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Abstract

The study of the nuclear properties holds a crucial role to understanding the
fundamental properties of strong interactions. Using simulation methods for Lat-
tice QCD gives us the advantage of researching these properties, discarding any
experimental limitation we would otherwise have. In this work we calculate two
nuclear GFFs, A20 and B20, which contribute to the nucleon spin, J, and average
momentum fraction. We use three Nf = 2+1+1 ensembles, generated by the Ex-
tended Twisted Mass Collaboration (ETMC), with three different lattice spacings
to compute these quantities and extrapolate to the continuum limit.
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1 INTRODUCTION

1 Introduction

1.1 The Standard Model

There are four fundamental forces acting in the universe: the electromagnetic (EM),
weak and strong interactions and the gravitational force. The Standard Model (SM), one
of the most remarkable works of late 20th century, marks the first attempt to combine
all of them in one theory of interacting fields. It is based on the work of Glashow[1],
who combined the electromagnetic and weak interactions in 1961, and Weinberg[2] and
Salam[3] in 1967, who in turn incorporated the Higgs mechanism in Glashow’s electroweak
interaction, giving an SU(3)×SU(2)×U(1) gauge symmetry to the theory. Their results
succeed in unifying three out of the four known forces, with no quantum theory for the
gravitational force having been established yet.

The theory of the SM breaks the elementary particles into two main categories: the
fermions, which interact with the force fields, and bosons, which are directly associated
with the interaction fields, known as the force carriers. The fermions are known for
having half-integer spin, whereas the bosons have integer spin. There exist five known
bosons, the photon, associated with the EM interaction, the Z0 and W± bosons for the
weak interaction and the gluon for the strong interaction. The Higgs particle is also a
boson, with spin zero and it represents the immediate field that gives mass to the rest
elementary particles. The fermions, on the other hand, are bigger in number and are
defined as leptons and quarks. They are grouped into three generations, with each gen-
eration consisting of two quarks and two leptons, which share similar properties. Each
generation’s difference from its precedent is the larger mass of the fermions that it con-
sists of. Lastly, each fermion has a corresponding anti-fermion, which has opposite charge.

Interacting field Boson Range Relative strength
Electromagnetic Photon (γ) ∞ 1

137

Weak W±, Z0 10−3 fm 10−6

Strong Gluon (g) 1fm 1
Gravitational Graviton1 ∞ 10−43

Table 1: Carriers and basic properties of the four fundamental interactions.

1.2 Quantum Chromodynamics

Out of the four interactive fields, the strong interaction is, as the name suggests,
the strongest. The Quantum Field Theory (QFT) describing it is known as Quantum
Chromodynamics (QCD). Its purpose is to give the theoretical background behind the
interactions involving quarks and gluons and its name stems from the fact that strong
interactions are sensitive to color, a type of charge that both quarks and gluons carry.
QCD is a gauge theory, based on the unbroken non-abelian SU(3) group [4]. Since an
SU(3) group has eight generators, there can exist eight gluons, carrying color charge,
which mediate the strong force among the quarks. No quark has ever been observed
free in nature, but all are confined within hadrons, which have a net neutral color. This

1Hypothetical particle. Not observed yet.
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1 INTRODUCTION

property of QCD can be explained by the asymptotic freedom that describes it, which
tells us that the forces acting between quarks in small separations become weak [5],[6],[7].
In addition, quark confinement can also be explained by the property of the non-abelian
gluons to couple to themselves. Given the asymptotic freedom that describes our theory,
the coupling strength could become large in large quark separations, which could explain
why these fundamental particles can not be described by a free field theory.

The study of QCD was, until 1974 done perturbatively. Non-perturbative numeri-
cal methods were introduced by K. Wilson, proposing a lattice formulation to explain
and further research the quark confinement and asymptotic freedom of the strong inter-
action [8]. With this approach, which has become widely used in QCD works, one can
introduce numerical simulations to calculate quantum mechanical properties of a strongly
interacting system, using the path integral formalism.

