trivial
topology of the Kane-Mele model.

Now, since the spin degree of freedom of each sub-model does not couple with the other,
we can easily generalize the crystal momentum representation of the Hamiltonian of the
Haldane model, as given in (6.2.22), by just comparing the real-space Hamiltonian of the
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Kane-Mele model with that of the Haldane model. Doing so, (6.2.22) generalizes to:

H(k) =t1

cos

(√
3

3
ky

)
+ 2 cos

(
kx
2

)
cos

(√
3

6
ky

)σx ⊗ 1

+t1

sin

(√
3

3
ky

)
− 2 cos

(
kx
2

)
sin

(√
3

6
ky

)σy ⊗ 1

+mσz ⊗ 1 + 2t2

sin(kx)− 2 sin

(
kx
2

)
cos

(√
3

2
ky

)σz ⊗ sz
(6.3.6)

where 1 denotes the usual 12×2 and we used φ = π
2 in (6.2.22). Note that for a matrix

B =

B11 B12

B21 B22

, we have adopted the convention: A⊗B =

A B11 A B12

A B21 A B22

.

The form of the Bloch Hamiltonian of the Kane-Mele model makes it clear that it consists
of two decoupled Haldane models. The reader can verify that the Hamiltonian (6.3.6)
can be written with respect to h(k) of the Haldane model, found in (6.2.22) for φ = π

2 ,
as follows:

H(k) =

h(k) 0

0 h∗(−k)


where each diagonal term represents each Haldane sub-model. The lack of off-diagonal
terms means they are decoupled. If we write down h∗(−k) we find that its only difference
from h(k) is that the sign in front of the term corresponding to the NNN hoppings is
flipped. Since only the NNN hoppings are spin-dependent, this is the reason for which
the two sub-models correspond to opposite spins, which do not mix up due to the lack
of off-diagonal terms. The Rashba coupling term (6.3.4) is an off-diagonal term which
serves to couple the two sub-models.

6.3.2 Time-reversal symmetry

Let us now verify that (6.3.6) is indeed TR-invariant. We will show that the time reversal
operator Θ = 1⊗ isyK does the job. The factors in front of the tensor products of the
Pauli matrices are real, and we will just use the information of whether they are even
or odd in k. For TR-symmetry, we want ΘH(k)Θ−1 = H(−k). We will use that
{σi, σj} = 2δij1.
For the first tensor product, we have

Θ(σx ⊗ 1)Θ−1 = [(1⊗ sy)iK](σx ⊗ 1)[−(1⊗ sy)iK]

= (1⊗ sy)(σx ⊗ 1)(1⊗ sy)

= σx ⊗ 1

(6.3.7)
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In front of the σx ⊗ 1 there is an even function in k, so this term satisfies the TR-
symmetry condition.
Moving on to the σy ⊗ 1 term, we find that

Θ(σy ⊗ 1)Θ−1 = [(1⊗ sy)iK](σy ⊗ 1)[−(1⊗ sy)iK]

= (1⊗ sy)(−σy ⊗ 1)[iK(1⊗ sy)(−i)K]

= −σy ⊗ 1

(6.3.8)

where the last equality follows from Kσy = −σyK. The function in front of the σy ⊗ 1

term in (6.3.6) is odd in k, so this term also satisfies the condition.
The mass term does not change because σz is real.
For the last term, we have

Θ(σz ⊗ sz)Θ−1 = [(1⊗ sy)iK](σz ⊗ sz)[−(1⊗ sy)iK]

= (1⊗ sy)(σz ⊗ sz)(1⊗ sy)

= σz ⊗ (syszsy)

= −σz ⊗ sz

(6.3.9)

This tensor product is accompanied by an odd function in k, so the whole last term
in (6.3.6) satisfies the condition. Putting it all together, we see that we indeed have
TR-symmetry.
An important thing to remark is that because Θ2 = −1 and we have TR-symmetry, we
expect to have Kramer’s doublets (see section 5.2.4.3).

Another thing to remark is that from 5.5, we need to not also have space inversion
symmetry, otherwise both symmetries would mean that we have a much more powerful
restriction of having a zero Berry curvature for all k rather than just having a total
Chern number equal to zero. We will choose the space inversion transformation to be
P = σx ⊗ 1. This choice is justified as follows. The spin degrees of freedom are not
affected by a space inversion transformation, so the space inversion transformation will
act on each sub-model independently and it will do so in the site degrees of freedom.
So, going back to the Haldane model, it is clear from just looking at the lattice and
the terms in the Hamiltonian of the Haldane model that we do not have space inversion
symmetry. To see this, we choose for the Haldane model P = σx which interchanges the
two sub-lattices9, A and B (see figure 6.6). Equation (6.2.22) makes it clear that P is
not a symmetry of the Haldane model (PH(kx, ky)P 6= H(kx,−ky)), so P = σx ⊗ 1 is
not a symmetry of the Kane-Mele model.

9Although it might be more intuitive to say that it interchanges the two sites of a single unit cell
around their mid-point
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6.3.3 More formalism

Before moving on to the topology of the Kane-Mele problem, we first a bit of formalism
that is widely used. We want to convert the Hamiltonian (6.3.6) to a 4 × 4 Dirac
representation using the gamma matrices, which we denote by Γi and which satisfy the
usual Dirac algebra. We choose:

Γ1 = σx ⊗ 1

Γ2 = σz ⊗ 1

Γ3 = σy ⊗ sx
Γ4 = σy ⊗ sy
Γ5 = σy ⊗ sz

(6.3.10)

Note that this choice is not unique. We chose the above matrices because they are even
under time reversal. We see that all of our terms in the Hamiltonian except for the
σz ⊗ sz and σy ⊗ 1 are covered by the above matrices. For the remaining two terms, we
will use the standard notation Γij = 1

2i [Γ
i,Γj ]. This allows us to write the Hamiltonian

in the form H(k) = hiΓ
i + hijΓ

ij . The reader can verify that σz ⊗ sz = 1
2i [Γ

1,Γ5] = Γ15.
Also, σy ⊗ 1 = 1

2i [Γ
2,Γ1] = Γ21. So, now we can write (6.3.6) more compactly:

H(k) = hiΓ
i + hijΓ

ij = h1Γ1 + h2Γ2 + h15Γ15 + h21Γ21

h1 = t1

cos

(√
3

3
ky

)
+ 2 cos

(
kx
2

)
cos

(√
3

6
ky

)
h2 = m

h15 = 2t2

sin(kx)− 2 sin

(
kx
2

)
cos

(√
3

2
ky

)
h21 = t1

sin

(√
3

3
ky

)
− 2 cos

(
kx
2

)
sin

(√
3

6
ky

)

(6.3.11)

6.3.4 Quantum Spin Hall effect

The Haldane term for each of the two sub-models differs from one another by a sign.
Everything else is the same in both sub-models. So, going from one sub-model to the
other, we just take t2 → −t2 (see (6.3.3)). But, the sign of m

t2
played a catalytic role

in the determination of the sign of the Chern number of the Haldane model for each
φ = const., as one can remember by going back to figure 6.2.
So, for the second model, in which we have spin down, due to reversing t2, its Chern
number is also reversed. What this means is that the total number of the Kane-Mele
model is equal to zero for any value of m

t2
and φ. But, this was expected since we have
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TR-symmetry, which means that the Berry curvature is odd in k which gives a Chern
number equal to zero.

But, the physics arising from the topology of the model is even more intricate than that
of our previous models. The Chern number has to do with the direction of motion of
the corresponding edge state, so the total Chern number might be equal to zero but
the non-zero Chern number of each sub-model means that we can still have edge states!
And these edge states move oppositely one from the other due to having opposite Chern
numbers. This again means that we have no charge transport along the edges, so what
is non-trivial about this?

It is now time to consider spin-momentum locking that we found all the way back in
the Qi-Wu-Zhang model, which is also present in the Haldane model. Since the spin
is locked with the momentum, the two edge states that move opposite of each other
also have opposite spin orientation, something which could also be understood from the
fact that one edge state corresponds to the first sub-model which has the electron’s spin
polarized up, while the second edge state corresponds to the second sub-model which
has the electron’s spin polarized down. But, the transfer of spin-up along one direction
is equivalent to the transfer of spin-down in the opposite direction, much in the same
way that this happens with charge transport.

Figure 6.9: Spin transport by the edge states.

So, we see that while we do not have charge transport, we do have spin transport along
the edges of a material described by the Kane-Mele model.

In analogy with the Integer Quantum Hall effect and the Quantum Anomalous Hall
effect which have to do with charge transport which contributes to the corresponding
Hall conductivity, here we also have a kind of Hall conductivity that has to do with spin
currents, which is affected by these edge states that transport spin. Moreover, since each
edge state is associated with the Chern number of its sub-model, which is quantized, we
also expect this Hall conductivity to be quantized in the same way as in the IQHE and
the QAHE. This is appropriately called the Quantum Spin Hall effect.
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Figure 6.10: On the left: the spin-momentum locked edge states on a Dirac cone. For
each value for the energy we have a Kramer’s doublet.On the right: the spin-momentum

locked edge states in real-space for a finite Kane-Mele lattice.
Adapted from [63].

The QSHE was first observed experimentally in 2008 by Konig et al. For more on the
theory and the experimental observation of the spin Hall conductivity, the reader can
follow up on [64].

6.3.5 Topological Index of the Kane-Mele model

Since the total Chern number of the Kane-Mele model is equal to zero, then what is the
topological index that characterizes the non-trivial spin transport?

From figure 6.7, we see that while the total Chern number is zero ∀ φ, their difference
changes sign depending on whether −π < φ < 0 or 0 < φ < π, as was the case for the
Haldane model. Indeed the index that characterizes the Kane-Mele model is the so-called
spin Chern number and it is equal to

Cs =
C↑ − C↓

2
∈ Z (6.3.12)

An important remark is in order here: The above topological invariant is good only for
the case where the spin of each sub-model is conserved; if we had spin-mixing between
the two, then C↑ and C↓ would not be well-defined. For example, if we include the
Rashba coupling term in our Hamiltonian, the above topological invariant will not do.
Kane and Mele, in a follow-up paper to that in which they proposed their eponymous
model, introduced a much more general topological index, called the Z2 index, which
can fully characterize the topology of such systems, even with terms that produce spin-
mixing, like the Rashba coupling term. We will derive this invariant in the next section.
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6.3.6 Z2 Invariant in 1D

In this section, we will work out what the proper topological invariant that described
systems like the Kane-Mele is. A useful reference for this section is [65].
For cases where Sz is conserved, we can work with spin-up Bloch state, ψn↑ and spin-down
Bloch state, ψn↓. These are also the eigenstates of a Hamiltonian without any terms that
mix-up spin components, such as the Hamiltonian of the Haldane and Kane-Mele model.
If we introduce Rashba terms, then they are not eigenstates of the Hamiltonian since they
are not eigenstates of the Rashba term. In these cases, we shall denote the eigenstates
for a single band as ψnI and ψnII . Note that these two states are superpositions of ψn↑
and ψn↓ such that for weak spin-orbit interaction, ψnI/II ≈ ψn↑/↓.

To find the invariant that describes models which contain more general terms than in
models such as the Kane-Mele model, we need to build some formalism. As explained in
section 5.2.3, the role of the degeneracy is important in determining if10 Θukα = u∗kα =

u−kα. The best we can do, is to say that Θ |ukα〉 is given by some linear combination of
all the states residing at −k in the FBZ. We can then write:

Θ |ukα〉 =
∑
β

wβα
∣∣u−kβ〉 (6.3.13)

The matrix w is called the sewing matrix and contains all the information about how
states are mapped to other states under time reversal. Inverting (6.3.13) for wβα, we
find wβα(k) =

〈
u−kβ

∣∣Θ |ukα〉. We shall now show some properties of the sewing matrix
which will be of use to us in our next steps. The first property is the following:

wβα(k) =
〈
u−kβ

∣∣Θ |ukα〉 = −
〈

Θ2u−kβ

∣∣∣Θ |ukα〉 = −
〈
ukα

∣∣Θu−kβ〉 = −wαβ(−k)

(6.3.14)
At TRIM points in the FBZ, which we denote as Λ, wβα(Λ) = −wαβ(Λ), since Λ and
−Λ are considered being equivalent.

Another property of the sewing matrix is unitarity:∑
b

wab(w
†)bc =

∑
b

wabw
∗
cb

=
∑
b

〈u−ka|Θuka〉 〈u−kc|Θukb〉∗

=
∑
b

〈u−ka|Θuka〉 〈Θukb|u−kc〉

=
∑
b

[
−〈ukb|Θu−ka〉

] [
−〈Θu−kc|ukb〉

]
=
∑
b

〈Θu−kc|ukb〉 〈ukb|Θu−ka〉

= 〈u−ka|u−kc〉

(6.3.15)

10For now, we suppress the band index
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Now, in the case where the spin Bloch states ψnk↑/↓ where the eigenstates of the Hamil-

tonian, from (5.2.28), we can use the transformation11 Θ
∣∣∣ψnk↑/↓〉 = ∓

∣∣∣ψn−k↓/↑〉. For
the more general case where Sz is not conserved, we need to generalize this condition.
Since we still have electrons in pairs due to TR-symmetry, we still want Θ to transform
one into the other, so we want to keep the structure of the above transformation. We
generalize it as follows:

Θ
∣∣∣ψnkI/II〉 = ∓eiχ∓k

∣∣∣ψnkII/I〉 (6.3.16)

where χk is assumed to be single-valued in k. Here, we follow the notation used in the
seminal paper by Liang Fu and Charles Kane, [66].
Fu and Kane where concerned with the Z2 index in the context of spin-pump, which is
the analog of charge pumping but with spin.

With the above definitions, we can write the sewing matrix for a single band, n, in the
basis of

∣∣∣ψnI/II〉 as

wn =

 0 eiχ
n
k

−eiχ
n
−k 0

 (6.3.17)

The complete sewing matrix, for all the N bands, is simply a 2N × 2N matrix that con-
tains all the wn single-band sewing matrices on its diagonal with every other component
being equal to zero.
Note that for the rest of this section, for simplicity, we will consider the case of only hav-
ing TR-symmetry where no other degeneracy occurs, either accidental or arising from
another symmetry. We can write the general sewing matrix as follows

W =


w1 0 0 . . . 0

0 w2 0 . . . 0
...

...
. . .

...
0 0 0 . . . wN

 (6.3.18)

We now want to jump to Berryological aspects. Here, we have a non-Abelian Berryology;
we have spin Berryology. The Berry connection is now a vector-valued matrix, with
components Aαβ = i 〈nkα| ∂k |nkβ〉, where α, β = I, II. We denote the whole Berry
connection matrix simply as A(k). The reader who does not remember the non-Abelian
Berryological quantities, can go back to sections 2.1.13 and 2.2.2. We now want to find
what A(−k) is. We will find an expression for it that contains w. Suppressing the band

11We have the freedom to reverse the signs in this transformation. The crucial point here is to define
the two transformations such that Θ2 = −1, so that we have Kramer’s degeneracy.
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Figure 6.11: Enumeration of our bands. Adapted from [66].

index:

Aαβ(−k) =i 〈−kα| ∂−k |−kβ〉

=− i
∑
αα

(wαα′ 〈Θukα′ |)∂k(w∗ββ′
∣∣Θukβ′〉)

=− i
∑
α′α′

wαα′∂kw
∗
ββ′
〈
Θukα′

∣∣Θukβ′〉︸ ︷︷ ︸
〈ukβ′ |ukα′〉=δαβ′

−i
∑
αα′

wαα′w
∗
ββ′ 〈Θukα′ | ∂k(Θ

∣∣ukβ′〉)
=− i

′∑
α

wαα′∂kw
∗
βα′ − i

∑
α′β′

wαα′w
∗
ββ′
〈
∂kukβ′

∣∣ukα′〉︸ ︷︷ ︸
−〈ukβ′ |∂k|ukα′〉

=
∑
α′α′

wαα′ Aβ′α′(k) w∗ββ′ − i
∑
α′

wαα′ ∂k w
∗
βα′

(6.3.19)

But, because A is Hermitian, we have that
〈
ukβ′

∣∣ i∂k |ukα′〉 = 〈ukα′ | i∂k
∣∣ukβ′〉∗. So, the

above becomes

Aαβ(−k) =
∑
α′α′

wαα′ A
∗
α′β′(k) w∗ββ′ − i

∑
α′

wαα′ ∂k w
∗
βα′ (6.3.20)

or, more compactly:
A(−k) = wA∗(k)w† − iw∂kw† (6.3.21)

We also see here the effect of the sewing matrix; it relates the points k of the FBZ with
the points −k and it thus gives the above relation between A(−k) and A(k).
This fairly simple realization was important in the development of the theory of time-
reversal invariant topological insulators because it led to constructions that use the so-
called Effective Brillouin Zone, which is just the one half of the FBZ. The interested
reader is strongly advised to read [67].
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For completeness, we also find what F (−k) is. From (2.2.12) and (2.2.13), we have
Fij(k) = ∂iAj − ∂jAi − i[Ai, Aj ]. From this and (6.3.21), F (−k) is given by:

Fij(−k) =− ∂i(wA∗jw† − iw∂jw) + ∂j(wA
∗
jw
† − iw∂iw)

− i(wA∗iw† − iw∂iw†)(wA∗jw† − iw∂jw†)

+ i(wA∗jw
† − iw∂jw†)(wA∗jw† − iw∂iw†)

=− w(∂iA
∗
j − ∂jA∗i )w† − (∂iw)A∗jw

† − wA∗j∂iw†

+ (∂jw)A∗iw
† + wA∗i ∂jw

†

+ i∂i(w∂jw
†)− i∂j(w∂iw†)

− i(wA∗iA∗jw† − iwA∗i ∂jw† − iw∂iw†wA∗jw† − w∂iw†w∂jw†)

+ i(wA∗jA
∗
iw
† − iwA∗j∂iw† − iw∂jw†wA∗iw† − w∂jw†w∂iw†)

=− w(∂iA
∗
j − ∂jA∗i )w† − ∂iwA∗jw† − wA∗j∂iw† + ∂jwA

∗
iw
† + wA∗i ∂jw

†

+ i∂iw∂jw + iw∂i∂jw
† − i∂jw∂iw† − iw ∂j∂i w

†

− iw(A∗iA
∗
j −A∗jA∗i )w†

− wA∗i ∂jw† − w∂iw†wA∗jw† + iw∂iw
†w∂jw

†

+ wA∗j∂iw
† + w∂jw

†wA∗iw
† − iw∂jw†w∂iw†

=− w(∂iA
∗
j − ∂jA∗i + i[A∗iA

∗
j ])w

†

− ∂iwA∗jw† + ∂jwA
∗
iw
† − w∂iw†wA∗jw† + w∂jw

†wA∗iw
†

+ i(∂iw∂jw
† − ∂jw∂iw† + w∂iw

†w∂jw
† − w∂jw†w∂iw†)

=w(∂iA
∗
j − ∂jA∗i + i[A∗iA

∗
j ])w

†

+ (∂iw + w∂iw
†w)(i∂jw

† −Ajw†) + (∂jw + w∂jw
†w)(A∗iw

† − i ∂iw†)
(6.3.22)

The following also holds: ∂i
[
(ww†)w

]
= ∂iw+w∂iw

†w+∂iw, also ∂i
[
(ww†)w

]
= ∂i[w],

so these two give us that ∂iw = −w∂iw†w. This means that the second and third lines
of the final equality in the above equation are zero, so the final result is

Fij(−k) = −w(∂iA
∗
j − ∂jA∗i + i[A∗iA

∗
j ])w

† (6.3.23)

or, more compactly:
Fij(−k) = w

(
−F ∗ij(k)

)
w† (6.3.24)

To connect with the analysis of Fu and Kane and to physically motivate the upcoming
sections, we bring the electric polarization back into the game.
As we have already mentioned, in the case of spin-mixing terms in the Hamiltonian, we
still have Kramer’s pairs, although they do not correspond to the states of spin-up and
spin-down. One such Hamiltonian is not diagonal and its two sub-models couple. So,
in such a case, we cannot just use the polarization to correspond to the spin-up and
spin-down states, P↑ and P↓, but we have to use the partial polarizations, defined in 1D
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as
Ps =

1

2π

˛
dkAs, s = I, II (6.3.25)

where we have defined

As =
∑

filled n

i 〈unks| ∂k |nks〉 =
∑

filled n

Ans (k), s = I, II (6.3.26)

That is, we separate the polarization contributions from each electron of all of Kramer’s
pairs. Note that each Kramer’s pair is characterized by the index n.
If the spin-mixing terms couple the two sub-models weakly, then PI/II ≈ P↑/↓, where
the equality is ensured in the absence of any off-diagonal terms.