1.3 Path integral approach

1.3.1 The Feynman Path integral for a continuum theory

The path integral, a concept introduced by R. Feynman, has proven to be a very
powerful tool when studying quantum mechanical systems, as it allows us to calculate
the spectrum of Euclidean operators acting in a Hilbert space. We begin the introduction
of the path integral by defining the Euclidean correlator of two operators, Ô1, Ô2 as

⟨O2(t)O1(t)⟩T =
1

ZT
tr[e−(T−t)ĤÔ2e

−tĤÔ1] , (1.1)

where Ĥ is the Hamiltonian of the system, generally given by Ĥ = p̂2

2m
+ Û and ZT is the

partition function, defined as

ZT = tr[e−TĤ ] . (1.2)

What we aim for, using Equation 1.1, is to derive an equation that will, eventually, enable
us to extract the matrix elements and energy spectrum of the operators and states of the
theory we are studying. Referring to Equation A.7 from Appendix A, and the eigenvalue
equation (Ĥ|en⟩ = En|en⟩) one can show that

ZT =
∑
n

⟨en|e−TĤ |en⟩ =
∑
n

e−TEn . (1.3)

The same procedure can be used for the numerator on the Euclidean correlator func-
tion, by inserting the unit operator as defined in Equation A.4, between Ô2 and Ô1.
Expanding the numerator and denominator in terms of the exponential containing the
ground state, we get

⟨O2(t)O1(t)⟩T =
1

ZT

∑
n,m

e−(T−t)Eme−tEn⟨em|Ô2|en⟩⟨en|Ô1|em⟩

⇒ ⟨O2(t)O1(t)⟩T =

∑
n,m e

−(T−t)∆Eme−t∆En⟨em|Ô2|en⟩⟨en|Ô1|em⟩
1 + e−T∆E1 + e−T∆E2 + ...

.

(1.4)

Finally, taking the limit of the above equation for large T, the denominator simplifies to
1 and we are left with

lim
T→∞
⟨O2(t)O1(t)⟩T =

∑
n

⟨0|Ô2|en⟩⟨en|Ô1|0⟩e−tEn , (1.5)

6



1 INTRODUCTION

where cases with m ̸= 0 no longer contribute to the correlator and the vacuum state, E0,
has now been normalized to 0.
We now move on to introducing an expression for the above equation using the path
integral. We define the partition function for a one-dimensional system as the integral

ZT =

∫
dx⟨x|e−TĤ |x⟩ . (1.6)

Introducing momentum states, |p⟩, between the position states, |x⟩ , will enable us to use
plane wave representation in the integral:

⟨x|e−TĤ |y⟩ =
∫
dp ⟨x|e−TĤ |p⟩⟨p|y⟩ . (1.7)

The problem here is that for a system in nonzero potential, the matrix element ⟨x|e−TĤ |p⟩
is poorly defined, since Û and p̂ don’t necessarily commute. To account for this, we split
the potential symmetrically, and expand the exponential for an infinitesimal timestep ε

e−εĤ = e−εÛ/2e−εp̂
2/2me−εÛ/2(1 +O(ε)) . (1.8)

We define Ŵε as the leading term of the expansion, namely Ŵε = e−εÛ/2e−εp̂
2/2me−εÛ/2.

We then rewrite the matrix element of Equation 1.7 , using Ŵε:

⟨x|Ŵε|y⟩ =
∫
dp ⟨x|e−εÛ/2e−εp̂2/2me−εÛ/2|p⟩⟨p|y⟩

= e−εU(x)/2 e−εU(y)/2

∫
dp ⟨x|p⟩⟨p|y⟩e−εp2/2m

=

√
m

2πε
e−εU(x)/2 e−εU(y)/2e−(x−y)2m/2ε ,

(1.9)

where we have used that ⟨x|y⟩ = 1√
2π
eipx to evaluate the integral.

Also using that

e−TĤ = lim
NT→∞

ŴNT
ε ,with ε =

T

NT

, (1.10)

we find an expression for the partition function such that

ZT = lim
NT→∞

∫
dx⟨x|eŴ

NT
ε |x⟩

= lim
NT→∞

CNT

∫
dx dx1 . . . dxNT−1 exp

(
−ε

NT−1∑
j=0

(
m

2

(xj − xj+1)
2

ε2
+ U(xj)

))
,

(1.11)

where C =
√

m
2πε

Finally, using periodicity, i.e., xNT
= x0 = x, the partition function is approximately

Zε
T = CNT

∫
dx dx1 . . . dxNT−1 exp

(
−ε

NT−1∑
j=0

(
m

2

(
xj+1 − xj

ε

)2

+ U(xj)

))
. (1.12)
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1 INTRODUCTION

If the sum on the exponent is taken over continuous paths, it can be evaluated as an
integral over t = jε

ε

NT−1∑
j=0

(
m

2

(
xj+1 − xj

ε

)2

+ U(xj)

)
=

∫ T

0

dt
(m
2
ẋ(t)2 + U(x(t))

)
+O(ε) , (1.13)

where we have defined (
xj+1 − xj

ε

)
= ẋ(t) +O(ε) . (1.14)

From Equation 1.13 we get the mathematical formula for the action of the theory, called
Euclidean action. It is derived from the regular action only by making a rotation from
real to imaginary time, namely t = iτ .