The charge polarization is defined as Pc = PI +PII , but as we have already pointed out,
this is of not use to us here, since we expect the Chern number associated with PI and
PII to cancel each other out.
Motivated, then, by our previous discussions, we also define the time-reversal polarization
as

Pθ = PI − PII (6.3.27)

which was first introduced in [66].

Before moving on, we must address a potential issue. There seems to be a problem
here in the definition (6.3.25): while under a phase transformation for |unks〉 it has the
gauge ambiguity that the charge polarization has (something which we will show later), a
general U(2N) transformation seems to mic up the polarization contribution from s = I

with that of s = II. This goes against what we initially wanted to achieve by defining
it in such a way, i.e. to separate the polarization contributions from s = I and s = II.
But, we will now show that this is not the case.

We first need to find the relation between Anα(k) and Anα(−k). For this, we only need the
diagonal elements of the transformation (6.3.21). For the "spin" indices of the full sewing
matrix, we use the following symbolism: i = 1, 2 refers to bands (n, α) = (1, I), (1, II)

respectively, i = 3, 4 refers to (n, α) = (2, I), (2, II) respectively, ..., i = 2N − 1, 2N

refers to (n, α) = (N, I), (N, II) respectively.
The diagonal elements ofA(−k) are given byAii(−k) =

∑
jk wijA

∗
jk(k)w∗ik−i

∑
j wij∂kw

∗
ij .

But, due to (6.3.17) and (6.3.18), for band n and i = 2n−1, we have j = k = 2n. In this
case, it is simpler to write A2n−1,2n−1 = AnI , A2n,2n = AnII , w2n−1,2n = (wn)12. These
definitions, along with (6.3.17) give us

An
I (−k) =An

II(k)− ∂kχnk
An
II(−k) =An

I (k)− ∂kχn−k
(6.3.28)
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or, in terms of As,

AI(−k) =AII(k)−
∑
n

∂kχ
n
k

AII(−k) =AI(k)−
∑
n

∂kχ
n
−k

(6.3.29)

It is now time to show that we do not have an ambiguity in the way that we label the
electrons in each Kramer’s pair. From (6.3.29) we have:

PI/II =
1

2π

˛
dkAI/II(k)

=
1

2π

ˆ π

0
dk AI/II(k) +

1

2π

ˆ 0

−π
AI/II(k)

=
1

2π

ˆ π

0
dk AI/II(k) +AI/II(−k)

=
1

2π

ˆ π

0
dk

[
AI/II(k) +AII/I(k)−

∑
n

∂kχ
n
±k

]

=
1

2π

ˆ π

0
tr[A(k)] dk −

∑
n

χn±k

∣∣∣∣∣
π

0


=

1

2π

ˆ π

0
dk tr[A(k)]−

∑
n

1

2π

(
χn±π − χn0

)

(6.3.30)

where we have defined

tr[A] = AI +AII

=
∑
n

AnI +AnII

=
∑
n

〈unkI | ∂k |unkI〉+ 〈unkII | ∂k |unkII〉

=
∑
n,s

〈unks| ∂k |unks〉 =
∑
i

Aii

(6.3.31)

What the result of (6.3.30) shows us is that the partial polarizations, while not gauge-
invariant, do not depend on the labels s = I, II, so there’s no ambiguity in this here and
their definitions serve us well in separating the contribution of each in the polarization.

We will now show that the time reversal polarization, Pθ, is an integer:

Pθ = PI − PII =

ˆ
∂BZ

dk

2π
AI(k)−AII(k)

=
1

2π

ˆ π

0
dk
(
AI(k)−AII(−k)

)
+
(
AI(−k)−AII(k)

)
=

1

2π

∑
n

ˆ π

0
dk ∂k

(
χn−k − χnk

)
∈ Z

(6.3.32)
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After building all this formalism, it is now time to find a formula for computing the Z2

invariant. There are multiple ways to do this, although we will present here one of the
most well-known ways to do so. This was first introduced in [66].

First, we re-write PII as

PII =

ˆ π

−π

dk

2π
AII(k)

=

ˆ 0

−π

dk

2π
AII(k) +AII(−k)

=

ˆ 0

−π

dk

2π
tr[A(k)]−

∑
n

1

2π
χn−k

∣∣∣∣∣
0

−π

=

ˆ π

0

dk

2π
tr[A(−k)]−

∑
n

1

2π
(χn0 − χnπ)

(6.3.33)

For Pθ, we use the form of PI as in (6.3.30) and the form of PII as in (6.3.33) to get

Pθ = PI − PII =
1

2π

ˆ π

0

(
tr[A(k)]− tr[A(−k)]

)
− 1

π

∑
n

(χnπ − χn0 ) (6.3.34)

Now, from (6.3.21), and using the unitarity of w ( (6.3.15)) and the Hermiticity of A(k),
we find that the trace of both sides of (6.3.21) gives

tr[A(−k)] =
∑
i

(A(−k))ii

=
∑
ijk

wijA
∗
jk(k)(w†)ki − i tr

[
w∂kw

†
]

=
∑
ijk

wijA
∗
jk(k)w∗ik − i tr

[
w∂kw

†
]

= tr
[
A∗(k)

]
− i tr

[
w∂kw

†
]

from
∑
i

wijw
∗
ik = δjk (Unitarity)

= tr
[
A(k)

]
− i tr

[
w∂kw

†
]

(from Hermiticity of A)

(6.3.35)

This turns (6.3.34) into

Pθ =
i

2π

ˆ π

0
tr
[
w∂kw

†
]
− 1

π

∑
n

(χnπ − χn0 ) (6.3.36)

Now, from the form of the sewing matrix (see (6.3.18)) and (6.3.17), we write

det[w] =
∏
n

det[wn] =
∏
n

det

 0 eiχ
n
k

−eiχ
n
−k

 =
∏
n

ei(χ
n
k+χn−k) = exp

{
i
∑
n

χnk + χn−k

}
(6.3.37)
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Inverting the result of (6.3.37), we get

i
∑
n

χnk + χn−k = log
(
det[w]

)
(6.3.38)

With the help of this, we can write the trace in (6.3.36) as

tr
[
w∂kw

†
]

=
∑
n

tr
[
wn∂kw

†
n

]
= −i

∑
n

(
∂kχ

n
k + ∂kχ

n
−k
)

= −i∂k

[∑
n

χnk + ∂kχ
n
−k

]
= −∂k log

(
det[w]

)
(6.3.39)

We now define w̄n = eiχ
n
k . We also note that k = ±π and k = 0 are the two TRIMs

that we have in this 1D case. In this case then, χnk = χn−k. So, for the above TRIMs, Λi,
(6.3.38)12 becomes:

log det
[
w(Λi)

]
= log

exp

{
i
∑
n

χnk + χn−k

}∣∣∣∣∣
Λi

= i
∑
n

(χnk+χn−k)

∣∣∣∣∣
Λi

=
∑
n

log[w̄n
2(Λi)]

(6.3.40)
We now re-write the last term in (6.3.36) in terms of logarithms (χnk = −i log(w̄n)) and
use (6.3.39) and (6.3.40) to write (6.3.36) as

Pθ =
i

2π

ˆ π

0
tr
[
w∂kw

†
]
− 1

π

∑
n

(χnπ − χn0 )

=
1

2πi

ˆ π

0
∂k log

(
det[w]

)
− 1

π

∑
n

(χnπ − χn0 )

=
1

2πi
log
(
det[w]

)∣∣∣∣∣
π

0

− 1

πi

∑
n

log

[
w̄n(π)

w̄n(0)

]
(χnk = −i log

(
w̄n(k)

)
)

=
1

2πi

∑
n

(
log[w̄n

2(π)]− log[w̄n
2(0)]

)
− 1

πi

∑
n

log

[
w̄n(π)

w̄n(0)

]

=
∑
n

1

πi

[
1

2
log

w̄2
n(π)

w̄2
n(0)

− log

[
w̄n(π)

w̄n(0)

]]

=
1

πi

∑
n

log

[√
w̄2
n(π)√

w̄2
n(0)

]
− log

[
w̄n(π)

w̄n(0)

]

=
1

πi

∑
n

log

[√
w̄2
n(π)

w̄n(π)

w̄n(0)√
w̄2
n(0)

]

=
1

πi
log

[∏
n

√
w̄2
n(π)

w̄n(π)

w̄n(0)√
w̄2
n(0)

]

(6.3.41)

12The result might be clearer from taking the logarithm of the first and last terms in (6.3.37).
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Since
w̄n√
w̄n

= ±1 at TRIMs, we can finally conclude that

Pθ =
1

πi
log

[∏
n

w̄n(π)√
w̄2
n(π)

w̄n(0)√
w̄2
n(0)

]
(6.3.42)

To find the possible values that Pθ can take, we remind the reader some of the basic
properties of the logarithm of a complex function. For complex numbers x, y such that
1
πi log x = y, we have x = eiπy. If x = 1 then y is even. If x = −1 then y is odd.
From this, we can conclude that

Pθ =

0 mod2 for
∏
n sgn(w̄n(π)) =

∏
n sgn(w̄n(0))

1 mod2 for
∏
n sgn(w̄n(π)) = −

∏
n sgn(w̄n(0))

(6.3.43)

Hence, we expect that Pθ = 0 mod2 is a topologically distinct phase from Pθ = 1 mod2.

We now make a fast stop at the gauge transformation of Pθ. In order to not over-
complicate things and obscure the essence of the argument by using a full U(2N) non-
Abelian gauge transformation, we restrict ourselves to a single Kramer’s pair. For clarity
purposes, we use

Pθ =
1

πi

[
1

2

(
log[w̄n

2(π)]− log[w̄n
2(0)]

)
−
(

log
[
w̄n(π)

]
− log

[
w̄n(0)

])]
(6.3.44)

Consider now the gauge transformation |ukI〉 →
∣∣∣u′kI〉 = eiθk |ukI〉 and |ukII〉 →

∣∣∣u′kII〉 =

|ukII〉. In such a case, we have (consulting (6.3.16)):

Θ
∣∣∣u′kI〉−Θeiθk |ukI〉 = −eiθkeiχ−k |u−kII〉 = −eiθkeiχ−k

∣∣∣u′−kII〉
Θ
∣∣∣u′kII〉−Θ |ukII〉 = eiχk |u−kII〉 = eiχke−iθ−k

∣∣∣u′−kI〉 (6.3.45)

This means that

w
′

=

 0 eiχke−iθ−k

−e−iθkeiχ−k 0

 (6.3.46)

which means that det
[
w
′
(k)
]
→ det

[
w(k)

]
e−i(θk+θ−k). Moreover, at TRIMs we have

w̄
′
n(Λi) = w̄n(Λi)e

−iθΛi . Plugging these into (6.3.44), one can easily see that Pθ is not
gauge invariant. This comes is due to the phase ambiguity from going from the complex
exponential to its exponent through its logarithm (log[eiφ] = iφ+ i2nπ, n ∈ Z, for some
φ.).

Since Pθ is not gauge invariant, we are in a similar case as that in section 3.3.3 where
we were concerned with the gauge-ambiguity in the definition of the electric polarization
for13 spinless particles. We had resolved that problem by introducing another cyclic

13Or, particles with their spin polarized in a certain direction.
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parameter, λ, such that λ = 1 returns the system in its initial state, λ = 0. We saw
that ∆P = P (λ = 1) − P (λ = 0) is gauge invariant and we did so by closing the path
integral with the help of the parallel transport gauge. While we can do an analogous
thing here, for historical reasons and to learn a bit more on the intricate physics of
topological insulators, we will go through the spin pump formalism introduced Fu and
Kane in [66].

Before doing that, we will write Pθ in a way that is used more often.

We first remind the reader that the sewing matrix is antisymmetric at TRIMs. Since it is
block diagonal with each block being in itself an antisymmetric matrix, its determinant
is equal to ±1 at TRIMs. Due to these properties, we can write its determinant as the
square of its so called Pfaffian: Pf2[w] = det[w].

Also, note that at TRIMs∏
n

w̄2
n(Λi) =

∏
n

det
[
wn(Λi)

]
= det

[
w(Λi)

]
(6.3.47)

With these definitions, we can re-write (6.3.42) as:

Pθ =
1

πi
log

 Pf [w(π)]√
det
[
w(π)

] Pf [w(0)]√
det
[
w(0)

]
 (6.3.48)

Inverting this, along with (6.3.43), gives:

(−1)ν =
2∏
i=1

Pf [w(Λi)]√
det
[
w(Λi)

] (6.3.49)

ν is the long-awaited Z2 invariant! Although, here it is not gauge-invariant, in the next
section we will find a way to do it gauge invariant through the aforementioned spin pump.

6.3.7 Generalization of the Z2 invariant through spin pump

We now want a way to go from the 1D case to the 2D case and give it a physical meaning
in the sense of making it gauge-invariant. As in the case of charge polarization, we go
through a cyclic change using a temporal variable, t, such that H(t) = H(t+T ) for some
period T .
To use the time reversal polarization, we also need to find the instances where TR-
symmetry is restored; that is, we have to find the ts such that also ΘH(t)θ−1 = H(−t)
holds. This obviously holds for t = 0. But, it also holds for t = T

2 .
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As an illustrative example, we give the Hamiltonian that was presented in [66]. We take
the Rice-Mele Hamiltonian, as given in (3.5.1) (along with (3.3.2)) and give it a spin-
dependent on-site potential and include a spin-orbit coupling term. The Hamiltonian
is:

H =
1

2

∑
i

(
to + (−1)iδ(t)

)(
c†i+1ci + h.c.

)
︸ ︷︷ ︸

SSH Hamiltonian

+ ∆(t)
∑
i,α,β

(−1)ic†iαs
αβ
z ciβ︸ ︷︷ ︸

on-site potential

+ i
∑

<i,j>,α,β

νijc
†
iαs

αβcjβ︸ ︷︷ ︸
spin-orbit interaction

(6.3.50)

Notice that the spin-orbit interaction term is a generalization of the spin-dependent
Haldane term (6.3.3); there, we had only sαβz , while here the spin-orientation in any
direction is allowed (sαβ).

As we have previously shown, in the context of the Kane-Mele model, such spin-orbit
interaction terms respect time-reversal symmetry. The same cannot be said about the
SSH term and the term that has to do with the spin-dependent staggered on-site poten-
tials because whether they respect TR-symmetry or not depends on the parametrization
of δ(t) and ∆(t).

The time parametrization that we will give to these parameters is

δ(t) =δo cos

(
2πt

T

)
∆(t) =∆o sin

(
2πt

T

) (6.3.51)

which is analogous to what we had done in the Rice-Mele model.

With this parametrization, the condition H(t) = H(t + T ) is automatically satisfied.
Now, consider t = T

2 . There, δ = −δo and ∆(t) = 0, so it is reduced to an SSH model
with δo → −δo (see (3.3.1)) with a spin-orbit interaction term, which we have already
shown in this chapter that it is a TR-symmetric term. For the SSH term, we have also
already shown in section 5.6.1 that is it TR-symmetric. So, at t = T

2 , the TR-symmetry
of the system is restored.

With the above in mind, and motivated by what we did in section 3.3.3 for the charge
polarization, where we considered differences in the charge polarization so as to do it a
gauge-independent quantity, we also here consider the differences in the TR-polarization.
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The differences are of course between the TR-polarization at t = T
2 and the TR-

polarization at t = 0, which are the only two instances (within one period) where the
TR-polarization is well-defined.

For this case now, we have a two-dimensional space spanned by (k, t) in which the TRIMs
are now located at (k, t) = (0, 0), (π, 0), (0, π), (π, π). Taking the difference, then, gives
(from (6.3.48))

∆Pθ = Pθ(0)− Pθ(T/2) =
1

πi
log


2∏
i=1

Pf [w(Λi, 0)]√
det
[
w(Λi, 0)

] Pf [w(Λi,
T
2 )]√

det
[
w(Λi,

T
2 )
]
 (6.3.52)

where Λ1 = 0,Λ2 = π. The above difference is illustrated in the figure below: Fu

Figure 6.12: (k, t) space and the two TR-polarizations. The arrows indicate the
integration direction.

and Kane conducted a numerical calculation for the model and what they got was the
following: Fu and Kane show in their work that in the presence of spin orbit interaction,

Figure 6.13: On the left we see that at t = 0, T2 , we have edge states which form a
Kramer’s pair and they have opposite spins. On the right we see that the bands of the

Kramer’s states cross each other, resulting in spin pump but no charge pump.
Adapted from [66].

the spin pump is not quantized, although ∆Pθ is still quantized. This was to be expected
from our previous discussion: in the presence of the SOI, the spin is not conserved, so we
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cannot use the difference of the spin Chern numbers to determine the spin pump. At the
same time, we argued that the Z2 invariant is still quantized in the case of spin mixing
(or SOI), although it does not have to do with the movement of only states of spin-up
or spin-down along a particular axis.