S[x, ẋ] =

∫ T

0

dτ
(m
2
ẋ2(τ)− U(x(τ))

)
τ→−it−−−−→ i

∫ T

0

dt
(m
2
ẋ2(t) + U(x(t))

)
= iSE[x, ẋ] .

(1.15)
The different values xj can be taken as different paths and the integral is calculated over
all possible paths.

1.3.2 Path integral on the lattice

Our next goal is to apply what we have obtained from the regular path integral theory
to a discretized space that describes a field theory. Since we are evaluating fields, the
common operators of the Hamiltonian, x̂ and p̂, now become Φ̂(x) and Π̂(x) respectively.
By introducing a lattice space, Λ3, the vector x becomes :

x→ αn, whereni = 0, 1, . . . , N − 1, for i = 1, 2, 3 . (1.16)

The vectors ni label the lattice points and α is the lattice constant, i.e., the space between
two lattice points. Now, Φ̂ and Π̂ ”live” only on those lattice points. Their eigenstates
are defined as

Φ̂(n)|Φ⟩ = Φ(n)|Φ⟩ ,
Π̂(n)|Π⟩ = Π(n)|Π⟩ .

(1.17)

The states are orthogonal and complete, in the sense that

⟨Φ|Φ′⟩ = δ(Φ− Φ′) =
∏
n∈Λ3

δ(Φ(n)− Φ′(n)) ,1 =

∫ ∞

∞
DΦ|Φ⟩⟨Φ| ,whereDΦ =

∏
n∈Λ3

dΦ(n)and

⟨Π|Π′⟩ = δ(Π− Π′) =
∏
n∈Λ3

δ(Π(n)− Π′(n)) ,1 =

∫ ∞

∞
DΠ|Π⟩⟨Π| ,whereDΠ =

∏
n∈Λ3

dΠ(n) .

(1.18)

and the plane waves are now represented as

⟨Φ|Π⟩ =
∏
n∈Λ3

√
α3

2π
eiα

3Π(n)Φ(n) . (1.19)
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Lastly, the matrix element becomes

⟨Φ|e−tĤ |Φ′⟩ =
∫
DΠ⟨Φ|e−tĤ |Π⟩⟨Π|Φ′⟩ . (1.20)

Using the same approach as with the non-discretized interpretation, we can define the
partition function as

ZT =

∫
DΦ⟨Φ|e−TĤ |Φ⟩ = lim

NT→∞

∫
DΦ⟨Φ|ŴNT

ε |Φ⟩ , (1.21)

where ŴNT
ε is introduced in Equation 1.8. Again, introducing NT − 1 sets of complete

states between in our equation, we get

ZT = CN3NT

∫
DΦ · · · DΦNT−1e

−SE [Φ] . (1.22)

If we choose to introduce a 4D lattice Λ defined as

Λ = {(n, n4)|n ∈ Λ3, n4 = 0, 1, · · · , NT − 1} , (1.23)

the partition function now becomes

ZT = CN3NT

∫
D[Φ]e−SE [Φ], whereD[Φ] =

∏
(n,n4)∈Λ

dΦ(n, n4) . (1.24)

In respect to this, the correlator also changes as

⟨O2(t)O1(t)⟩T =
1

ZT
tr[ŴNT−nt

ε Ô2Ŵ
nt
ε Ô1]

=
CN3NT

ZT

∫
D[Φ]e−SE [Φ]O2[Φ(., nt)]O1[Φ(., 0)] .

(1.25)

Since the constant term simplifies, it is easier to redefine the correlator and partition
function as

⟨O2(t)O1(t)⟩T =
1

ZT

∫
D[Φ]e−SE [Φ]O2[Φ(., nt)]O1[Φ(., 0)]

ZT =

∫
D[Φ]e−SE [Φ] .

(1.26)
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2 LATTICE QUANTUM CHROMODYNAMICS

2 Lattice Quantum Chromodynamics

Quantum Chromodynamics becomes relatively challenging for calculations to be per-
formed at low energies, due to the breaking of asymptotic freedom. Thus, perturbation
theories can only be applied at high energies. The main solution is to use lattice tech-
niques to discretize the theory, which allows us to calculate observables at low energies
too, using appropriate simulations. This chapter gives a brief introduction to the steps
used to properly form the lattice formulation of QCD.