We can get a more intuitive picture of the spin pump if we set the spin-orbit interaction
term to be equal to zero. In this case, note that the model (6.3.50) and (6.3.51) consists
of just two Rice-Mele models. Moreover, the on-site potentials for each spin state evolve
with phase difference of π. Lastly, we know that the polarization has to do witht the
Wannier centers. From these three remarks, we conclude that we expect here to have
charge pumping in opposite directions: the spin-up states, which correspond to the
Rice-Mele model will go to the right (see 3.23), while the spin-down states, due to the
aforementioned reasons, will go to the left. The situation is presented below: Note that

Figure 6.14: The Fu-Kane spin pump for a model which consists of two copies of the
Rice-Mele model with opposite spins (with SOI thrown in).

this is also the underlying mechanism behind the Kane-Mele model; we have spin pump
but no charge pump.

We now move back to the derivation of the Z2 invariant. The condition for TR-symmetry
is exactly what we should have for our Bloch Hamiltonian for a TR-symmetric system
(see (5.4.3)). Also, the condition H(t) = H(t + T ) is the analog of H(k) = H(k+G),
with G being the reciprocal lattice vector. So we will use dimensional extension to
promote (k, t)→ (kx, ky). This is what we also did for going from the Rice-Mele model
to the Qi-Wu-Zhang model. Note that the above two conditions are only satisfied by the
TRIMs of a 2D Brillouin zone.

With dimensional extension, (6.3.52) becomes

∆Pθ =
1

πi
log

 4∏
i=1

Pf [w(Λi)]√
det
[
w(Λi)

]
 (6.3.53)

with each TRIM, Λi, as shown in figure 6.15.
A striking thing to notice here is that (6.3.53) has the exact same structure as in the 1D
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Figure 6.15: The four TRIMs in the 2D Brillouin zone.

case, as is evident from (6.3.48). This generalizes to the 3D case in an analogous way,
although we will only mention this in the closing chapter of the Thesis.

Inverting (6.3.53) and setting ∆Pθ = ν:

(−1)ν =
4∏
i=1

Pf [w(Λi)]√
det
[
w(Λi)

] (6.3.54)

ν here is the Z2 invariant, and in analogy with the charge polarization where the difference
in polarizations was gauge invariant, this quantity is also gauge invariant14. Also, there
is a widely used notation which we present below:

δi =
Pf [w(Λi)]√
det
[
w(Λi)

] (6.3.55)

With this notation, (6.3.54) becomes

(−1)ν =

4∏
i=1

δi (6.3.56)

Before ending this section, we remind the reader that TR-symmetry, through the trans-
formation properties of the spin Bloch states under the time reversal operator, connects
one half of the Brillouin zone with the other half. This can also be seen by the transfor-
mation of a TR-symmetric Bloch Hamiltonian: ΘH(k) = H(−k)Θ. The points k and
−k are connected. This is also the reason that when we performed dimensional extension
to go from the spin pump model to a 2D lattice model, the domain of ky was restricted,
i.e. we were only concerned with valued of ky between zero and π. This halved FBZ
is called the Effective Brillouin zone and it is considered the fundamental domain in a
Bloch system with time reversal symmetry.

14For more on this, the reader can consult [16].
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6.3.8 Physical meaning of the Z2 index

Thus far, the Z2 index seemed to be a pretty abstract quantity to work with. Now it
is time to crack it open and find out exactly what it tells us about the Kramer’s pairs
and their relation to any non-trivial topology. Doing so will also give us an intuitive
understanding of which case (ν = 1 or ν = −1) is the topological one.

The Chern number told us how many edge states where topologically protected in a
topological phase. We seek to find an analogous interpretation here; one that has to do
with Kramer’s pairs being the edge states.

To have a topological case would mean that no matter where the Fermi level sits in the
BZ, we should have conducting states. If this was not the case, then the Fermi level
could lie inside a gap, which would mean that we have a trivial insulator.
It turns out that this is indeed the case and for a topological insulator, these conducting
states are the Kramer’s surface states.

For the sake of simplicity, consider the 1D case. We have TRIMs at k = 0,±π. There
are only two ways in which the TRIMs at k = 0 can join the TRIMs at k = ±π. These
are shown in figure 6.16. An important thing to note here is that in the right figure, we

Figure 6.16: The two ways that TRIMs at k = 0 can be connected with the TRIMs
at k = ±π.

have energy gaps which are present because of the way that the TRIMs are connected.
On the other hand, in the left figure, the way that TRIMs are connected leaves no room
for gap creation in the band structure; wherever the Fermi level is placed, we always
have conducting states, something which is not true for the right case. This makes it
clear that the way that TRIMs are connected has to do with whether the system is in
an insulating state or a conducting state, i.e., whether we have a trivial or a topological



Time-Reversal Invariant Topological Insulators 190

insulator. We expect the left figure to represent the system in its topological phase while
the right figure to represent the system in its trivial phase. A connection with the Z2

invariant is all its needed to solidify this claim.

In the left figure, we see that for each line of constant energy, we always intersect a
Kramer’s pair once. In the right figure, we see that each line of constant energy can
intersect either no Kramer’s pair or two Kramer’s pairs. Of course, we could have even
more general band structures, but the main point is that in the right case we always have
an even number of Kramer’s pairs at a particular energy level while in the left case we
always have an off number of Kramer’s pairs at a particular energy level. This is what
the Z2 invariant shows us.

From the above discussion, it is also clear why the invariant of such systems must be
of Z2 nature (i.e. only equal to ±1): it does not matter whether ν = 0, 2, 4, ..; it only
matters that it is even. They all give (−1)ν = +1, which we now know that corresponds
to the trivial phase. In the same spirit, in the topological phase, it does not matter
whether the number of Kramer’s pairs is either 1 or 3 or any other odd number; it only
matters that because they are odd in number, they correspond to gapless band structure.

Lastly, any small perturbation that respects TR-symmetry cannot change the phase that
the system is in, either that perturbation conserves spin or not. When Kane and Mele
first proposed their QSHE model, they included the Rashba term, given in (6.3.4). Their
full Hamiltonian was that with combined terms (6.3.1), (6.3.2), (6.3.3) and (6.3.4). With
numerical calculation, Kane and Mele found the edge states as shown below: We see

Figure 6.17: Edge states of the full Kane-Mele model. The color indicates the edge
of the finite sample. We have two edge states (one Kramer’s pair) per edge.

Adapted from [15] (edited to include our parameters).

that, indeed, even with Rashba coupling strength of the order of magnitude of m and
t2, we still have QSHE. Also, for λR = 0, we see that the system is in a QSH state for
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∣∣∣mt2 ∣∣∣ < 3
√

3, which is exactly what we get in the Haldane model for φ = π
2 , as figure 6.7

shows15.

In closing, we point out that in the left figure, it seems as if the topologically non-trivial
case has an even number of Kramer’s pairs, but it must be said that Kane and Mele
solved this for the case of a zigzag strip (see figure 6.8), so each edge has one Kramer’s
pair per constant energy slice and everything is consistent. The red and green colors
indicate the edge that the each Kramer’s pair corresponds to.

Finally, we close this chapter with the Bulk-Boundary correspondence. As in the case of
Chern insulators, in Z2 insulators we still have this correspondence. In particular, when
we consider a finite sample of a TR-invariant topological insulator, such as one described
by the monumental Kane-Mele model, since the Z2 index changes at the boundaries, we
expect the edge states to reside (or, be induced) there. The Z2 invariant is equal to the
number of Kramer’s pairs, as surface states, that are induced in the domain wall between
the two topologically distinct domains.

This concept presents itself over and over again in the study of Topological Insulators,
no matter what type the Topological Insulator is.

6.4 Z2 Topological Insulators with Inversion Symmetry

We will now delve into the subject of topological insulators with both TR-symmetry
(TRS) and Space Inversion Symmetry (SIS). From section 5.5, we know that this case
corresponds to a trivial Berry curvature, i.e. F(k) = 0, ∀k ∈ BZ. We will use this fact
to greatly simplify the calculation of the Z2 index.

6.4.1 Sewing once more

For this, we need to introduce a new type of sewing matrix which was first defined by
Fu and Kane in their highly influential work [16]. In analogy with the definition of the
sewing matrix in the case of TRS (but absence of SIS) (6.3.13), we define this new sewing
matrix as follows:

vmn(k) = 〈umk|PΘ |unk〉 (6.4.1)

We will now prove some of its most useful properties. The first one is anti-symmetry.
More precisely, vmn = −vnm. We prove this in the following way.

vmn = 〈umk|PΘ |unk〉 = −
〈

Θ2umk

∣∣∣PΘunk

〉
= −〈unk|P † |Θumk〉

= −〈unk|PΘ |umk〉 = −vnm
(6.4.2)

15Remember that the Haldane term (6.3.3) corresponds to eiφ = i.
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Another useful property of (6.4.1) is Unitarity, namely vv† = 1. We prove this using the
components of the matrix and neglecting the momentum index k:

vij(v
†)jk = vijv

∗
kj

= 〈ui|PΘ
∣∣uj〉 〈uk|PΘ

∣∣uj〉∗
= 〈ui|PΘ

∣∣uj〉 〈uj∣∣ (PΘ)† |uk〉

= 〈ui|uk〉 = δik

(6.4.3)

Now, recall that the sewing matrix wαβ =
〈
uα−kΘ

∣∣uβk〉∣∣∣ is also unitary and anti-
symmetric at TRIMs. We will next find that for a system with both TRS and SIS, the
two sewing matrices only differ by a multiplicative constant at TRIMs. To do this, note
that [H,P ] = 0 implies that the eigenstate of H, |ψnk〉 is also an eigenstate of P with
eigenvalue at the i−th TRIM equal to ξn(Λi) = ±1. Keeping this in mind and defining
|ψnk〉 = eiΛir |umΛi〉, we proceed as follows:

wmn(Λi) =
〈
um−Λi

∣∣Θ ∣∣unΛi

〉
=
〈
um−Λi

∣∣ e−i(−Λi)re−i(Λi)rΘ
∣∣unΛi

〉
=
〈
ψm−Λi

∣∣Θ ∣∣ψnΛi

〉 (
eikrΘ = Θe−ikr

)
=
〈
ψmΛi

∣∣P (PΘ)
∣∣ψnΛi

〉 (∣∣ψmΛi

〉
=
∣∣ψm−Λi

〉
, P 2 = 1

)
=
〈
PψmΛi

∣∣ (PΘ)
∣∣ψnΛi

〉
= ξm(Λi)

〈
ψmΛi

∣∣ (PΘ)
∣∣ψnΛi

〉 (
eikrPΘ = PΘeikr

)
= ξm(Λi)vmn(Λi)

(6.4.4)

where in the last line the sum over m is not implied. At TRIMs, both w and v are
anti-symmetric, so the result (6.4.4) gives that ξn(Λi) = ξm(Λi) when16 wnαβ = w̄n 6= 0,
which corresponds to the case where the n−th duo of bands (the 2n−th and (2n+ 1)-th
bands) host Kramer’s pairs17.

To go further, we remind the reader some facts about w. It is a block diagonal ma-
trix consisting of skew-symmetric matrices, wn. It is anti-symmetric at TRIMs, so
detwn(Λi) = w̄2

n, where w̄n = wn12 = wn21. These imply that detw =
∏
n detwn. Com-

bining these with the result of (6.4.4) and again using the notation of section18 6.3.6 ,
we find that detwn(Λi) = ξn,I(Λi)ξn,II(Λi) det vn = ξ2

n(Λi) det vn and finally

detw = det v
∏
n

(ξn)2 (6.4.5)

Now, Pf2[w(Λi)] = det
[
w(Λi)

]
and we choose the positive sign when we take the square

root. This choice comes from the following argument. In the case where ξn = +1 ∀n,
16With the notation used in section 6.3.6
17For w̄n = 0, we have det(wn), ∀n, hence this case describes a trivial insulator.
18Consult 6.11.
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we have that wmn(Λi) = vmn(Λi), so we need Pf2[w(Λi)] = Pf2[v(Λi)]. With this
self-consistent choice, (6.4.5) reads

Pf[w] = Pf[v]
∏
n

ξn (6.4.6)

where n runs through half of the number of states due to having Kramer’s pairs. Notice
how our argument about the sign choice is purely mathematical. A much more physical
way to see this (at least from the author’s point of view) can be found on p.161 of [25].
Now comes the crucial step: SIS will provide an immensely easier way to calculate
(6.3.55). With both TRS and SIS, from section 5.5, we have that F(n) = 0, ∀n. Hence,
we can find a gauge choice such that1920 tr[A] = 0 with Anm = i 〈un|∇kum〉.
We now want to find a more useful expression for the above trace. Using the same tricks
as always, namely 〈ψ|φ〉 = 〈Θφ|Θφ〉 = 〈φ|ψ〉∗, and denoting as ∂k = ∇k, we get (with
two repeated indices implying a sum over them):

〈un|∂kun〉 = 〈PΘun|PΘ∂kun〉 = 〈PΘun|um〉 〈um|PΘ∂kun〉

= 〈um|PΘ |un〉∗ 〈um|PΘ∂kun〉

= v∗mn 〈um|PΘ∂kun〉 = −v∗mn 〈um|∂kPΘun〉

= −v∗mn
(
∂k(〈um|PΘun〉) = 〈∂kum|PΘun〉

)
= −v∗mn∂kvmn + v∗mn(〈∂kum|us〉︸ ︷︷ ︸

−〈um|∂kus〉

〈us|PΘun〉)

= −v∗mn∂kvmn − v∗mnvsn︸ ︷︷ ︸
δms

〈um|∂kus〉

= − tr
[
v†∂kv

]
− 〈un|∂kun〉

(6.4.7)

which means that
tr
[
A(k)

]
= − i

2
tr
[
v†∂kv

]
=
i

2
tr
[
v∂kv

†
]

(6.4.8)

where the last equality follows from the unitarity of v. Here, we point out that our result
differs by a minus sign from the result presented in21 [16], but agrees with [25] and [68].
We will nonetheless set it equal to zero and this is why this difference between popular
references has not been stressed out.
We now use the formula ∂k log[det[v]] = v−1∂kv (with v−1 = v† in our case) and

19See for example (6.3.25), where Ps =
1

2π

¸
dk tr[A], where the trace is carried over the occupied

bands.
20 Of course, here A can be chosen to have all its components equal to zero; it’s just that what interests

us is its trace.
21Note that their convention for the Berry connection differs from ours by a minus sign. This is not

the origin of our disagreement, because when I say that our results differ, I mean that we do not get the
same result for either ±〈un|∂kun〉.
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tr
[
log[v]

]
= log[det[v]] to write (6.4.8) as

tr[A] = − i
2

tr
[
v†∂kv

]
= − i

2
tr
[
∂k log[v]

]
= − i

2
∂k tr

[
log[v]

]
= − i

2
∂k
(
log[det[v]]

)
= −i∂k log[Pf[v]]

(6.4.9)

We can already start to see that the zeros of the Pfaffian of v will be the ones that will
give rise to a non-trivial value for the topological index. Now, we can set tr[A] = 0 by
adjusting the phase of each |un〉 so that Pf[v] = 1, ∀k (which is called the transverse
gauge). This means that (6.4.6) reduces to

Pf[w] =
∏
n

ξn (6.4.10)

which also means that det[w] = Pf2[w] =
∏
n ξ

2
n = 1 because ξn = ±1. We have finally

reached our end result. Equations (6.3.54) and (6.3.55) can be written as22

δi =
∏
n

ξn(Λi)

(−1)ν =
∏
i

∏
n

ξn(Λi)
(6.4.11)

We thus see that the δi are simply determined by the parities of the problem! This
proves to be a vastly easier way to compute ν, as we will shortly see through the famous
Bernevig-Hughes-Zhang model.

6.4.2 Bernevig-Hughes-Zhang model

In this section, we will show how easy it is to compute the Z2 index in the presence
of inversion symmetry. To do this, we will examine the famous Bernevig-Hughes-Zhang
model. We will study a version of it in a 2D square lattice of unit lattice spacing.
Bernevig, Hughes and Zhang, did an analysis on CdTe/HgTe/CdTe semiconductor quan-
tum wells. There, the Fermi level lies near the energy levels of the s-orbital and the
p-orbitals with m = ±3/2, so these are the only states we will consider. For an analysis
of this statement, the reader should read [18]. Their complete analysis, and their model,
can be found in [17].

22The reader should not forget that the product goes up to the number of Kramer’s pairs.
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6.4.2.1 The model

The tight-binding Hamiltonian for this model has the following coordinate space repre-
sentation23

HBHZ =
∑
R,σ

EsC
†
RσsCRσs + EpC

†
RσpCRσp

=
∑
R,µ,σ

tssC
†
R+µσsCRσs − tppC

†
R+µσpCRσp

tspe
iσθµC†R+µσsCRσp + tspe

−iσθµC†RσpCR+µσs

(6.4.12)

where R = nx̂ + mŷ stands for the lattice vector with x̂, ŷ being the unit cartesian
vectors and n,m ∈ Z, σ is a spin index, the s and p subscripts stand for s-orbitals and
p-orbitals, µ is an index representing the vector aµ from R to its nearest neighbor and
so it is essentially m or n from above depending on the hopping direction, and θµ is the
angle between x̂ and aµ. The first line of (6.4.12) says that the on-site energy for the
s-orbitals and p-orbitals is Es and Ep, respectively and irrespective of spin. The second
line describes the hopping between nearest neighbors that don’t change the orbital type;
we have s→ s transition with hopping amplitude tss and p→ p transition with hopping
amplitude −tpp. The terms found in the third line of (6.4.12) describe hoppings that
change the orbital type, with each direction of hopping and each different spin having
a different hopping amplitude (though their absolute square value is the same, as it
should). Both the terms in the second and third line represent the spin-orbit coupling
contribution to the model. These transitions/hoppings, along with the p-orbitals that
we are implicitly using here are represented schematically in the following figure.
Do note that this structure already resembles some of the terms found in the Qi-Wu-
Zhang model. We will find that the two are intimately (and rather simply-which is not
obvious here) connected; see 4.1 for example.
We now Fourier transform the BHZ Hamiltonian by

CRστ =
1√
NxNy

∑
k

eik·rCkστ (6.4.13)

where τ is the orbital index and Nx, Ny are the numbers of lattice sites in the x and
y direction respectively. We can split the Hamiltonian to HBHZ = Ho + H1, with Ho

absorbing the on-site energy terms. This way, the first line of (6.4.12) is transformed as

Ho :=
∑
k,σ,τ

EτC
†
kστCkστ (6.4.14)

23This is the form of the Bernevig-Highes-Zhang model as given by Fu and Kane in [16].
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Figure 6.18: In the upper left part, we see the p-orbitals whose energy lies near
the Fermi level. The other parts show schematically the hoppings between nearest
neighbors with or without changing the orbital. The phase factor has been omitted in

the lower right part.

which is diagonal in the spin and orbital. The same goes for the second line, which
transforms as ∑

k,µ,σ,τ

tττe
−ikµC†kστCkστ (6.4.15)

where t11 = tss and t22 = −tpp. Here, kµ denotes the component of k that’s projected
onto aµ. Likewise, the third line of (6.4.12) in k-space is given by∑

k,µ,σ

tspe
iσθµe−ikµC†kσsCkσp + H.C. (6.4.16)

Using these two last results, we can write H1 as

H1 =
∑

k,µ,τ,τ ′,σ

(
tµσ
)
ττ ′

C†kστCkστ ′ (6.4.17)

with24

tµσ =

 tsse
−ikµ tspe

−iσθµe−ikµ

tspe
−iσθµeikµ −tppe−ikµ

 (6.4.18)

24This definition differs with a similar one that is found in [16].
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The matrix tµσ essentially contains the information about the spin and direction-of-
hopping dependence of the hopping amplitudes. Let us now write it as follows

tµσ =
1

2
tss(1 + τz)e

−ikµ − 1

2
tpp(1− τz)e−ikµ

+tsp

[
cos
(
σθµ

)
cos
(
kµ
)

+ sin
(
σθµ

)
sin
(
kµ
)]
τx

+tsp

[
cos
(
σθµ

)
sin
(
kµ
)
− sin

(
σθµ

)
cos
(
kµ
)]

=
1

2
(tss − tpp)12×2e

−ikµ +
1

2
(tss + tpp)τze

−ikµ︸ ︷︷ ︸
:=A

(µ)
0

+ tsp cos
(
θµ
) [

cos
(
kµ
)
τx + sin

(
kµ
)
τy

]
︸ ︷︷ ︸

:=A
(µ)
1

+σtsp sin
(
θµ
) [

sin
(
kµ
)
τx − cos

(
kµ
)
τy

]
︸ ︷︷ ︸

:=σ A
(µ)
2

(6.4.19)

Notice that the µ superscript on A
(µ)
i denotes their µ dependence; that is, their value

depends on the direction of the hopping. With this way of writing tµσ, we can write
tµ1 = A

(µ)
0 +A

(µ)
1 +A

(µ)
2 and tµ2 = A

(µ)
0 +A

(µ)
1 −A

(µ)
2 . This way, we can write H1 in the

following useful form

H1 =
∑

k,µ,τ,τ ′

(tµ1)ττ ′C
†
k1τCk2τ ′ + (tµ2)ττ ′C

†
k2τCk1τ ′

=
∑
k

(
C†k↑s C

†
k↑p C

†
k↓s C

†
k↓p

)A0 +A1 +A2 0

0 A0 +A1 −A2


︸ ︷︷ ︸

H1(k)

(
Ck↑s Ck↑p Ck↓s Ck↓p

)

(6.4.20)

with H1(k) being the Bloch Hamiltonian of H1 and ↑/↓ standing for σ = ±1. Here we
have defined Ai =

∑
µA

(µ)
i . We can see that the Bloch Hamiltonian is written in a basis

where it is (block) diagonal in its spin indices. That is, we do not have mixing of spin-up
and spin-down components. Hence, we write it in the much simpler form

H1(k) = (A0 +A1)⊗ 1s
2×2 +A2 ⊗ sz (6.4.21)

with the si matrices being the usual Pauli matrices acting on the spin indices, in analogy
with the τ matrices that act on orbital indices. We now seek to simplify the form
of the Ais. First comes A0: note that

∑
µ e
−ikµ =

(
e−ikx + eikx + e−iky + eiky

)
=∑

i 2 cos (k · êi) with ê1 = x̂ and ê2 = ŷ. This way, we get

A0 =
2∑
i

cos (k · êi) (tss − tpp)1τ2×2 + cos (k · êi) (tss + tpp)τz (6.4.22)
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Similarly, performing the sum over µ for A1 and A2 gives

A1 =2tsp sin(kx)τy

A2 =2tsp sin
(
ky
)
τx

(6.4.23)

Before putting everything together, we point out that (6.4.14) has a (block) diagonal
form in both the spin and the orbital bases. We, of course, choose the spin basis where
the other terms are also (block) diagonal, and write its Bloch Hamiltonian, H̃o(k) as

Ho(k) =
1

2
Es(1

τ
2×2 + τz)⊗ 1s

2×2 +
1

2
Ep(1

τ
2×2 − τz)⊗ 1s

2×2

=
1

2
(Es + Ep)1

τ
2×2 ⊗ 1s

2×2 +
1

2
(Es − Ep)τz ⊗ 1s

2×2

(6.4.24)

We can finally write down the full Bloch Hamiltonian of the model, H(k) = Ho(k) +

H1(k). This is given by

H(k) =

1

2
(Es + Ep)− (tss − tpp)

2∑
i

cos(k · êi)

1τ2×2 ⊗ 1s
2×2

+

1

2
(Es − Ep)− (tss + tpp)

2∑
i

cos(k · êi)

 τz ⊗ 1s
2×2

− 2tsp sin(kx)τy ⊗ 1s
2×2 − 2tsp sin

(
ky
)
τx ⊗ sz

=

H̃(k) 0

0 H̃∗(−k)



(6.4.25)

where

H̃(k) =

1

2
(Es + Ep)− (tss − tpp)

2∑
i

cos(k · êi)

1τ2×2

+

1

2
(Es − Ep)− (tss + tpp)

2∑
i

cos(k · êi)

 τz
− 2tsp sin

(
ky
)
τx − 2tsp sin(kx)τy

(6.4.26)

This greatly resembles the Qi-Wu-Zhang model. One can also check that the BHZ model
has TRS, with time reversal generated by25 Θ = 1τ ⊗ isyK. It also enjoys SIS, with
space inversion given by P = τz⊗1s, because the s/p-orbital bands have positive/negative
parity respectively. We will now also drop the superscript that denotes the subspace we
are acting on with the identity.
At TRIMs, which the Z2 index is be evaluated at, the system preserves both TRS and
SIS, so the only terms that survive at TRIMs are those which are even under simultaneous

25From now on, we drop the 2× 2 subscript of the identity of the orbital and spin space.
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TR and SI. In order to procede any further, we need to choose a representation of the26

Clifford algebra. We choose the following

Γ1 =τz ⊗ 1

Γ2 =τy ⊗ 1

Γ3 =τx ⊗ sx
Γ2 =τx ⊗ sy
Γ5 =τx ⊗ sz

(6.4.27)

Notice that P = Γ1; since Γi,Γj = 0, ∀i 6= j, this means that (Γj)−1ΓiΓj = −Γi, ∀i 6= j

and thus the only term that is even under SI is that which corresponds to Γ0,Γ1, with
Γ0 = 1 ⊗ 1. The reader can also confirm that these are also the only terms which are
even under TR. Our Bloch Hamiltonian can be written in the following form:

H(k) = h0Γ0 + h · Γ

h0 =
1

2
(Es + Ep)− (tss − tpp)

2∑
i

cos(k · êi)

h1 =
1

2
(Es − Ep)− (tss + tpp)

2∑
i

cos(k · êi)

h2 = −2tsp sin(kx)

h3 = 0

h4 = 0

h5 = −2tsp sin
(
ky
)

(6.4.28)

We are now in a position to find the energy spectrum of the system. We will do this using
the Clifford algebra, of course. To do this, we first re-state that {Γa,Γb} = 2δab14×4 and
further define Γab := 1

2i [Γ
a,Γb]. Now, it is evident that the h0 term will just contribute

to an overall shift in the energy levels of the system, so we will calculate the following
quantity:

(H − h0)2 =hihjΓ
iΓj = 2hihi − hihjΓjΓi

= 2‖h‖2 − hjhiΓiΓj
(6.4.29)

which means that hihjΓiΓj = ‖h‖2. This, in turn, means that

(H − h0)2 = ‖h‖2 (6.4.30)

and from27 ĤΨ = EΨ we finally find that

E(k) = h0 ± ‖h‖ (6.4.31)
26Of the famous gamma matrices.
27the time-independent Schrodinger equation
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6.4.2.2 Topology of the Bernevig-Hughes-Zhang model

If we now write the energy shift that h0 contributes as E0(k), at TRIMs where only h0

and h1 survive, we have that

H(Λi) =E0(Λi)14×4 + h1P

=E0(Λi)14×4 +

1

2
(Es − Ep)− (tss + tpp)

2∑
i

cos(k · êi)
∣∣∣∣
Λi

P (6.4.32)

We will no ignore the first term because it is a constant factor at TRIMs and will not
affect the result for δi. Since our system has inversion symmetry, [H,P ] = 0, the s-orbital
and the p-orbital states are also states of definite energies; this is also clear from the form
(6.4.32): a state of definite parity is also a state of definite energy.
The energy at each of the four TRIMs, Λ1 = (0, 0), Λ2 = (π, 0), Λ3 = (0, π), Λ4 = (π, π),
are

E±(Λ1) = ±
∣∣∣∣12(Es − Ep)− 2(tss + tpp)

∣∣∣∣
E±(Λ2) = ±

∣∣∣∣12(Es − Ep)
∣∣∣∣

E±(Λ3) = ±
∣∣∣∣12(Es − Ep)

∣∣∣∣
E±(Λ4) = ±

∣∣∣∣12(Es − Ep) + 2(tss + tpp)

∣∣∣∣
(6.4.33)

E(Λ2), E(Λ3) never change sign. When h1(Λi) > 0, we don’t pick up a sign when we
remove the absolute values in (6.4.33), so E+(Λi) > E−(Λi). At half-filling, where E− is
occupied, since E− corresponds to a state of negative parity, as is evident from (6.4.32),
we get δi = −1. In the case where h1(Λi) < 0, we have E+(Λi) < E−(Λi) (which comes
from picking up a minus sign when we remove the absolute value in (6.4.33)) and thus
δi = +1. This way, we see that δi = −sgn[h1(Λi)], or

δi = −sgn

[
1

2
(Es − Ep)− (tss + tpp)

(
cos(kx) + cos

(
ky
)) ∣∣∣∣

Λi

]
(6.4.34)

The sum of the cosines can either be −2, 0, 2. We need an odd number of δis to be equal
to −1 in order to get a non-trivial Z2 index. In the case where Es − Ep > 4(tss + tpp),
δi = −1, ∀i and thus we have a trivial insulator. In the case where Es−Ep < 4(tss+tpp),
we have that δ1 = +1 and δ2 = δ3 = δ4 = −1 which corresponds to the case of a
topological insulator, with ν = −1(mod2).



Time-Reversal Invariant Topological Insulators 201

6.4.2.3 Extra: Relation with the Qi-Wu-Zhang model

From (6.4.25), we see that our system is decomposed into two decoupled sub-systems
which are the TR-partners of each other. We set once more the first line of (6.4.26) to
E0(k)1τ . Consider now the unitary transformation

U2×2 =

0 1

i 0

 (6.4.35)

We perform a basis transformation of H̃(k) to get

H̃ ′(k) = UH̃(k)U †

= E0(k)1τ − 2tsp sin(kx)τx − 2tsp sin
(
ky
)
τy[

−1

2
(Es − Ep) + (tss + tpp)

(
cos(kx) + cos

(
ky
))]

τz

(6.4.36)

Let us now choose tsp = −1
2 , tss + tpp = 1 and −1

2(Es − Ep) = u and neglect E0. Then,
(6.4.36) reduces to the Bloch Hamiltonian of the Qi-Wu-Zhang model (4.2.8) when we
set w = ∆o = ū = 1.
Using

U =

U2×2 0

0 U∗2×2


we find that the BHZ model is nothing more than two decoupled QWZ models, in the
exact same way that the Kane-Mele model consisted of two decoupled Haldane models
of opposite spins. In the BHZ model, the two QWZ models are parity and TR partners,
whereas the two Haldane models in the Kane-Mele model were only TR partners of each
other.

6.4.2.4 Band inversion

While changing the parameters of the BHZ model, we saw that we can transition from the
trivial phase to the topological phase and vice versa. When we go from the trivial phase,
where each TRIM has negative parity, to the topological phase, the parity of the (0, 0)

TRIM is reversed. This means that the un-filled states get swapped with the filled states
around (0, 0). This is appropriately called band inversion. In the early days of the study
of topological insulators, it was found that when a system exhibited non-trivial topology,
band inversion also took place; later on, it was realized that band inversion could be used
to identify these phase transitions. Now, we know that band inversion is a necessary but
not sufficient condition for topological phase transition, but it is nonetheless a powerful
tool for experimentally detecting phase transitions.
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Figure 6.19: The band inversion mechanism: on the left we find the system in its
trivial phase. In the middle, we are at the critical point where the topological phase
transition takes place. On he right we find the system in the non-trivial phase, where

we see that the band has been inverted around the critical point.
Adapted from [69].

6.5 Effective Hamiltonians for Topological Insulators

This section will be the one that is closer to experiment. Here, we will reproduce some
significant parts of the important work done in [18], in which the authors used symmetry
arguments to predict that Sb2Te3, Bi2Te3, Bi2Se3 are topological insulators, something
which was experimentally verified in, say, [70]. They did this using symmetry arguments
to derive an effective Hamiltonian for these materials. We will follow a similar approach
as the one presented in the subsequent work [71]. A lot of details about the results
and the procedure can be found in [21]. Note that while we will not present a general
methodology of deriving such Hamiltonians because we will work through the specific
example of the materials presented in the aforementioned work, the "recipe" is implied
throughout this section.
These materials are 3D, and although we have mostly studied 1D and 2D topological
matter, the tools in our disposal permit us to reach their results in a relatively simple
manner. We will mostly use the symmetries of Bi2Se3 to find an effective 4 × 4 Hamil-
tonian and then find an effective 2× 2 Hamiltonian for the surface states. Moreover, in
the analysis that follows, the reader could find that using the language of representation
theory would be a much more systematic way of working, but there is no space for this
right now; we will make it through with some possible abuse of notation and terminol-
ogy28, in order to keep the section relatively brief.
The structure of Bi2Se3 is shown in figure 6.20. Clearly, the system is inversion symmet-
ric, with the inversion center being the middle Se2 layer of a quintuple layer. This allows
us to find eigenstates of the inversion/parity operator. To find the parity operator, we
first present very briefly the results found in [18] about the parity of the relevant states
that we want to consider. Their results are shown and explained in figures 6.21 and 6.22.

28Such as not distinguishing a group element with its representation.



Time-Reversal Invariant Topological Insulators 203

Figure 6.20: In (a), we see the structure of Bi2Se3, where we isolate a quintuple layer.
In (b) we have a top-down view, where we can see that the system remains invariant
under a 2π

3 rotation around the z-axis. In (c), we see the five layers that constitute
the quintuple layer. We find Se2 layers in the middle, which are the inversion centers
of an inversion operation that keeps the whole structure invariant, since the Bi1 layer
is mapped to the Bi′1 layer and the converse, and the same holds for the Se1 and Se′1

layers. Adapted from [18].

Figure 6.21: The dashed line represents the Fermi level. By going from phase (I) to
phase (III), we tune the chemical bonding, crystal-field splitting and spin-orbit coupling
respectively. We find that the only states close to the Fermi level are

∣∣∣P+
1

〉
and

∣∣∣P−2 〉,
which are just two states consisting of px, py, pz orbitals. The sign superscript denotes
the parity of these states. We will consider both these states, with each coming with
either spin-up or spin-down. Notice how at the level crossing we go from negative parity
states being below the Fermi level to positive parity states being below the Fermi level,

which means that band inversion takes place. Adapted from [18].

Since the relevant states we will consider are states of definite parity, we will work in
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the basis {|+ ↑〉 , |− ↑〉 , |+ ↓〉 , |− ↓〉}. In this basis then, the parity operator is given
by P = τz ⊗ 1s. Furthermore, the system enjoys TRS, which is typically given by
Θ = 1τ ⊗ isyK. As for the rotation symmetry, recall that rotations by an angle φ around
an axis n̂ are given by ei

φ
2
n̂·σ, so the representation of rotation by 2π

3 around the z axis
acting on spinors is given by ei

π
3
σz . Expanding the exponential and using σ2

z = 1 gives

ei
π
3
σz =

eiπ3 0

0 e−i
π
3


We will first start by imposing the 3-fold rotational symmetry. The condition for rotation
symmetry is29 C3H(k)C−1

3 = H(Rk), where

R =

cosφ − sinφ 0

sinφ cosφ 0

0 0 1

 , C3 = 1⊗ ei
π
3
σz (6.5.1)

We now change to a more convenient basis via the following transformk+

k−

kz

 = U

kxky
kz

 , U =
1√
2

i i 0

1 −i 0

0 0 1

 (6.5.2)

The30 rotation matrix transforms as

R′ = URU † =

e
iφ 0 0

0 e−iφ 0

0 0 1

 (6.5.3)

This way, the rotation is just k± → e±
2π
3 k± in this new basis. The 3-fold rotational

symmetry is finally imposed by

C3H(k)C−1
3 = H(e±

2π
3 k±, kz) (6.5.4)

We now express the Hamiltonian in the orbital basis:

H =

Hτ
11 Hτ

12

Hτ
21 Hτ

22

 (6.5.5)

29This is just a statement that given an element g ∈ G, with G being a group whose action leaves the
(Bloch) Hamiltonian invariant, this invariance is generally given by D(g)H(k)D−1(g) = H(gk), with
D(g) being the appropriate matrix representation of g that acts on states.