2.1 The continuum action

In order to investigate how the fields of quarks and gluons interact, we have to
calculate the QCD action involving them. The gluons are introduced as gauge fields

Aµ(x)cd , (2.1)

whereas the quarks are described by Dirac 4-spinors

ψf (x)α
c
, ψ̄f (x)α

c
. (2.2)

The gluon fields have a Lorentz index, µ and two color indices, c and d. They are rep-
resented by traceless, hermitian, 3 × 3 matrices. The quark fields have a Dirac index,
given by α, a color index, c, and lastly a flavor index, f = 1, 2, . . . , 6. In this representa-
tion, roman letters are assigned values 1,2,3 and Greek letters take values 1,2,3,4. In the
Minkowskian approach, the two fields ψ and ψ̄ are related by ψ̄ = ψ†γ0, where γ0 is the γ
matrix related to time, however, in the Euclidean path integral, one has to integrate over
two independent variables, ψ and ψ̄. Both in the gluon and quark fields, the space-time
position is denoted by x.
We can define the action as a sum of two independent actions, the gluonic and fermionic
actions

SQCD = SG + SF . (2.3)

Both parts have to be gauge invariant under rotation of the color indices among the
quarks and the gluons. As Yang, Mills suggested, [9], we can define an independent 3× 3
complex matrix Ω(x) at each point x, which ought to be unitary and have det[Ω(x)] =
1. These are the requirements that define the special unitary group, SU(3) for 3 × 3
matrices, closed under matrix multiplication. It is characterized as non-abelian, since
matrix multiplication is non-commutative. The theories using such groups are usually
referred to as Yang-Mills theories. The basic properties SU(N) groups are given in B.3.2.

The gluon gauge action is defined as

SG[A] =
1

2g2

∫
d4x tr[Fµν(x)Fµν(x)] , (2.4)

where Fµν is the field strength tensor given by the anti-commutator between covariant
derivatives Dµ, Dν :

Fµν = −i[Dµ(x), Dν(x)] and Dµ(x) = ∂µ + iAµ(x) . (2.5)

As for the fermionic part, it is given by

SF [ψ, ψ̄, A] =

Nf∑
f=1

∫
d4x ψ̄(f)(x)

(
γµ(∂µ + iAµ(x)) +m(f)

)
ψ(f)(x) , (2.6)

10



2 LATTICE QUANTUM CHROMODYNAMICS

where we sum over all the different flavors.
We demand that the action is invariant under transformations of the gauge and fermion
fields. We must therefore require invariance under the transformation

ψ(x)→ ψ′(x) = Ω(x)ψ(x) , ψ̄(x)→ ψ̄(x)Ω(x)† . (2.7)

For the fermionic part, this reads

SF [ψ, ψ̄, A] = SF [ψ
′, ψ̄′, A′] , (2.8)

which gives us the transformations the gluon field and the covariant derivative must
undergo

Aµ(x)→ A′
µ(x) = Ω(x)Aµ(x)Ω(x)

† + i(∂µΩ(x))Ω
†

Dµ(x)→ D′
µ(x) = Ω(x)Dµ(x)Ω(x)

† .
(2.9)

2.2 The discretized action

Following what was introduced in Chapter 1.3.2, we introduce the fermion fields on
a 4D lattice Λ:

Λ = {n = (n1, n2, n3, n4) |n1, n2, n3 = 0, 1, · · · , N − 1;n4 = 0, 1, · · · , NT − 1} . (2.10)

Each lattice point in space-time is separated by a lattice constant a, and is connected to
the physical point x by x = an. The spinors and gauge fields are written as

ψ(n), ψ(n), Aµ(n), n ∈ Λ . (2.11)

2.2.1 Grassmann numbers and Fermi statistics

It is widely known that fermions obey Fermi anti-commutating statistics, i.e., the
product of two fermions acquires a minus sign for a permutation between their quantum
numbers. This relation must hold between combinations of ψ and ψ̄ :

ψ(f)(n)a,αψ
(f ′)(n′)a′,α′ = −ψ(f ′)(n′)a′,α′ψ(f)(n)a,α ,

ψ
(f)

(n)a,αψ
(f ′)

(n′)a′,α′ = −ψ(f ′)
(n′)a′,α′ψ

(f)
(n)a,α ,

ψ(f)(n)a,αψ
(f ′)

(n′)a′,α′ = −ψ(f ′)
(n′)a′,α′ψ(f)(n)a,α .

(2.12)

Thus, it is helpful to introduce Grassmann numbers to describe the fermionic part of the
action. We discuss the various properties of this set of numbers in this section.