30Or, more precisely, the fundamental representation of the SO(2) element which rotates in 2D space.
But, as I said, I will not use this language here, even though it is much more elegant and gives a more
systematic way to study everything. Got to keep the size of the document finite!
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Then, SIS requires that τzHτ
ij(k)τz = Hij(−k). Likewise, using (6.5.5), we can re-write

the condition for the 3-fold rotation symmetry as Hτ
11 Hτ

12e
i 2π

3

Hτ
21e
−i 2π

3 Hτ
22

∣∣∣∣
k

= H(e±
2π
3 k±, kz) (6.5.6)

For this to be true, the diagonal components of H(k) must only contain products of
k+ and k− since their product is left invariant under the 3-fold rotation. The lowest
order in k containing k=k− is quadratic. As for the off-diagonal components, Hτ

12(k) =

e−i
2π
3 Hτ

12(e±
2π
3 k±, kz) cannot contain k+ by itself, nor k+k−; it can only contain k− up

to quadratic order. So, it are actually linear in k. Similarly, Hτ
21 = (Hτ

12)† contains only
k+ up to quadratic order, so it is again essentially linear in k.
Let us now impose TRS, via the usual ΘH(kk)Θ−1 = H(−k), with Θ = 1τ ⊗ isyK. We
now drop the τ superscript. Trivially performing the calculations gives

H11(k) = H∗22(−k)

H12(k) = −H∗21(−k)
(6.5.7)

In order to also impose SIS τzHτ
ij(k)τz = Hij(−k), we write down each Hij(k) explicitly

in the general form with respect to their components, as below:

Hτ
ij(k) =

α β

γ δ


ij

∣∣∣∣
k

(6.5.8)

This way, the SIS condition translates toα β

γ δ


ij

∣∣∣∣
k

=

 α −β
−γ δ


ij

∣∣∣∣
−k

(6.5.9)

That is, for H11, α, δ are even in k, while β, γ are odd. Now, for Hτ
11, to also include

the C3 symmetry, β, γ ∝ kz. Imposing both symmetries on α, β gives that they must be
of the form (something) + (something) × k2

z + (something) × k+k−. Lastly, we use the
fact that our Hamiltonian must be Hermitian, and this gives us that H11 = H†11, H22 =

H†22, H21 = H†12. From H11 = H†11, we get that α, δ ∈ R, β = γ∗. Putting all these
together, we find that

H11(k) =
(
C +D1k

2
z +D2k+k−

)
+

M0 −B1k
2
z − b2k+k− A1kz

A1kz −
(
M0 −B1k

2
z − b2k+k−

)


(6.5.10)
where every constant is real. A couple of remarks for the reader: we do not have a
condition α = −δ, but we just wrote E0 = 1

2(α+ β) and M0 = 1
2(α− β). What’s more,
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having no other restrictions to the Hamiltonian, we can also take A1 to be real; it turns
out that for the materials studied in [18], A1 ∈ R. If it was not real, then H11 would
have a sx and an sy term. We also find H22 by H22(k) = H∗11(−k).
For H12, the C3 symmetry tells us that we can only have terms with k−, which are odd,
but SIS tells us that α, δ are even while β, γ are odd. This implied that α = δ = 0.
Moreover, combining the second equality of (6.5.7) with the facts that H21 = H†12 and
that every component is odd in k, gives us that H12 has only real components. Therefore,
we can write

H12(k) =

 0 A2k−

A2k− 0


H21(k) =

 0 A2k+

A2k+ 0

 (6.5.11)

Putting everything together, gives us the effective Hamiltonian:

H(k) =E0(k)14×4 +


M(k) A1kz 0 A2k−

A1kz −M(k) A2k− 0

0 A2k+ M(k) −A1kz

A2k+ 0 −A1kz −M(k)

+O(k3)

E0(k) =C +D1k
2
z +D2k

2
||, M(k) = M0 −B1k

2
z −B2k

2
||, k

2
|| = k−k+ = k2

x + k2
y

(6.5.12)

Upon deriving the above result, Zhang et al fitted the experimental data to find the val-
ues of the parametersM0, A1, A2, C, .. in the case of Bi2Se3. More of interest to us is that
they found that M0, B1, B2 > 0, thus M(k) = 0 is satisfied when B1k

2
z + B2k

2
|| = M0;

we have an ellipsoid in the 3D k-space at which the mass parameter M(k) = 0 changes
sign. This signatures a topological transition due to band inversion, so Bi2Se3 is a topo-
logically non-trivial material, something which was later verified experimentally, as we
have previously mentioned.

6.5.1 Effective Hamiltonian for surface states

We now want to move on to the effective Hamiltonian for the surface states, something
which we will use later on in our study of Weyl semimetals. For this, we will study the
example of the surface state living on the surface that is perpendicular to the z axis,
that is [1 1 1].
In this case, we do not have the symmetry under P that the bulk has. Apart from TRS,
this surface has the usual C3 symmetry that the bulk also has, but we also have to employ
a mirror symmetry which sends x → −x, which we denote as Mx. Since our surface is
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Figure 6.22: The inversion about the centre followed by a rotation of ei
π
3 sx around

the horizontal axis is a symmetry.

a subspace of R3, we needn’t view the reflections as being equivalent to inversion, as
we do in 2D systems (which was explained back in section 5.3). A mirror flip in 3D
is equivalent to an inversion symmetry, followed by a rotation by 180o. As far as spin
goes, it is unaffected by space inversion, as explained two paragraphs below (5.6.12), so
we can choose P s = 1s, where the superscript is there to remind us that we act with
P s on the spin space. This way, we write Mx = 1τ ⊗ C2P

s, where C2 is the rotation
operator. Since inversion acts trivially on the spin space, we have thatM2 = −1 because
a full rotation gives a minus sign for fermions. This is achieved with Mx = 1τ ⊗ isx,
which comes from the rotation around the x-axis by 2π

3 (that comes after the inversion),
which is given by ei

π
3
sx . That this is a symmetry is illustrated in figure 6.22. The reader

who wants a bit more commentary on this can read section 6.1. of [48]. Writing all our
symmetries together we have that

ΘH(k±)Θ−1 = H(−k±)

C3H(k±)C−1
3 = H(e∓

2π
3 k±)

MxH(k±)M−1
x = H(−k∓)

(6.5.13)

where the first two conditions come from similar arguments as those used for the deriva-
tion of the effective bulk Hamiltonian. The last condition comes from the fact that Mx

acting on kx, ky is represented by3132 −1 0

0 1


so that it sends kx → −kx, ky → ky, which means that k± → −k∓. Now, since each
of the three operators acts trivially on the orbital subspace, we can work with a 2 × 2

Hamiltonian. Repeating analogous steps as those for the derivation of the effective bulk
Hamiltonian, we get that the effective Hamiltonian for the surface states up to linear

31More specifically, this is Mx in the fundamental representation, which acts on R3. The same matrix
acts on k-space.

32We neglect kz of course, since the surface states reside in subspace we are referring to, which belongs
in the x− y plane.
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order in crystal momentum is given by

H(kx, ky) = E0(kx, ky) + v(sxky − sykx)

= E0(kx, ky) + v(s× k) · ẑ

= E0(kx, ky) + v(k× ẑ) · s

(6.5.14)

We see here that we have the coupling of the spin with an effective magnetic field (k× ẑ)!
This seems like a Rashba coupling term, although its origin is not generally the same
origin that generates Rashba-type coupling. We can use such effective Hamiltonians to
build toy models with non-trivial topology, though justifying their existence in the model
in terms of the way that they can arise is a whole other thing! This effective term will
be put to use in the famous Burkov-Balents model for Weyl semimetals.
Closing this chapter, I point out that, once more, symmetries have helped us completely
determine if a system exhibits topologically non-trivial behaviour, by limiting the form
of the effective low-energy Hamiltonian. This is as good a place as any other to also
state that currently there is no complete classification of topological matter (even the
known one), but great efforts are being made towards this because the scientific com-
munity acknowledges the importance of the interplay between symmetry and topology.
Fascinating stuff, really!



Chapter 7

Weyl semimetals

All processes that are stable we shall
predict. All processes that are
unstable we shall control.

Freeman Dyson, paraphrasing John
von Neumann

Suppose that we have a model such as the Qi-Wu-Zhang model in 2D, add another
dimension and absorb all the kz dependency in the mass term. Could something topo-
logically non-trivial take place in 3D when we try to introduce the Chern number, which
was thus far only used in 2D systems, in 3D systems? In this chapter, we will answer
this question by studying one of the most exciting advancements and discoveries in the
field of topological materials. We will now jump to a particular class of 3D topological
materials with many interesting and exclusive properties; we will study the exotic mate-
rials called Weyl semimetals. After being experimentally observed [72] [73], experimental
and theoretical research of this field of study exploded. For the upcoming sections, the
reader can find many additional information in the standard literature [74][27].

7.1 From Dirac fermions to Weyl fermions

In this section we review some parts of the Dirac theory in order to reach the so-called
Weyl fermions. The reader can consult [75][76] for the material presented here.
Following section 3.4.1.1, for purposes of clarity we again write here the Dirac equation
(in natural units, where ~ = c = 1):

(βm− iα ·∇) Ψ = i∂tΨ (7.1.1)

209
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where the β and α matrices obey {β, αi} = 0 and {αi, αj} = 2δij12×2, ∀i, j. Multiplying
(7.1.1) from the left with β and defining the gamma matrices as γ0 = β, γi = βαi we
get (

iγµ∂µ −m
)

Ψ = 0 (7.1.2)

which is probably the most known and used form of the Dirac equation.
The gamma matrices satisfy the Dirac algebra, namely {γµ, γν} = 2ηµν14×4, where ηµν

is the Minkowski metric with signature (+,−,−,−). Since we have the freedom to choose
any representation of the gamma matrices that satisfy the above Dirac algebra, for our
purposes we will choose the smartly defined chiral basis, first found by Hermann Weyl.
In the chiral representation, the gamma matrices are given by

γ0 =

 0 12×2

12×2 0

 = 1⊗ τx, γi =

 0 σi

−σi 0

 = iσi ⊗ τy (7.1.3)

where τj obey the same algebra as the Pauli matrices, but refer to different subspace
than the σi matrices here.
In this basis, (7.1.1) reads −m i

(
∂0 + σi∂i

)
i
(
∂0 − σi∂i

)
−m

Ψ = 0 (7.1.4)

We now decompose Ψ in two spinors, ψL and ψR through the definition

Ψ =

ψL
ψR

 (7.1.5)

for reasons that will become apparent shortly. In the massless limit (m = 0), (7.1.4) and
(7.1.5) give

i (∂t + σ ·∇)ψR = 0

i (∂t − σ ·∇)ψL = 0
(7.1.6)

So, in the chiral basis and in the massless limit, we effectively decompose Ψ into two
spinors that do not mix up1. We can re-write (7.1.6) with respect to each spinor’s
Hamiltonian2 as

HLψL = σ · pψL = i∂tψL

HRψR = −σ · pψR = i∂tψR
(7.1.7)

1Neutrinos where thought as obeying such decoupled equations because they where thought as being
massless, but after observing neutrino oscillations, this belief was abandoned. Away from the massless
limit, ψL and ψR mix up, but we have oscillations from one state to another; this is essentially what
neutrino oscillations are.

2Essentially, the Hamiltonian in the chiral representation in the massless limit is decomposed into
the two Hamiltonians, each corresponding to either ψL or ψR.
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It is evident that the spinors
(
ψTL 0 0

)T
and

(
0 0 ψTR

)T
are eigenstates of

γ5 =

−12×2 0

0 12×2

 = −1⊗ τz (7.1.8)

with eigenvalues −1 and +1 respectively. The quantity defined in (7.1.8) is called the
chirality operator. It is more generally defined as γ5 = iγ0γ1γ2γ3 and it has the special
property that it anti-commutes with all the other gamma matrices. It can very easily be
shown that in the massless limit, all eigenstates of γ5 are also eigenstates of the helicity
operator (defined in (4.7.7)) with the same eigenvalues and the reverse. This means that
in the massless limit, they correspond to the same quantity.
The chirality operator has to do with the "handedness", which does not really have
a satisfying physical explanation, but is beautifully motivated mathematically; we will
not pursue this here. The subscripts L and R stand for left-handed and right-handed
respectively.

We can define the projection operators that project out the left or right handed degrees
of freedom as follows

ψL =
1

2

(
1− γ5

)
Ψ

ψR =
1

2

(
1 + γ5

)
Ψ

(7.1.9)

Fermions that are described by these decoupled spinors, called Weyl spinors, are called
Weyl fermions. The chiral representation is also called the Weyl representation.
To convert to a more solid state type of language, we expect to have fermions obeying
such pseudo-relativistic3 equations when the gap in the bulk spectrum is closed in analogy
with previous sections and chapters where we saw that a mass term opens the gap.

From (7.1.7), since there does not exist another matrix that anti-commutes with the
three Pauli matrices, we cannot add a mass term. This means that we will find Weyl
fermions only in solid state systems whose bulk spectrum is gapless.

7.2 Topological Charge and Chirality

7.2.1 Topological Charge

In this section, we will associate with each Weyl point a so-called topological charge.
This topological charge has to do with the Weyl points being sources and sinks of Berry

3We say pseudo-relativistic because in the context of condensed matter physics, this does not really
describe relativistic physics but gives an effective description of the electron dynamics around Dirac, or
as we will see later, Weyl points.
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curvature. This topological charge is given by the Chern number that corresponds to a
Weyl point; this makes sense as the Chern number is the quantized (normalized) flux
coming from such points. For this reason, we will make the association C = QT , where
QT denotes the topological charge.

7.2.1.1 Linear Weyl nodes

Consider a low energy effective theory described by

H = Aijkiσj = h · σ, where hj = Aijki (7.2.1)

This is linear in k because we choose A that is independent of k (so that it is a linear
transformation). This will defined linear Weyl nodes.
For the upcoming calculations, we write A =

(
A1 A2 A3

)
. This way, we can write

its determinant as

det(A) = A1 · (A2 ×A3) = εijkA1iA2jA3k (7.2.2)

Following the definition of the Berry curvature 2-form as given in (3.5.7), we use (3.5.11)
and (3.5.12) to write the Chern number as

QT =
1

2π

ˆ
dSkFk

=
1

8π

ˆ
dSkεijk

h ·
(
∂ih× ∂jh

)
h3

=
1

8π

ˆ
dSkεijkεµνσ

hµ∂ihν∂jhσ
h3

=
1

8π

ˆ
dSkεijkεµνσ

1

h3
Aαµkα ∂i(Aβνkβ )︸ ︷︷ ︸

Aβν δiβ

∂j(Aγσkγ)︸ ︷︷ ︸
Aγσδjγ

=
1

8π

ˆ
dSkkαεijk

1

h3

(
εµνσAαµAiνAjσ

)

(7.2.3)

Let us now define
Ωαij = εµνσAαµAiνAjσ (7.2.4)

This has the property that it is anti-symmetric under the exchange of any of its indices.
Also, for distinct indices, it is equal to det(A), which follows from (7.2.2); for the case
where some indices are equal, it is equal to zero. It it thus equal to

Ωαij = εαij det(A) (7.2.5)
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This turns (7.2.3) into

QT =
1

8π

ˆ
dSk

kα
h3

εijkεαij︸ ︷︷ ︸
2δαk

det(A) =
det(A)

4π

ˆ
dS · k

h3
(7.2.6)

We now want to transform h =
(∑

j

(
Aijki

)2) 1
2 into a more familiar form. We thus

want to make the transformation uj = Aijki, or u = Ak. This means that k = A−1u.

The Jacobian of the transformation is equal to4 J =

∣∣∣∣∣ ∂ki∂uj

∣∣∣∣∣ =
∣∣∣det

(
A−1

)∣∣∣ =
1∣∣det(A)

∣∣ .
With this transformation, (7.2.6) turns into

QT =
sgn[det(A)]

4π

ˆ
S2

dS(u) ·
(
A−1û

)
u2

(7.2.7)

where we are integrating over a 2-sphere S2 around the Weyl point. The integrand in
(7.2.7) is just the field of a monopole that does not look "Coulombian"5 due to the
peculiarity of the coordinate system that we use to express it. The transformation A−1u

changes u on the surface of integration, but the flux through S2 is the same as that of a
monopole expressed in some easy coordinate system. For this to be true, the real matrix,
A must preserve lengths, i.e. to be orthogonal (A = AT ). This is indeed true from the
hermiticity of the Hamiltonian (H = H† = (H∗)T ). Using this knowledge, we simply
consider the trivial case of A = 1 in order to get the prefactors in front of sgn[det(A)],
since we are not concerned with the integral. Plugging into the integral A = 1 gives

ˆ
S2

dS · r̂
r2

=

ˆ
S2

(
r2dΩr̂

)
· r̂
r2

= 4π (7.2.8)

where Ω is the solid angle. Putting it all together then, we finally get

QT = sgn[det(A)] (7.2.9)

For the case where h = (kx, ky, kz) we get the usually presented result. See for example
[77].

In this section, we considered the most (relevantly) general linear Weyl Hamiltonian and
the result that we can get for the topological charge can only be ±1.

7.2.1.2 Non-linear Weyl nodes

We will now generalize the results that we got for linear Weyl nodes using a bit of
sophisticated mathematical formalism. For this, we will mainly use some results from

4 ∂ki
∂uj

denotes
∂(kx, ky, kz)

∂(hx, hy, hz)
5Apparently, the country Coulombia houses monopoles.
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[78] and follow Appendix A of [79]. We will revisit the concept of the winding number
and view it from a more general and mathematical perspective. From our analysis of
the Qi-Wu-Zhang model, we had already established that, at least in the case of a two-
dimensional k−space, the Chern number is a kind of a winding number.
In particular, in section 3.5.2, we found that in the case of a 2D BZ, the mapping
f : k 7→ h(k), which maps the FBZ (a 2-torus, T 2) to an h−surface, has an assigned
topological invariant that tells us how many times T 2 winds or wraps around S2; it is
the winding number of the map f .

To remind the reader why this is, we briefly revisit some of the arguments that led
to the above interpretation. From (3.5.14) and (3.5.15), we found that C = 1

4π

´
dS k

h3 ·(
∂xh× ∂yh

)
= 1

4π

´
dSĥ·

(
∂xĥ× ∂yĥ

)
. Since h sweeps out the aforementioned h−surface

and ĥ sweeps out a unit 2-sphere S2
1 , it is clear that the Chern number is only concerned

by how many times S2
1 is covered, which is given by the integral over the projection of

the h−surface on S2
1 . As the 2D BZ is swept out by (kx, ky), S2

1 is swept through the
above projection. So, the Chern number really tells us how many times S2

1 is covered by
T 2; this is why the Chern number is also a winding number. Note that this discussion
would be invalid in the case where the 2D BZ is not a compact manifold because then
it is not guaranteed that the h−surface will be compact (nor its projection on S2

1), so
the Chern number would not be quantized in general. Lastly, the reason that the unit
we are interested in sweeping out S2

1 is because the S2
1 we are talking about encloses the

degeneracy point, so winding around S2
1 means winding around the degeneracy point.

As we have already identified the Chern number with the topological charge of a degen-
eracy point, it follows that the winding number of a map f is also the topological charge
of the point, say k = q, at which the mapping is evaluated, f(q). For example, for the
Hamiltonian (7.2.1), which corresponds to a linear Weyl node, if we take Aij = ±δij , we
get that h(k) = ±k, so here the winding number is equal to ±1.

Felsager offers a way to generalize previous results to non-linear Weyl nodes. To build
some mathematical formalism, consider the degree of a map f : Mn 7→ Nn, where
Mn, Nn are n−dimensional compact manifolds, at a regular point hr, which is given by

def(f,hr) =
∑

q=f−1(hr)

sgn


∣∣∣∣∣∂hi∂kj

∣∣∣∣∣∣∣∣
k=q

 (7.2.10)

where the sum goes over all crystal momenta q that are pre-images of a regular point
hr, which essentially means that that h(q) = hr. An image point is a regular point if∣∣∣∣∣∂hri∂kj

∣∣∣∣∣ 6= 0.

Brouwrer’s lemma says that the degree of a map f is the same for any regular point
hr. This is rather deep, but for us it has computational value, so we will not attempt to
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prove it; we simply choose whichever regular point that we find convenient for computing
its Jacobian, and the result that we get for deg(f) at that point holds for any point. So,
deg(f,hr)=deg(f).

But, what does the degree of the map have anything to do with its winding number?
It turns out that they are, in fact, equal! While we shall not prove it here, we shall
motivate it. Take f : M1 7→ N1, where f is monotonous. If deg(f) = 1, it means
that it always has a positive slope (because the Jacobian matrix in this case is equal to
the first derivative of f) and it only goes through each point of N1 once. This means
that the winding number is equal to one, and so is the degree of the map. Let us now
remove the restriction that f is monotonous. Then it can, at some points, have negative
slope, which means that for some domains of M1, it will "come back" a bit, but the end
result is the same: no matter the domains in which f has negative slope, deg(f) = 1

means that it will still cover N1 once. For deg(f) = m, all the above are still valid with
the exception that we pass from every hr ∈ N1 m times which, considering the above
discussion, means covering N1 m times. So, again, the degree of the map is equal to its
winding number. Let us now go to the more general case of f : Mn 7→ Nn. Consider
f(x1, .., xn) = (f1(x1, .., xn), .., fn(x1, .., xn)). Its linear approximation around a point
x = xo is given by fi(x) ≈ fi(xo) + ∂fi

∂xj

∣∣∣
x=xo

(xj − xoj). Doing this for f(x), we find

f(x) ≈


f1(xo)

f2(xo)
...

fn(xo)

+


∂f1

∂x1

∂f1

∂x2
. . .

∂f1

∂xn
...

. . .
...

∂fn
∂x1

. . .
∂fn
∂xn

∣∣∣
x=xo


x1 − xo1
x2 − xo2

xn − xon

 (7.2.11)

This means that the Jacobian determinant is the analog of the first derivative in the
linear approximation of a function f in the one dimensional case [80]. Since this is
the case, everything that we argued for the one dimensional case is also valid for the
n−dimensional case. Hence, we conclude that deg(f) is equal to the winding number of
the map f : Nn 7→ Mn, ∀n. Note that it now makes sense that deg(f) is the same for
any regular point because the winding number also does not depend on any particular
regular point.
This is shown in figure 7.1 for the two dimensional case; to graphically find what the
winding number is, first choose any regular point hr, which corresponds to any direction
we want to look at. Let us call such a line an h−line, for lack of a better terminology.
Then, find all the points of the curve that it intersects and assign a plus sign to points
where the curve intersects the h−line from its right and a minus sign when it intersects
the h−line from the left. Then, sum up the pluses and minuses from every intersection
point to get the winding number. The example in the figure should clear this up.

We will now give a couple of examples in the case of quadratic Weyl points. The examples
presented here are taken from [79]. As a first example, take h = (1

2(k2
x− k2

y), kxky,±kz).
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Figure 7.1: Winding number of a curve. The winding number does not depend on
any particular regular point, which is represented by the three straight lines extending

to infinity. The winding number here is equal to two.

This has a Jacobian determinant equal to J = ±(k2
x + k2

y). If we choose the di-
rection/regular point 1

2(1, 0, kz), its pre-images are q± = ±(1, 0, kz). We have that

sgn
(
J
∣∣∣
k=q+

)
= ±1 and sgn

(
J
∣∣∣
k=q−

)
= ±1. Putting these together, we get QT = ±2.

Weyl nodes with such topological charge are called double Weyl nodes.
As a second example, consider h = (1

2(k2
x + k2

y), kxky,±kz). We choose the regular point
(2, 2, 0), which has the two pre-images ±(

√
2,
√

2, 0). The Jacobian determinant is equal
to J = ±(k2

x − k2
y). In the same way as above, the topological charge is QT = 0. This

shows that not all quadratic Weyl nodes are double Weyl nodes.

7.2.2 Chirality

Consider again the low-energy effective Hamiltonian (7.2.1) withA being a k−independent
matrix. This almost looks like a Weyl-type Hamiltonian, so it makes sense to check
whether or not the helicity is a symmetry of the system, i.e. to check if [H,Σ] = 0, with

the helicity operator Σ defined as6 Σ =
σ · k
‖k‖

.

[H,Σ] =
1

‖k‖
Aijkikα[σj , σα] =

2i

‖k‖
Aijkikαεjαkσk 6= 0 (7.2.12)

They do not seem to commute. If we go to another coordinate system defined by the
transformation k′j = Aijki, then we have H(k′) = k′ ·σ. In this new coordinate system,

we use the helicity operator Σ′ =
k′ · σ
‖k′‖

. Doing the same thing as above, we find that

[H,Σ′] =
1

‖k′‖
k′ik
′
j [σi, σj ] =

2i

‖k′‖
εijkk

′
ik
′
jσk = 0 (7.2.13)

6We are using natural units.
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because k′ik
′
j is symmetric under i ↔ j, whereas εijk is anti-symmetric. We indeed find

that the eigenstates of H are helical.

Consider, more generally, the Hamiltonian7

H =

 0 Aijkiσj

−Aijkiσj 0

 = iAijki σj ⊗ τy (7.2.14)

γ5 is coordinate independent, so it makes sense to compute [H, γ5], with γ5 = −1⊗ τz:

[H, γ5] = −iAijki[σj ⊗ τy,1⊗ τz] = −iAijkiσj [τy, τz] = 0 (7.2.15)

which holds in any coordinate system.

Going from k to k′, we found a Hamiltonian of the form ∝ k′ ·σ. With the Hamiltonian
in this form, it is easy to show that it corresponds to helicity (with Σ′) equal to +1.
But, what if we chosen the coordinates transformation k′′j = −Aijki which takes us to
H(k′′) = −k′′ · σ? Defining a helicity operator Σ′′ analogous to the way we defined Σ′,
we find that it corresponds to helicity equal to −1. But, from a physical perspective8the
helicity cannot change by a simple coordinates transformation.

So, where’s the catch here? The catch lies, of course, in the transformation. For the sake
of simplicity, let us consider the case where the transformation is a rotation: k̄j = Rijki.
For such transformations, det(R) = ±1. To see this, recall that RRT = 1, which leads to
(det(R))2 = 1 from the identities for the determinant. The sign tells us whether or not
the transformation preserves orientation. If R = ±A, then det(R) = ±det(A), hence no
matter what the transformation is, the helicity is that of the initial Hamiltonian as given
in (7.2.1). This solves the above apparent paradox. The argument is easily generalized
for other transformations too; now the orientation is preserved if sgn(det(R)) = +1.

Now comes the crucial argument of this section: For the transformation k′j = Aijki,
if sgn(det(A)) = +1, then preserves the orientation and we thus also expect it to also
preserve the value for the helicity. In this case, since H = k′ · σ corresponds to positive
helicity, we expect (7.2.1) to also correspond to a positive helicity. For sgn(det(A)) = −1,

7The reason that we go from a 2-band theory to a 4-band theory is because we are going to use the
chirality operator, γ5 = iγ0γ1γ2γ2 which anti-commutes with all the gamma matrices. The analogous of
this operator does not exist for 2× 2 matrices because no 2× 2 matrix anti-commutes with all the Pauli
matrices, which are the 2 × 2 analog of the gamma matrices. All these are because both the gamma
matrices and the Pauli matrices satisfy the Clifford algebra, but there is no γ5 in 2D. For more on this,
see [55].

8But also a mathematical perspective, because Σ′′ is equivalent to γ5, as is Σ.
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it reverses orientation and we thus also expect it to reverse the helicity, so by the same
arguments, we expect that H = k′ ·σ to correspond to negative helicity. The important
conclusion here is that9

sgn[det(A)] defines the chirality/helicity of the Hamiltonian

But, from section 7.2.1, sgn[det(A)] is also defined as the charge of the Weyl point!

Chirality = QT = sgn[det(A)]

Lastly, note that from the above analysis, it is evident that Weyl nodes for Hamiltonians
of the type (7.2.1) just correspond to generally anisotropic velocities.

7.3 A toy model

We will now use a toy model that we can use in order to illustrate some of the basic
properties of Weyl semimetals. One such toy model was given by Yang et al in [81]. The
Hamiltonian of their toy model is given by

H(k) =
[
2tx(cos kx − cos ko) +m(2− cos ky − cos kz)

]
σx + 2ty sin kyσy + 2tz sin kzσz

(7.3.1)
which has the following dispersion relation

E± = ±
√(

2tx(cos kx − cos ko) +m(2− cos ky − cos kz)
)2

+ (2ty sin ky)2 + (2tz sin kz)2

(7.3.2)
It is easy to see that the gap closes at (±ko, 0, 0). Note that we do not have to tune
any external parameter. We can now expand (7.3.1) around the above points to find the
topological charge associated with them using sgn[det(A)]. The matrix A is of course
diagonal in this basis, so the topological charge is just given by ‖h‖ when the Hamiltonian
around (±ko, 0, 0) is written as H = Aijkiσj = h · σ. Doing this gives that

QT |±ko = ∓sgn
[
txtytz sin ko

]
(7.3.3)

where we can see that the two degeneracy points have opposite charge. In the next
section, we will find that there’s a famous theorem that guarantees that this is always
the case. Now, to explicitly show that this model indeed exhibits non-trivial topology,
we will study is cross-section by cross-section; we will assume that kx is constant and
consider the Hamiltonian H(kx, ky) that describes the corresponding sub-system. We

9Where we don’t have a distinction between chirality and helicity because Weyl fermions are massless
and thus move at the analog of the speed of light in materials: the Fermi velocity (though it can be
anisotropic, as will be explained in section 7.5.2).
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will also denote its Chern number as C2D(kx), with

C2D(kx) =
1

4π

‹
dS

h
h3
·
(
∂yh× ∂zh

)
hx = 2tx (cos kx − cos ko) +m

(
2− cos ky − cos kz

)
hy = 2ty sin ky

hz = 2tz sin kz

(7.3.4)

We now send m→ −m and write h in the following way

h =
(
2tx(cos kx − cos ko)− 2m, 0, 0

)
+ 2

(
m cos ky, ty sin ky, 0

)
+ 2 (m cos kz, 0, tz sin kz)

(7.3.5)
We see that for each constant kx, this is the same as h in (3.5.20) with the only difference
being that we essentially have an elliptic torus. The torus’ center, and thus also the Chern
number, is controlled by the value of u = 2tx(cos kx − cos ko)− 2m, ∀kx. Following the
exact same procedure that we did for the derivation of (3.5.24), we indeed find that we
have a Chern number that is constant for some continuous ranges of kx but suddenly
changes when we exit them. This means that we have a kx-dependent Chern number!
This has to do with the fact that in three dimensions, being able to tune k means that
we do not have to tune other external parameters. For this reason, we can see that we
can still have non-trivial topology without relying on the existence of symmetries. As
pointed out in [27], we can break all the symmetries of this Hamiltonian and still get a
non-zero Chern number for some ranges of kx.
Note that we cannot have a well-defined Chern number for sub-systems other than the
one corresponding to constant kx.

7.4 Nielsen-Ninomiya theorem through Berryology

We will now provide a proof for the famous and very important Nielsen-Ninomiya the-
orem that is due to Kiritsis (ref. Kiritsis, A Topological Investigation of the Quantum
Adiabatic Phase).

Consider the flux of the Berry curvature of the n-th band passing through the surface
defined as the boundary of the 3D FBZ minus the surface of the infinitesimally small
2-spheres surrounding each degeneracy point:

‹
FBZ

dS · F n −
∑

i, degen.

‹
S2
i

dSi · F n = 0 (7.4.1)

because only points of degeneracy points are sources of Berry curvature. This can be
seen by converting (7.4.1) to a volume integral over the volume V whose boundary is the
above surface:

˝
V dV∇ · F

n = 0. This is equal to zero because F n is divergenceless
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Figure 7.2: The faces of the FBZ and the path for their associated path integral in
the proof of the Nielsen-Ninomiya theorem.

away from degeneracy points. This means that
‹

FBZ
dS · F n = 2π

∑
i

(
d+
i − d

−
i

)
(7.4.2)

Here, we have defined as d+
i = sgn[det(A)] corresponding to the effective Hamiltonian of

the i-th degeneracy point between the n-th band and the (n − 1)-th band. Recall that
such a Hamiltonian has the generic form H(k) = Aijkiσj . Similarly, d−i is the analog of
the above for the i-th degeneracy point between the n-th band and the (n+ 1)-th band.
The origin of their sign difference in (7.4.2) lies in the fact that the Berry curvature for
the lower band has an opposite sign to the Berry curvature of the higher band10.

We now write
‹

FBZ
dS · F n =

∑
i, faces

¨
dSi · F n =

∑
i, faces

˛
Ci

dk ·An (7.4.3)

where the sum is over the faces of the first BZ and Ci is the boundary of the i-th face.
Now, since no monopoles live at the faces of the 3D FBZ11,

˛
Ci

dk ·An = 0, ∀Ci (7.4.4)

This reduces (7.4.2) to ∑
i, degen.

d+
i − d

−
i = 0 (7.4.5)

Proceeding, recall from section 7.2.2 that the chirality/helicity (or handedness) is given
by di = sgn[det(A)]i. So, di > 0 corresponds to a left-handed Weyl fermion while di < 0

10See (3.5.13) for Fz.
11Recall the discussion leading to (4.8.3). Through that procedure and by looking at figure 4.10, it

is easy to understand that if there’s no monopole, there is no obstruction and thus there’s no need to
define different gauges for different domains, meaning that all loops on each face are contractible. Of
course, here we are assuming that no monopoles exist at the faces of the FBZ. But, this assumption is
not so bad, for we can always define a new fundamental domain -other than the standard FBZ- which
has no monopoles on its boundary. When we say fundamental domain, we mean a domain that captures
the same physics as the FBZ. A trivial example in the one dimensional case is working in k ∈ [0, 2π)
rather than the standard k ∈ [−π, π).
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corresponds to a right-handed Weyl fermion. If we define as NL(n, n + 1) the number
of left-handed Weyl fermions corresponding to degeneracy points between the n-th band
and the (n+1)-th band, and giving NR(n, n+1) an analogous definition, we can re-write
(7.4.5) as

NL(n, n+ 1)−NR(n, n+ 1) = NL(n, n− 1)−NR(n, n− 1) (7.4.6)

Although trivial, we note that NL/R(n, n + 1) = NL/R(n + 1, n). Another trivial thing
to notice is that NL/R(1, 0) = 0 (there’s no zeroth band). For n = 1, (7.4.6) gives
NL(1, 2) = NR(1, 2). For n = 2, it gives NL(2, 3) = NR(2, 3). We see a clear pattern
here, so we will attempt to prove that NL(n, n+ 1) = NR(n, n+ 1), ∀n.

Proof:
We will prove this by induction. We showed this is true for n = 1. Now we will assume
that it is also true for n = k− 1. This means that NL(k− 1, k) = NR(k− 1, k). We will
show that this is also true for k. From (7.4.6) for n = k:

NL(k, k + 1)−NL(k, k − 1) = NR(k, k + 1)−NR(k, k − 1)

=⇒ NL(k, k + 1) = NR(k, k + 1), ∀k
(7.4.7)

This completes the proof. While this is all very formal, if you stop and think about
what we have just proved, you will be astonished! This is the famous Nielsen-Ninomiya
theorem and it states that all chiral fermions in a lattice come in pairs of opposite
chirality! This is essentially a conservation law for the difference between the number of
left-handed and the number of right-handed chiral or Weyl fermions.

The application of the Nielsen-Ninomiya theorem in topological matter gives us that
Weyl fermions in the FBZ must come in pairs. We cannot remove or add one Weyl
fermion. The only way for two Weyl points to disappear is by cancelling each other out,
essentially being a vortex-anti-vortex pair.

Lastly, from the final conclusion of section 7.2.2, i.e. that the chirality of a Weyl point
is given by its topological charge, we also conclude using the Nielsen-Ninomyia theorem
that the total topological charge of topological materials whose non-trivial topology arises
from Weyl points must be equal to zero. This certainly makes sense if we consider the
periodicity of the Brillouin zone: the topological charge is equal to the Chern number
associated with the Weyl point, so if we start from one face of the Brillouin zone with
Chern number that is equal to zero and start moving towards the opposite face, we
should again arrive at a Chern number equal to zero. This implies that as we are moving
from one face to another, we must come across as much negative topological charges as
positive topological charges.
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Figure 7.3: A vortex-anti-vortex pair can annihilate each other, but cannot be re-
moved individually. Weyl points/fermions come in pairs due to the Nielsen-Ninomiya

theorem.
Adapted from https://d-nb.info/1038234174/34

7.5 Accidental degeneracies, the role of Symmetries and ro-
bustness

Before moving on to one of the most famous models for Weyl semimetals, we will
first briefly visit three topics that are inherently interconnected in the context of Weyl
semimetals: the subject of accidental degeneracies, the different role that symmetries
play in Weyl semimetals and how these lead to Weyl semimetals being the most robust
topological materials that we know of.

7.5.1 Accidental degeneracies

Being in three dimensions, means that we have access to another one parameter to tune
in the FBZ. This, as it turns out, has striking consequences on the topology of the FBZ.
This is where the role of accidental degeneracies comes in. Thus far, we had thought
of degeneracies as arising due to symmetries, which was true. Now, we will see that
symmetries play a less restrictive role on the topology, even though they still impact it
significantly. This section expands on a brief discussion of this topic presented in [74].
If we restrict ourselves to a two-band system and ask what are the conditions for the
band structure to become gapless, one might naively answer that we just have to tune
the energy, but in general, the energy is given by

E± = ±
∥∥h(k)

∥∥ =
√
h2
x(k) + h2

y(k) + h2
z(k) (7.5.1)

It is thus evident that we have to tune three parameters in order to set each one of the
his to zero independently. This is definitely the case for the model that we visited at

https://d-nb.info/1038234174/34
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the start of the chapter, as is clear from (7.3.2). In the case where we have additional
symmetries, the number of parameters that we have to tune might be less than three.
Consider for example the SSH model: H(k) = (u+cos k)σx+sin kσy. Why do we have a
closed gap for some (u, k)? The answer lies in symmetry; we have shown that TRS along
with SIS require that hz(k, u) = 0, so we have to tune (u, k) so that only hx, hy = 0,
which can certainly be done. Adding small perturbations in the σx, σy terms will not
open the gap. In the Qi-Wu-Zhang model, we added a σz term, albeit in a non-trivial
manner, but there we have access to also ky (not only kx as in the SSH model), so we
could again tune the right number of parameters to produce a phase transition. From
these, it is clear that 3D is very special indeed: being able to tune kx, ky, kz, we do not
need any other external parameters in order to build models with non-trivial topology.
The amazing thing about this is that with only these general arguments, one would ex-
pect that we can have a gapless spectrum but nonetheless have non-trivial topology!
The reader is strongly encouraged to read [82], where the author considers a very gen-
eral approach to topological insulators through symmetry and argues about the role of
symmetry and the number of dimensions of out parameter space in the degeneracy of he
spectrum. Even through the article does not discuss Weyl semimetals, it is illuminating
and relatively easy to read.