A set of Grassmann numbers, ηi, i = 1, · · · , N obey the anti-commutating algebra

ηiηj = − ηjηi and ηiηi = 0 . (2.13)

Functions consisting of polynomials of Grassmann numbers form a Grassmann algebra.
In that case, ηi are known as the generators of the algebra.

A = a+
∑
i

aiηi +
∑
i<j

aijηiηj + · · ·+ a12···Nη1η2 · · · ηN . (2.14)

Equation 2.14 gives an example of such a polynomial function, with the appropriate
coefficients a, ai, · · · , a12···N ∈ C.

11



2 LATTICE QUANTUM CHROMODYNAMICS

It can be shown that the integral over such polynomial A is proportional to the
coefficient of the highest order of the generators. The rest terms will vanish, since they can
be written as derivatives of some other Grassmann polynomials, A′ and such integrations
yield zero. We demand that the integral is normalized, such that∫

dNη η1η2 · · · ηN = 1, and

∫
dNη A = a12···N

with dNη = dηN dηN−1 · · · dη1 .
(2.15)

Under a linear transformation, Grassmann numbers become

η′i =
N∑
j=1

Mijηj, with M anN ×N complex matrix . (2.16)

One can show that the measure of the Grassmann integration, dNη transforms as

dNη′ = det[M ] dNη′ . (2.17)

The expectation value of a function of products of Grassmann numbers, such as the
fermionic expectation value, also known as an n-point function, can be computed using
Wick’s theorem:

⟨ηi1ηj1 · · · ηinηjn⟩F =
1

ZF

∫ N∏
k=1

dηk dη̄k ηiηj · · · ηinηjn exp

(
N∑

l,m=1

η̄lMlmηm

)
= (−1)n

∑
P (1,2,··· ,n)

sign(P )
(
M−1

)
i1jP1

(
M−1

)
i2jP2

· · ·
(
M−1

)
injPn

,

(2.18)

where the sum is taken over all permutations P (1, 2, · · · , n). It is beneficial to also utilize
a different approach and rewrite the partition function,ZF , using the Matthews-Salam
formula[10, 11]

ZF =

∫
dηN dη̄N · · · dη1 dη̄1 exp

(
N∑

i,j=1

η̄iMij ηj

)
= det[M ] . (2.19)

One can also replace the integral with partial derivatives with respect to the source terms
of the generating functional for fermions, W [θ, θ̄]:

⟨ηi1ηj1 · · · ηinηjn⟩F =
1

ZF

∂

∂θj1

∂

∂θ̄i1
· · · ∂

∂θjn

∂

∂θ̄in
W [θ, θ̄]

∣∣∣∣
θ,θ̄=0

, where

W [θ, θ̄] = det[M ] exp

(
−

N∑
n,m=1

θ̄n (M
−1)nm θm

)
.

(2.20)

2.2.2 Naive discretization of free fermions

The transition from continuum to lattice space does not only change the definition of
the fermion and gauge fields, but that of the partial derivative as well. In the discretized
case it transforms as

∂µψ(x)→
1

2a
(ψ(n+ µ̂)− ψ(n− µ̂)) . (2.21)

12



2 LATTICE QUANTUM CHROMODYNAMICS

Thus, the action for free fermions on the lattice becomes

S0
F [ψ, ψ̄] = a4

∑
n∈Λ

ψ̄(n)

(
4∑

µ=1

γµ
ψ(n+ µ̂)− ψ(n− µ̂)

2α
+mψ(n)

)
. (2.22)

Applying the field transformation we have introduced in Equation 2.7 to the dis-
cretized case, the partial derivative term of the action is not gauge invariant. Instead, it
shall become

ψ̄(n)ψ(n± µ̂)→ ψ̄′(n)ψ′(n± µ̂) = ψ̄(n)Ω(n)†Ω(n± µ̂)ψ(n± µ̂) . (2.23)

2.2.3 Introducing link variables on the lattice

In order to resolve this issue, we introduce link variables, Uµ(n), which are SU(3)
gauge group elements, attached on the lattice links, and which can transform as shown
below:

Uµ(n)→ U ′
µ(n) = Ω(n)Uµ(n)Ω(n+ µ̂)† . (2.24)

They connect the lattice sites n with n+ µ̂. One can also define the link variable pointing
to the opposite direction:

U−µ(n) = Uµ(n− µ̂)† ,which transforms as

U−µ(n)→ U ′
−µ(n) = Ω(n)U−µΩ(n− µ̂)† .