7.5.2 Symmetries and Topological stability

We will now show why Weyl semimetals are the most robust topological materials and
what symmetry has to do with all this. The reader is encouraged to go through [20].

Consider a generic Weyl Hamiltonian

Ho(k) = Eo1 + v (k− ko) · σ (7.5.2)

Changing Eo just shifts the energy spectrum. Changing ko results in the Weyl node
moving around. Changing v changes the slope of the energy spectrum around the Weyl
node, since the energy will be Eo ± v‖k− ko‖.
Consider now adding a perturbation to the Hamiltonian Ho(k)→ H(k) = Ho(k)+V (k),
with V (k) being an arbitrary perturbation. Writing V (k) = Vo(k)1 + h̃(k) · σ and
expanding around the Weyl node, we obtain

V (k) ≈ Vo(k)1 + h̃(ko) · σ+ ∂jh̃|k=ko · σ

= Vo(k)1− vciσi +Aijkiσj
(7.5.3)

where ci are constants and Aij is a matrix that depends on the derivative of h̃ with
respect to k, evaluated at ko. Putting these terms into H(k), we get

H(k) ≈ (Eo + Vo)1 + v
(
k− (ko + c)

)
· σ+Aijkiσj (7.5.4)
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We already explained how the first two terms don’t change anything significantly, since
they just result in a shifted energy spectrum and a change in the node’s position, re-
spectively. These terms cannot get rid of the Weyl node. Now, the last term is just
a (generally) anisotropic shift in the velocity associated with the Weyl node located at
ko; this also cannot remove the Weyl node. We thus conclude that a Weyl node is very
stable against perturbations. The only way to make it disappear is for another Weyl
node of exactly opposite charge to come in contact with it. We can think of this as the
merging of two Hamitlonians H± ∝ ±σ · (k− ko), which results in the Weyl fermions to
gap out upon meeting. It turns out that the origin of this stability again has to do with
the number of dimensions (three!) and symmetries.

To explicitly show the role of symmetry, we will consider everything in the context of
spin σi → si, although the results of this section are more general.
Let us first consider TRS. With Θ = isyK, we have ΘsiΘ

−1 = −si, so for the Hamilto-
nian H±(k) = ±s · (k − ko), we have H±(k) → ΘH±(k)Θ−1 = ∓s · (k − ko) = H∓(k).
If we demand symmetry under time reversal, that is H ∓ (k) = H±(−k), we find that if
there is a Weyl node at ko with positive/negative chirality, there must be also another
one at −ko with opposite/negative chirality, so that under time reversal, they are ex-
changed and the system remains invariant. These form a Kramer’s pair and the extra
Weyl node is demanded by TRS. Combining this with the Nielsen-Ninomiya theorem,
each must have yet another Weyl node with opposite chirality. So, for a system with
only TRS, we have a minimum of 4 Weyl nodes.
Now, for space inversion, this does not affect spin, so P = 1. Under this, the Hamilto-
nian remains invariant, so if we demand symmetry under space inversion, we essentially
demand that H±(k) = H±(−k), we find that if there is a Weyl node at ko with pos-
itive/negative chirality, there must be also another one at −ko with negative/positive
chirality, so that under space inversion, they are exchanged and the system remains in-
variant. The Nielsen-Ninomiya theorem is automatically satisfied and there is no need
to introduce more Weyl fermions, as we did in the case of TRS. Thus, the minimum
number of Weyl nodes when the system has only SIS is 2.
In the case where we have both TRS and SIS, we have that ΘPH±(k)P−1Θ−1 =

ΘH±(k)Θ−1 = H∓(k). This time though, PΘ : k → +k, so demanding symmetry
under PΘ, means that H±(k) = H∓(k). Thus, under this symmetry, we must have two
Weyl nodes of opposite chirality at12 ko (and also at −ko due to the Nielsen-Ninomiya
theorem). This means that at ±k we have a total topological charge equal to zero, so
the Weyl nodes there are not stable.
We thus conclude that symmetry imposes restrictions on the number of Weyl nodes
that we can have, but these restrictions are not as severe as those imposed to non-Weyl
semimetals. This is due to the higher number of dimensions, which makes it possible to
have accidental degeneracy.

12They essentially form a Dirac node.
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Figure 7.4: Upper figure: TRS requires that for every Weyl node at ko, there is
another one at −ko with he same chirality. The Nielsen-Ninomiya theorem further
requires another Weyl node for each of the two other, but with opposite chirality. No
restriction is imposed on its positioning by the NN-theorem, though TRS imposes the

analogous restrictions for the last two Weyl nodes.
Lower figure: SIS requires that for every Weyl node at ko, there is another one at −ko
with opposite chirality. The Nielsen-Ninomiya theorem requires that the Weyl node
at ko has its partner with opposite chirality; this is automatically satisfied so no more

Weyl nodes are required.

7.6 The Burkov-Balents model

In this section, we will present one of the first models that appeared for Weyl semimetals.
This model is now known as the Burkov-Balents model, due to the people who invented it
(see [20] for original paper). Our goal is to present an explicit solution of this important
model and then analyze some of the results. The most striking consequence of the non-
trivial topology of the model are the so-called Fermi arcs, which are a trademark of Weyl
semimetals. We will follow parts of [20][77][83] at some points, though the presentation
here will be much more thorough and detailed.
Let us take thin layers of13 3D Z2 topological insulators (TIs) and Ordinary Insulators
(OIs, i.e. non-topological) and stack them one over the other, interchangeably. Surface
states live at the upper and lower surfaces of each TI layer. We therefore have tunneling of
the surface states between surfaces of the same TI and also between surfaces of "nearest
neighbor" TIs. The former means that the surface state tunnels through a TI while
the latter means that the surface state travels through an OI. Hence, the two tunneling
amplitudes are generally different. Let us write the former as tt (intra-layer coupling)
and the latter as to (inter-layer coupling).

13Though we have not discussed 3D Z2 topological insulators, their only properties that we need here
are those shared with the 2D Z2 topological insulators.
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Figure 7.5: Stacking and coupling of Z2 Topological Insulators and Ordinary Insula-
tors in the Burkov-Balents model.

For a single TI slab, we have

HTI = v
(
s× k||

)
· ẑ ⊗ τz + tt 1s ⊗ τx +m sz ⊗ 1 (7.6.1)

where s = siêi and k|| = (kx, ky). As in, say, the SSH model where we viewed each site
as a different degree of freedom (DoF), here we can view each surface of a TI as a DoF.
The the Pauli matrices τ act on this up/down DoFs. For example, τx just interchanges
the states that live on the surfaces of a single TI slab, and that is why it is assigned to
the coupling tt. This, of course, does not affect spin. As for the first term in (7.6.1), this
is nothing else than the Rashba-like effective Hamiltonian for the surface states that we
found in equation (6.5.14). So, we assign one such effective term for each surface of a
TI, though these terms differ by a sign for each surface (hence the τz).
Furthermore, the last term in (7.6.1) corresponds to a magnetization impurity; we have

Figure 7.6: We include a Rashba-type effective term for the surface states of each TI
slab.

added a magnetization impurity so that we break the TRS of the system. The reason for
doing this goes back to the previous section: since this model has both TRS (without
the magnetization term) and SIS (about a point at the center of a TI or an OI), we need
to break one of the two symmetries if we want to obtain stable Weyl nodes in k-space.
We thus choose to break TRS by introducing one such term.
To construct the full Hamiltonian of the model, we view each TI slab as the site of our
lattice, so that the TI Hamiltonian (7.6.1) is analogous to an on-site energy term. It
follows that the coupling/tunneling term between surface states of different TIs is a kind
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of hopping term between different sites. We also work in the tight-binding approximation.
Having these in mind, we give the full Burkov-Balents Hamiltonian14:

H =
∑
i

C†i (HTI)Ci +
∑
i

to

(
C†iuCi+1d + C†idCi−1u

)
=
∑
i

C†i (HTI)Ci +
∑
i

to

(
C†i (1s ⊗ τd)Ci+1 + C†i (1s ⊗ τu)Ci−1

)
=
∑
i

C†i (HTI)Ci +
∑
i

to

(
C†i (1s ⊗ τd)Ci+1 + H.C.

) (7.6.2)

The first term is as described in the previous paragraph. The operator Ci refers to the
whole TI slab i. Also

τd/u =
1

2

(
τx ± iτy

)
Ci =

(
Ciu Cid

)ᵀ
Ciu =

(
Ciu↑ Ciu↓

)ᵀ
, Cid =

(
Cid↑ Cid↓

)ᵀ (7.6.3)

so that, say, C†iu↑ creates a state with spin up on the upper surface of the i-th TI slab.
As the reader can immediately understand, this is a simple model, with only couplings

Figure 7.7: A pictorial representation of the coupling between surface states of dif-
ferent TI slabs in the Burkov-Balents model

between different surface states in the tight-binding approximation and an effective term
for the surface states which contains the mathematical information that each TI slab is
topologically non-trivial. We will now Fourier decompose each C-operator. To do that,
we impose periodic boundary conditions along the z-axis to make our whole system
periodic along this axis, with period which we will denote as α. Further, assume that we

14Our convention for the direct product between matrices is given under (6.3.6).
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have N (TI-OI) layers. This means that our Fourier decomposition is the following:

C†j =
1√
N

∑
kz

eijαkz (7.6.4)

This way, our Hamiltonian is decomposed as

H =
∑
kz

C†kzHkz(k)Ckz (7.6.5)

where the Bloch Hamiltonian is given by

Hkz(k) = v
(
s× k||

)
· ẑ ⊗ τz + tt 1s ⊗ τx +m sz ⊗ 1τ + to1

s ⊗
(
τde
−iαkz + τue

iαkz
)

=

msz + v
(
s× k||

)
· ẑ 1s

(
tt + toe

−iαkz
)

1s
(
tt + toe

iαkz
)

msz − v
(
s× k||

)
· ẑ


(7.6.6)

Following [83], we now perform the unitary transformation

U1 =

1s 0

0 sz

 (7.6.7)

Under this transformation, the Bloch Hamiltonian transforms as

Hkz → U †1HkzU1 = v
(
s× k||

)
· ẑ⊗1τ +msz⊗1τ + sz⊗

[
ttτx + to

(
e−iαkzτd + eiαkzτu

)]
(7.6.8)

We can further massage the Bloch Hamiltonian by performing one more unitary trans-
formation in the τ space, using the following transformation

U2 = 1s ⊗ τz
√
t2t + t2o + 2ttto cos(αkz) (7.6.9)

Doing so, we get

Hkz → U †2HkzU2 = v
(
s× k||

)
· ẑ ⊗ 1τ +msz ⊗ 1τ + sz ⊗ τz

√
t2t + t2o + 2ttto cos(αkz)

(7.6.10)
This is (block) diagonal in the τ space, so the eigenvalues are very easy to compute.
Writing it down explicitly, we have

Hkz =

h+ · s 0

0 h− · s


h± =

(
vky,−vkx,m±

√
t2t + t2o + 2ttto cos(αkz)

)
=
(
vky, vkx,M±(kz)

) (7.6.11)
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We can write tha "mass" as Mτ with the subscript τ = ±1. The eigenvalues are those
of each block. These are given by

E
(τ)
± = ±‖hτ‖ = ±

√
v2(k2

x + k2
y) +M2

τ (kz) (7.6.12)

From now on, let’s just set α = 1 as this changes nothing. The smallest gap between the
four bands is the one between E−± . This is closed when (kx, ky) = (0, 0) and M− = 0.
Note that this cannot happen for M+ for15 m ≥ 0; from now on, we assume that m
is non-negative. The condition M− = 0 gives t2t + t2o + 2ttto cos(k0) = m2, where k0 is
a point kz where M− = 0 is satisfied. Now, since −1 ≤ cos(k0) ≤ +1, it means that
−1 ≤ cos(kz) = 1

2ttto
(m2 − t2t − t20) ≤ +1, which leads to (tt − to)2 ≤ m2 ≤ (tt + to)

2, or

|tt − to| ≤ m ≤ |tt + to| (7.6.13)

Before proceeding any further, we pause to make some comments on the dependence of
the model onm, tt, to. When we restore TRS, that is when we setm = 0 and thus remove
magnetization impurities, we have the following picture for the tt < to and tt > to cases:

Figure 7.8: The limits tt < to and tt > to for the Burkov-Balents model, respectively.

This is due to the following reason. For m = 0, we have the bands touching at16 either
k = (0, 0, 0) for to = −tt, or k = (0, 0, π) for to = tt. For simplicity and without loss
of generality, let us assume that both coupling constants are positive, tt, to > 0. In the
tt − to space, the cases for which tt < to correspond to the right side of figure 7.8. To
understand this, we invoke the bulk-boundary correspondence; we have to take a look at
the boundaries of the whole system. Take to >> tt, that is we can neglect the hopping
and possible mixing between surface states of the same TI slabs. Then, the surface states
at one side of an TI will hybridize with those that live in the nearest of the nearest TI

15Except in the trivial case where also tt, to = 0, which does not interest us.
16tt = ±to satisfy (7.6.13) trivially. We must then plug these values back into t2t +t2o+1ttto cos(αkz) =

m2 = 0 to get what I state.
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and they will gap out. So, in the bulk of the whole structure, we don’t have anything
topologically non-trivial. But, on the upper and lower surfaces of the system (where
we essentially have the same surface due to imposing periodic boundary conditions), we
have surface states that do not have available states of nearby TI slabs to hybridize
with. Thus, we are left with surface states that live in the upper and lower edges of the
whole material. Which is exactly what the bulk-boundary correspondence would have as
expecting! In the other extremum case, to << tt, the surface states hybridize with those
that live on the opposite surface of the same TI slab and gap out. This also happens for
the states living in the upper and lower edges of the whole system, thus resulting in no
edge states and trivial topology. Now, since for m = 0 we have a gapless band structure
only when tt = to, we see that between the two extremum cases that we just described,
the phase transition must occur along the line tt = to. The phase diagram of the system
for the case m = 0 is given in the following figure.

Figure 7.9: The Burkov-Balents model in the case where TRS is restored. The gap
closes along the line tt = to. This line separates the topologically trivial case to the

topologically non-trivial case.

But, what we are looking for are topological phases at which he band structure is gapless,
which is a signature of Weyl nodes. So, let us bring back magnetization, m 6= 0. For this
case, the inequality (7.6.13) is satisfied by

tt, to > 0 −→ tt ≥ m− to
tt > to −→ tt ≤ to +m

tt < to −→ tt ≥ to −m

(7.6.14)

The solution is given graphically below in the left figure of 7.10. We now have a whole
range of values for tt, to for which the band structure is gapless. Since we have much
more freedom in changing the values of tt, to and not induce a phase transition, this
intermediate phase is a stable one. This cannot be said for the case m = 0 since any
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Figure 7.10: (a) the solution to (7.6.14). (b) the phase diagram of the Burkov-Balents
for any value of m.

small perturbation that changes to or tt will kick us out of this intermediate phase. The
origin of the new-found stability of the intermediate region lies in symmetries. Recall
from the previous section that with both TRS and SIS, Weyl nodes are unstable; here,
as soon as we broke TRS we got this whole region between the Z2 and the trivial phases.
Hence, the reader can already expect that this region corresponds to the Weyl semimetal
phase, which can be viewed as a kind of transition phase between the Z2 and the trivial
phases. We have shown that this intermediate phase is gapless, but phase has a non-
zero Chern number (and is thus a Weyl semimetal phase), remains to be shown. For
reference, we already point the reader to figure 7.10(b) where the newly discovered phase
is denoted as "Weyl". The is also another phase for tt < −to + m which will turn out
to be a Quantum Anomalous Hall phase. That is, a phase with non-zero Chern number,
but with a gap in the band structure.
From figure 7.10(b), we clearly see that we have a set of critical values for the mass, which
differentiate the Weyl phase from the Z2, the trivial and the QAH phases. These are
given by mcr

1 = |tt − to| and mcr
2 = |tt + to| = tt+ to. From t2t + t2o+2ttto cos k0 = m2, we

find that when m = mcr
1 , cos k0 = −1 → k0 = ±π. On the other hand, when m = mcr

2 ,
cos k0 = 1 → k0 = 0. So, we find that for these critical values for the mass, we regain
the points at which the gap closes in the case of m = 0, which shows that these values
represent the boundaries of the extended region which was previously only the line tt = to

(for m = 0). For the more general case, where mcr
1 < m < mcr

2 , kz has two solutions in
he domain (−π, π), where the gap closes. This signals the Weyl semimetal phase, where
we see that as we deviate from mcr

1 and mcr
2 , the point where the band conduction and

valence bands touch splits into two, with one in the domain (−π, 0) and the other in
(0, π). From all the above, we conclude that M−(kz) = 0 for some kz = k0 as long as we
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are inside the Weyl region. We expect the mass to change smoothly as we go from one
region to another.
Of course, topological transitions were always fixed by the sign of a mass parameter,
which here is generalized from m to M− due to the kz dependency. To figure out hat
happens with sgn[M−] in the other areas of the tt− to diagram, we consider the extreme
cases tt = 0 and to = 0 separately. We have:

for to = 0→ sgn[M−] =

+1, m > tt

−1, m < tt

for tt = 0→ sgn[M−] =

+1, m > to

−1, m < to

(7.6.15)

This is illustrated in the figure below.

Figure 7.11: We label each region, with regions 1, 2 corresponding to M−(kz) <
0,∀kz, region 3 corresponding to the QHA phase where M−(kz) > 0,∀kz and region 4

(Weyl semimetal phase) corresponding to M−(kz) = 0 for some kz.