(2.25)

Thus, the transformation

ψ̄′(n)U ′
µ(n)ψ

′(n)→ ψ̄(n)Uµ(n)ψ(n) (2.26)

ensures gauge invariance.
The link variables can also be interpreted as the lattice version of a gauge transporter,

connecting two points, x and y, or n and n+µ̂ for the discretized case. A gauge transporter
can be expressed as

G(x, y) = exp

(
i

∫
A · ds

)
→ Uµ(n) = exp (iαAµ(n)) , (2.27)

where in the lattice version, we have substituted the integral with the approximation
aAµ(n). Given that we are working towards a generalization of our results to the limit
where a→ 0, we can expand the exponential in terms of α

Uµ(n) = 1+ iαAµ(n) +O(α2), U−µ(n) = 1− iαAµ(n− µ̂) +O(α2) . (2.28)

In addition, we can also approximate the behavior of the fermion and gauge fields as

ψ(n± µ̂) = ψ(n) +O(α) and Aµ(n− µ̂) = Aµ(n) +O(α) . (2.29)

Applying these to the fermionic action, we end up with two terms which add up to
SF [ψ, ψ̄, U ]: the free part, S0

F [ψ, ψ̄], and the interaction part, SIF [ψ, ψ̄, A].

SF [ψ, ψ̄, U ] = S0
F [ψ, ψ̄] + SIF [ψ, ψ̄, A],where

S0
F [ψ, ψ̄] = α4

∑
n∈Λ

ψ̄(n)

(
4∑

µ=1

γµ
Uµ(n)ψ(n+ µ̂)− U−µ(n)ψ(n− µ̂)

2α
+mψ(n)

)
,

SIF [ψ, ψ̄, A] = iα4
∑
n∈Λ

4∑
µ=1

ψ̄(n)γµAµ(n)ψ(n) +O(α) .

(2.30)

13



2 LATTICE QUANTUM CHROMODYNAMICS

2.3 The Wilson gauge action

We have shown how the introduction of link variables is the starting point for adding
gluon fields on the lattice. We now move on to assemble the lattice gauge action, making
use of the link variables and showing that at the continuum limit, it returns the correct
format. We stress that this does not represent the full quantum theory, rather it is merely
the naive continuum limit.

2.3.1 Creating Gauge-invariant objects with link variables

The product of link variables alongside a path of links P , connecting the points n0

and n1 is the lattice equivalent of the continuum gauge transporter. The string of such
link variables is given by the product

P [U ] ≡
∏

(n,µ)∈P

Uµ(n) . (2.31)

Following the transformation properties of link variables, under a gauge transformation
it becomes

P [U ]→ P [U ′] = Ω(n0)P [U ]Ω(n1)
† . (2.32)

It is evident that attaching two appropriate fermion fields on each side of P[U], the
product becomes gauge invariant:

ψ̄(n0)P [U ]ψ(n1) = ψ̄′(n0)P [U
′]ψ′(n1) . (2.33)

One can also construct a gauge invariant product of link variables, defining the path
P on a closed loop L and taking the trace of the product

L[U ] = tr

 ∏
(n,µ)∈L

Uµ(n)

 . (2.34)

Under a gauge transformation, like in Equation 2.32, the product will remain unaffected,
due to the commutative properties of the trace:

L[U ′] = tr

Ω(n0)
∏

(n,µ)∈L

Uµ(n)Ω(n0)
†


= tr

Ω(n0)Ω(n0)
†
∏

(n,µ)∈L

Uµ(n)


= tr

 ∏
(n,µ)∈L

Uµ(n)


= L[U ] .

(2.35)

These loops are used to derive a format for the gluon action.
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2 LATTICE QUANTUM CHROMODYNAMICS

2.3.2 The Gauge action

For a single flavor, we have shown that the fermionic action is gauge invariant if we
introduce link variables to it. For the gluonic part, we must look for objects utilizing the
link variables, that would return the continuum action when taking a → 0. We opt to
use the plaquette variable Uµν , which is a product of four link variables, creating a closed
loop along the lattice links:

Uµν(n) = Uµ(n)Uν(n+ µ̂)U−µ(n+ µ̂+ ν̂)U−ν(n+ ν̂)

= Uµ(n)Uν(n+ µ̂)Uµ(n+ ν̂)†Uν(n)
† .

(2.36)

Uµ(n)

Uν(n+ µ̂)

Uµ(n+ ν̂)

Uν(n)

n n+ µ̂

n+ µ̂+ ν̂n+ ν̂

Figure 1: The four link variables used to create the plaquette Uµν(n). The blue circle shows
the order of the appearance of the link variables in the plaquette.

One can show that the trace of the plaquette over the closed loop is gauge invariant.
Now, the Wilson gauge action is a sum over all plaquettes, with each counted in one
orientation. The general expression for the Wilson action can be generalized by a sum
over all points n as well as a sum over the four Lorentz indices

SG[U ] =
2

g2

∑
n∈Λ

∑
µ<ν

Re tr[1− Uµν(n)] . (2.37)

The plaquettes, being formed by link variables, are exponentials of the gauge field Aµ(n).
Expanding them using the Baker-Campbell-Haussdorf formula, and performing a Taylor
expansion on the gauge fields, we derive

Uµν = exp(ia2(∂µAν(n)− ∂νAµ(n) + i[Aµ(n), Aν(n)] +O(a3)
Uµν = exp(ia2Fµν +O(a3)) .

(2.38)

For small α2, we can expand the exponential as well. Equation 2.37 now becomes

SG[U ] =
α4

2g2

∑
n∈Λ

∑
µ,ν

tr[Fµν(n)
2] +O(α2) . (2.39)

2.4 Improving the fermion action

Although the previous discussion gives appropriate results for the formulation of
fermions on the lattice, it can not be the final result. There are still some lattice artifacts
we need to evaluate and remove, known as doublers, in order to obtain the correct form.
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2.4.1 The Dirac operator on the lattice

The free part of the fermion action of Equation 2.30 can be written in the form of

SF [ψ, ψ̄, U ] = α4
∑
n,m∈Λ

∑
a,b,α,β

ψ̄(n)a,αD(n|m)a,α,b,β ψ(n)b,β , (2.40)

where we introduce D(n|m) as the naive Dirac operator on the lattice. It is described by

D(n|m)ab,αβ =
4∑

µ=1

(γµ)α,β
Uµ(n)a,bδn+µ̂,m − U−µ(n)abδn−µ̂,m

2α
+mδα,β δa,b δn,m . (2.41)

Using this notation, we can work out immediately the relation between the action and
Wick’s theorem. In fact, settingM = −a4D, it is obvious that apart from the summation
over the several Dirac and color indices, the format is the same.

2.4.2 The doubling problem

The problem with the Dirac operator we have constructed on the lattice arises when
we compute the Fourier transform of its inverse, the quark propagator D−1(n|m). Al-
though on the continuum case the quark propagator for free massless fermions (Uµν =
1,m = 1) returns a pole at p = (0, 0, 0, 0), for the lattice case, however, we obtain addi-
tional poles whenever a direction of p equals ±π/a. This generates 15 unwanted poles,
also known as doublers.
In general, the Fourier transform of the Dirac operator will be given by

D̃(p|q) = 1

|Λ|
∑
n,m∈Λ

e−ip ·nαD(n|m)eiq · mα

=
1

|Λ|
∑
n,m∈Λ

e−i(p−q)α

(
4∑

µ=1

γµ
eiqµα − e−iqµα

2α
+m1

)
= δ(p− q)D̃(p), where

D̃(p) = +m1 +
4∑

µ=1

γµ sin(pµα) ,

(2.42)

with |Λ| the total number of lattice points. The inverse of the Fourier transformed Dirac
operator gives

D̃(p)−1 =
m1− iα−1

∑
µ γµ sin(pµ α)

m2 + α−2
∑

µ sin
2(pµα)

. (2.43)

It is easy to understand that the doublers appear due to the sin(pµa) factors. One may
also take the continuum limit a → 0 to show that this problem is eliminated in the
continuum case

D̃(p)−1

∣∣∣∣
m=0

a→0−→
−i
∑

µ γµ pµ

p2
. (2.44)

2.4.3 Introducing Wilson fermions

The previous discussion leads us to the conclusion that we need to introduce an extra
fermionic term that vanishes when pµ = 0, but is nonzero when pµ = π/a. Wilson
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suggested that this term should transform the Dirac operator as

D̃(p) = m1+
i

α

4∑
µ=1

γµ sin(pµα) + 1
1

α

4∑
µ=1

(1− cos(pµα)) . (2.45)

This extra term, often referred to as Wilson term, acts like an additional mass term when
pµ = π/a, with the total mass of the doubler beingm+ 2l

a
with l the number of momentum

components with pµ = π/a. As a approaches zero, the doublers’ mass becomes very large

and they decouple from the theory. Calculating D̃(p)−1, we find that the only pole left
is when p = (0, 0, 0, 0).
We can find the expression for the Wilson term in the Dirac operator by computing its
inverse Fourier transform. Inserting link variables to the transformation to make the
expression gauge invariant, one obtains