Let us analyze what happens in each of the regions shown above. Going from 1 or 2 to
3, the effective mass changes sign, so from this alone one would expect an induced QAH
phase in 3 or in 1 and 2. Taking m→ 0, we are left with regions 1 and 2, which do not
correspond to a QAH phase. Hence, it can only be that region 3 corresponds to a QAH
phase!
We will now calculate the Chern number of the model. At half-filling, the states that
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are filled are those which correspond to h− in (7.6.11). Using17 (4.10.9) with the mass

being M− and the matrix A given by

0 −v
v 0

, we get

CTP =
1

2
sgn[M−]sgn

[
det(A)

]
=

1

2
sgn[M−] (7.6.16)

because sgn[det(A)] = sgn[v2] = 1. We have written CTP because, as the reader should
remember, (7.6.16) does not give the Chern number of the whole band structure, but
only the contribution from the touching points in the BZ (which makes sense since it is
a Chern number calculated from a linearized Hamiltonian around a touching point); it
gives the change in the Chern number that we get by passing through each of ±k0. We
now want to find the distribution of sgn[M−] in kz. Since we are in the Weyl region, where
we know that (7.6.13) is valid, we find that at kz = 0→M− = m− (tt + to) < 0. From
our previous analysis, we know that M− is zero at kz = ±k0, after which it changes
sign. Hence, for |kz| > k0 → M− > 0. This makes sense, since in the limit m → 0,
the two touching points ±k0 → ±π, and we know from figure 7.11 that we should get
M− < 0,∀kz, which is exactly what we get in this limit. We can now compute the change

Figure 7.12: The mass distributionM−(kz), the jumps in the Chern number, as given
by (7.6.16), and the Chern number of the Burkov-Balents model.

in the Chern number. Using (7.6.16) we find that the contribution of the touching points
to the Chern number is

CTP =

+1
2 , |kz| > k0

−1
2 , |kz| < k0

(7.6.17)

We thus have a jump of −1 as we go from −k−0 to −k+
0 and a jump of +1 as we go

from k−0 to k+
0 . What remains now is to compute the total Chern number of the band

structure, by considering a limiting case. Since we know it must be an integer, we write
the total Chern number as C = n + Θ(kz − k0) − Θ(kz + k0), n ∈ Z, where Θ here is

17Recall that this equation is applicable to Hamiltonians of the form H = Aijkiσj .
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the Heaviside step function. The limiting case is again m→ 0, since we know that with
both TRS and SIS, the Chern number must be equal to zero. As we previously said, at
this limit, ±k0 → ±π and then the Chern number picks up contribution from only the
step function corresponding to −k0, thus resulting in C = n − 1, ∀kz. Setting C = 0

gives n = 1. The final result is then

C2D
kz =

1, |kz| > k0

0, |kz| < k0

(7.6.18)

Having a 3D Brillouin zone means that we also have a Dirac string whose intersection
with the plane (or, 2D subspace of the FBZ) will tell us whether or not we have a non-
trivial Chern number. Every 2D plane in the 3D FBZ corresponds to a 2D real-space

Figure 7.13: The intersection of the Dirac string with a 2D plane in the FBZ tells us
if C = 0 or C = 1.

sub-system. If the 2D reciprocal sub-space has non-trivial Chern number, it means that
its corresponding coordinate space sub-system has edge states. Moreover, the resulting
Hall conductivity of the full 3D system is simply given by18

σH =
e2

h

ˆ π

−π

dkz
2π

C2D
kz =

e2

h

(
1− k0

π

)
(7.6.19)

We observe that σH is not e2

h × (integer), except when k0 = 0, where it reaches its
maximum value, or when k0 = π, where it corresponds to an ordinary insulator. The
case where k0 = 0 corresponds to m = mcr

2 = |tt + to|, which means that we are at the
boundary between regions 3 and 4. For m > mcr

2 , we enter the QAH phase, where the
spectrum becomes gaped. Indeed, it is a signature of the "conventional" (i.e. non-Weyl
semimetal phase) to have a Hall conductivity of the form e2

h ×(integer), something which
we saw in earlier chapters in great detail. As we further increase the value of19 m, k0

remains at the value it had when m = mcr
2 since beyond that point the gap remains

open. On the other hand, the case k0 = π corresponds to m = mcr
1 . At that point, we

18See (4.9.10).
19We are reluctant in calling it mass, since the effective mass of the excitations of the model is M−

for the valence band.
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reach a Chern number equal to zero, and as we further lower its value, we still remain at
a trivial Chern number. This is because, depending on the ratio tt

to
, we are either at the

boundary between regions 1 and 4, where tt
to
> 1, or at the boundary between regions 2

and 4, where tt
to
< 1. We know that the former case corresponds to a Z2 phase, which

even though it is topologically non-trivial, it still has a trivial Chern number. The latter
is simply a trivial phase. These results are neatly represented pictorially in the following
figure.

Figure 7.14: Dirac string as we go from a case (topological or not) with C = 0 to the
QAH phase, where C reaches its maximum value.

7.6.1 Weyl fermion picture

We can now start thinking about this model in terms of Weyl fermions. As we pointed out
in section 7.5, under both TRS and SIS, the Weyl nodes are unstable. This is clearly true
in the Burkov-Balents model, since this case corresponds to m = 0, whose intermediate
phase (as we called it a while back) is now understood to be a Weyl semimetal phase
which is unstable against perturbations that change tt, to. Furthermore, these excitations
are massless, as expected from Weyl fermions, which can be seen from the fact that the
effective mass M− vanishes at the touching points where these particles live.
Moreover, we can explain the value of the Chern number through this particle picture.
We can think of the Weyl nodes as sources or sinks of Berry curvature. We know

Figure 7.15: Points at which the valence and conduction bands touch are viewed as
Weyl fermions/nodes with oppositely charged Berry curvature charge.

from previous sections that they always come in pairs of opposite charge. Due to the
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periodicity of the FBZ, whatever Berry curvature flow goes through the upper surface
that is perpendicular to kz, the same flow must come out of opposite side. This is the
reason that the Chern number for kz > k0 is the same as that for kz < −k0. Furthermore,
as the Chern number is the Berry curvature flow through the corresponding surface, we
get the jump in C when our plane cuts through a monopole. In this picture, we can also
understand the existence of the Dirac string: it is simply the signature that the Berry
field/curvature leaves through the gauge field (here the Berry connection); it connects
the two particles and if it can be eliminated by a gauge transformation, it means that the
Weyl semimetal phase is unstable. Lastly, in the case where m = mcr

2 the Weyl nodes
meet but do not cancel out; they merge and form a Dirac point at kz = 0, which is why
we then enter the QAH phase. Of course, beyond that point the gap opens again, but
we see a different outcome than in the case where m = mcr

1 where they meet and just
cancel out.

7.6.2 Role of accidental degeneracy

In this brief section, we point out how the things that we discussed on accidental degen-
eracies manifest here. In particular, in this model we have the parameters kx, ky, kz,m,
tt, to. But, how many of them do we really need to tune independently in order to pro-
duce a phase transition? To answer this, we simply take a look at (7.6.12); in order to
close the gap, we obviously need kx = ky = 0 and also M− = 0. With kx, ky being
indispensable in order to close the gap, the question can now be reformulated as how
many parameters do we need to tune in order to have M− = 0. Not unexpectedly, the
answer is just one. We can easily just set tt = to = m = 1 for example and everything
that we discussed follows in the exact same way as before. To make it more clear, we
can see from figure 7.10(a) that for these values, we need 0 < tt < 2 in order to be in the
Weyl phase, something which is satisfied for tt = 1. We now have only kz to tune in such
a way so as to close the gap. Since the SIS does not set any of the three squared terms
in the square root for the energy to be equal to zero, we should have expected that we
needed to tune three independent parameters in order to close the gap, in accord with
what we said back in section 7.5 holds.

Figure 7.16: Surface [1, 0 0].
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7.6.3 Fermi arcs

Here, we will introduce the reader to one of the signatures of Weyl semimetals, which
are called Fermi arcs. This will be done explicitly through the Burkov-Balents model.
To do this, let us consider the sub-space of the BZ that corresponds to the surface with
Miller indices [1 0 0] (see figure 7.16); this is parallel to the kz − ky plane and defines a
so-called surface BZ. Now, recall that in simple models, such as the Su-Schrieffer Heeger
model, we had a mass parameter and when it got assigned specific values, it resulted in
the gaplessness of the spectrum which induced a topological phase transition. We can
view kz here in an analogous way: we know that for some values of kz we can have a
different Chern number. This means that, as we are confined in this surface BZ, we
must somehow find encoded the information about the gap closing at some values of kz.
This is done, again not unexpectedly (due to the bulk-boundary correspondence), by the
surface states. Note the subtlety here: we had previously found that the gap closes at
points (kx, ky, kz) = (0, 0,±k0), but now our subspace does not contain any of the points
for which kx = 0. Still, we know from our study of 2D models that to go from a trivial
Chern number to a non-zero one, the gap must close. We get the information about the
gap closing by taking the projection of the bulk band structure onto the surface. In this
sense, the projection of a Weyl fermions is not a Weyl fermion, but it is better viewed
as a point where we start having edge states at. To clarify this, the reader should first
have a look at the following figure and the associated caption.

Figure 7.17: Surface BZ for [1 0 0]: we have the projection of the bulk BZ to the
surface [1 0 0]. For each 1D sub-system kz = constant of this surface BZ, we have a
Chern number that is equal to zero or 1. 1D sub-systems with C = 1 have edge states.
At the points which the Weyl nodes get projected, we start having edge states. We can
see clearly that as we go from kz = 0 to |kz| = k0, the bulk gap closes but re-opens
with edge states now crossing the gap. The red lines denote the Fermi arc, at which

the edge states reside.
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Now, for every 1D sub-BZ, as shown in the above figure, we have edge states filled up to
the Fermi point of that sub-system. We have one such point for every one of these sub-
systems, so we can connect all these points together and form what is called the Fermi
arc. This is shown in red in figure. 7.17. Note that this is peculiar to Weyl semimetals;
In other models that we have seen, we always had Fermi circles. Take for example the
tight-binding model for graphene, which is not even topologically non-trivial. Figure 6.3
shows that we have 6 Dirac points, so if the Fermi level is just above or below20 (that is,
near half-filling) the energy level of these points, then we have a Fermi circle around each
one of these points. As another example, take the effective Rashba-like Hamiltonian for
the surface states of a Z2 topological insulator, as given in (6.5.14); this has an energy
spectrum around the touching point ∝

√
k2
x + k2

y and thus the intersection with the
Fermi energy level will again give us a Fermi circle. We provide the reader with a generic
case where we have Weyl nodes and Dirac points below:

Figure 7.18: A generic case where we have one Dirac point and four Weyl points
(here we thus have TRS). The Fermi level intersecting the Dirac cone gives a Fermi
circle, while the intersection with the edge states from the Weyl phase gives two Fermi

arcs. Adapted from [84].

So, indeed Fermi arcs are unique to Weyl semimetals and are now considered as being
a signature for their detection. As we stated in the beginning of the chapter, they have
been experimentally detected; see for example [72]. Lastly, we remark that when we
project the bulk BZ on the upper or lower plane, we do not get Fermi arcs; this is
because when we project the Weyl monopole and anti-monopole, each other’s projection
gets superimposed with the other’s and cancel out due to their opposite charge. Hence,
the surface in real space that corresponds to this plane does not have edge states.

For a very thorough and in-depth discussion of Fermi arcs, the reader is advised to read
through relevant sections of [28].

20Although, at exactly half-filling, we have a Fermi circle around each point, but with a zero radius.
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7.7 Epilogue

Topological semimetals are a new class of materials, in which the conductance and
the valence band touch at discrete points of the Brillouin zone. Near these touching
points, the dispersion relation is linear and the massless excitations move with an energy-
independent speed (like the speed of light for photons). This leads to exotic transport
properties -which we have not studied here-, some of them having been observed in
the two-dimensional (Dirac-) semimetal graphene. In three dimensions, however, the
physics of topological semimetals becomes even more interesting. The touching points
are topologically protected by the mere existence of the third spatial dimension, without
the help of symmetries. Do note however that symmetries still play a big role here, as
they impose restrictions on the number of Weyl nodes we can have (ex. TRS+SIS→
none). Near the Fermi energy, the spectrum consists of an even number of cones, each
of which is described by the Weyl equation of relativistic quantum mechanics. The Weyl
cones come in two different (opposite) chiralities; they are sources and sinks of Berry
curvature. These unique features lead to remarkable electromagnetic properties such as
chiral Landau levels, the chiral magnetic effect and a huge negative magnetoresistance.
Unfortunately, we did not sudy these exotic properties here. Moreover, at the surface of
a Weyl semimetal, the Fermi surface consists of open contours, the so-called Fermi arcs,
which start and end at projections of the bulk Weyl cones onto the surface Brillouin
zone. These topologically protected states and their transport properties would deserve
to be the main focus of a more specialized Thesis.



Chapter 8

Conclusions and Outlook

The future looks very bright indeed,
with lots of possibilities ahead–big
possibilities.
Like the song says, We’ve just begun.

Bruce Lee

We have finally reached the end, though this end feels like a beginning. This field of
physics, like any field that’s still flowering, feels so rich yet so full of mysteries that are yet
to be discovered. Of course, with the present work, we have not reached the boundaries
of our acquired knowledge of this field.

Throughout this work, we have seen how topology plays a catalytic role in the existence
of edge states; topology protects the edge states and makes them robust against small
perturbations. Another recurring theme is that of symmetry and its interplay with
topology. While we have physically motivated the first few models that we studied,
through their study we found glimpses of symmetry hiding behind everything. Upon
reaching this insight, we then reversed out way of thinking and used symmetry to find
new, intricate models that have historically brought a revolution with them.

Yet, after 250 or so pages of rich and exciting new physics, there are many more things
that have already been discovered that we have not covered here. For example, the
interested reader could study [85], a review paper on the classification of topological
matter based on their symmetries. This resembles the classification of fundamental
particles in the context of the Standard model using group theory. The difference here
is that we have yet to achieve a complete classification!

Moreover, what happens when we turn on interactions and go to the strongly interacting
regime? That is a whole other story which we did not even touch upon here, but it
nonetheless contains exciting physics and many open questions.

240
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The next natural step from where we left the reader, is to go to 3D Z2 topological
insulators, something which was again done by Fu and Kane [16]. There, the Z2 index
again describes the possible non-trivial topology of the models. The index has the exact
same form as the one we derived in the 2D case, but the addition of four more TRIMs
in the FBZ means that we now have four distinct such indices that fully describe the
topology of the system. In 3D topological insulators, the edge states become surface
states and the full Dirac cone with its associated spin-momentum locking is unlocked for
electrons.

Figure 8.1: The eight TRIMs of a cubic FBZ.

After the discovery of inversion symmetric topological insulators and the generalization
to 3D topological insulators, the periodic table of Topological Insulators was set. This
was done by Kitaev1 in 2009 [86], although there is still work to be done on this topic,
as I have already mentioned above. In this table, topological insulators are classified
based on their dimension and their symmetries; we saw how both of these factors are
important for the properties of a topological material back when we discussed accidental
degeneracies.

One last thing to mention is that we barely touched upon transport properties in topo-
logical matter. We discussed about the effective mass of the excitations near a Dirac or
Weyl node and we have stated the semi-classical equations of motion ((4.9.1) and (4.9.2))
which exhibit an elegant symmetry between the coordinate and the reciprocal spaces,
but we did not study these transport properties in detail. One of the hottest areas of
research right now concerns transport properties in Weyl semimetals with some exciting
new developments coming out every now and then.

Furthermore, we also mention an exotic but not so popular topic that is being researched
these days, which is that of non-Hermitian lattice models with non-trivial topology (and
real spectrum). For example in [87], the authors study the meaning of the winding
number in the context of non-Hermitian systems and give an explicit example of a non-
Hermitian SSH-type site model with anisotropic hopping amplitudes between adjacent
neighboring sites. Furthermore, in 2015 the first topological transition in a non-Hermitian

1Who has also constructed his famous 1D model for topological superconductivity which is named
after him.
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lattice was experimentally observed by Zeuner et al. The interested reader can find out
more in [88].

And there are many more aspects of Topological Insulators that we still haven’t men-
tioned. One of the most important topic is that of effective field theories. We saw
that in the vicinity of a Dirac cone, we have an effective relativistic theory, so it makes
sense to employ the full machinery of relativistic quantum field theory to further study
the properties of materials which posses such behavior. One of the most well-known
and interesting field theory being studied in the context of topological matter is the
Chern-Simons theory, which had by itself interesting developments from the high-energy
department2.
But, what I said above is not precise; a new type of Weyl semimetal with new types of
Lorentz-violating Weyl fermions was theoretically predicted [89][90] and experimentally
confirmed afterwards [91][92][93]. That there could be Lorentz-violating Weyl fermions
makes sense because even though we have a structure in reciprocal space that effec-
tively mimics the one of special relativity, at the end of the day we do not have Lorentz
symmetry to obey! The "light cone" is now tilted in a way so as to break Lorentz sym-
metry. The Weyl semimetals that we studied are called type-I Weyl semimetals, while
the Lorentz-violating ones are called type-II Weyl semimetals.

Figure 8.2: Taken from http://physics.princeton.edu/zahidhasangroup/
index_WS.html

There also many more concepts from topology that we have not discussed here such as
linkings and their relation to the so-called Hopf invariant. Many more topics of topology

2One of the grandest examples being the work by Fields medalist Edward Witten who found a
connection between the (2+1)-dimensional Chern-Simons theory and the topological invariant called
Jones polynomial.

http://physics.princeton.edu/zahidhasangroup/index_WS.html
http://physics.princeton.edu/zahidhasangroup/index_WS.html
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are starting to make their way into mainstream research in condensed matter physics,
which makes it even more exciting!

Closing, I must also mention that there are more peculiarities of Weyl semimetals that
we have not examined. Upon applying an electric and magnetic field, we have ∂ρ

∂t ∝ E·B,
where ρ is the chiral density. Moreover, if we have a different chemical potential at each
Weyl node, we get j ∝ B, which means that we have an electric current along the direction
of the applied magnetic field! This, in turn, leads to a negative magnetorestistance. These
exotic properties of Weyl semimetals, along with others such as the Fermi arcs, give them
a unique place amongst topological materials.

As the reader can conclude, this field is gigantic and rich but is still growing and branching
out. The interplay between theory and experiment is delightfully intense with both sides
equally contributing to its development. Discoveries, both experimental and theoretical
are being made every month. It is indeed a great time to be a condensed matter physicist!

[Now] the happy achievement seems almost a mater of course... But the years of anxious
searching in the dark, with their intense longing, their alternations of confidence and
exhaustion, and the final emergence into the light; only those who have experience it can
understand that
-Einstein
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