−α
4∑

µ=1

Uµ(n)a,bδn+µ̂,m − 2δa,b δn,m + U−µ(n)a,bδn−µ̂,m
2α2

. (2.46)

We can add this term to the initial expression of the Dirac operator and finally, for a
single flavor (f), get

D(f)(n|m)ab,αβ =

(
m(f) +

4

α

)
δαβδabδmn −

1

2α

±4∑
µ=±1

(1− γµ)αβ Uµ(n)abδn+µ̂,m . (2.47)

2.4.4 Hopping expansion of the quark propagator

In the limit of large quark masses, the Dirac operator can be written as

D = C(1− κH), where C = m+
4

α
, κ =

1

2(αm+ 4)
and

H = H(n|m)αβ,ab =
±4∑

µ=±1

(1− γµ)αβUµ(n)abδn+µ̂+m .
(2.48)

The term H collects the nearing neighbors in the Dirac operator, and thus it is called
the hoping matrix, whereas κ is the hopping parameter. Choosing to absorb C on the
definition of the quark fields, ψ, we obtain the Dirac operator and its inverse in the form

D = (1− κH) ,

D−1 = (1− κH)−1 .
(2.49)

For large mas, the hopping parameter becomes relatively small, and thus we can expand
the inverse Dirac operator in power series of κ : D−1 =

∑∞
j=0 κ

jHj, which converges
when κ||H|| < 1. With this evaluation we can interpret the hopping parameter κ as a
path between the two points n and m. A the order in κ increases, the corresponding path
contributions also become longer.

2.5 Discrete symmetries of the Wilson action

One limitation to the discretization of lattice is the breaking of many symmetries
that hold in the continuum limit, such as translation or rotation invariance. However,
discrete symmetries like those of charge conjugation and parity still hold.
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2.5.1 Charge conjugation

When the charge conjugation operator acts on particle wavefunction, it transforms it
into its antiparticle. On the Dirac spinor fields, we get:

ψ(n)
C−→ ψ(n)C = C−1ψ(n)T ,

ψ(n)
C−→ ψ(n)C = −ψ(n)TC .

(2.50)

On the link variables, the charge conjugation acts as

Uµ(n)
C−→ Uµ(n)

C = Uµ(n)
∗ = (Uµ(n)

†)T . (2.51)

Recalling that the link variable is an exponential of the gauge field (Eq. 2.27), the
change can be evaluated as the transformation Aµ(n)→ −Aµ(n)T , which corresponds to
a particle with opposite charge, concluding that an antiparticle has the opposite charge
of the particle.

The charge conjugation matrix is defined from the relation

CγµC
−1 = −γTµ . (2.52)

Its chiral representation is
C = iγ2γ4 , (2.53)

where γ2,γ4, are Gamma Matrices, the properties of which are given in Appendix C.
The charge conjugation matrix is therefore a hermitian, unitary matrix. We can use
these properties of this matrix representation to show that the Wilson action is indeed
invariant under charge conjugation.

2.5.2 Parity

On the continuum limit, a parity transformation results in the mirror of the spatial
coordinates of the initial state. On the lattice, it gives

ψ(n, n4)
P−→ ψ(n, n4)

P = γ4ψ(−n, n4) ,

ψ(n, n4)
P−→ ψ(n, n4)

P = ψ(−n, n4)γ4 ,

Ui(n, n4)
P−→ Ui(n, n4)

P = Ui(−n− î, n4)
† ,

U4(n, n4)
P−→ U4(n, n4)

P = U4(−n, n4) .

(2.54)

The proof that the Wilson action is invariant under parity transformation is a bit more
tricky, because one has to redefine the lattice space Λ, so lattice points pointing to the
negative direction can exist. It is trivial that the diagonal term is invariant. For the
hopping term,
Apart from the transformation acting on the three spatial components of the fields,
we can show similarly that the action is invariant under the general transformations
Pµ, µ = 1, 2, 3, 4, which are given by

ψ(n)
Pµ−→ ψ(n)Pµ = γµψ(Pµ(n)),

ψ(n)
Pµ−→ ψ(n)Pµ = ψ(Pµ(n))γµ,

Uν(n)
Pµ−→ Uν(n)

P = Uν(Pµ(n)− ν̂)†, µ ̸= ν

Uµ(n)
Pµ−→ Uµ(n)

Pµ = Uµ(Pµ(n)) .

(2.55)

with Pµ(n) reversing the sign of all coordinates except for the µth.
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2.5.3 γ5 - hermiticity

Lastly, we take a look on hermiticity: Most Dirac operators are γ5-hermitian, meaning

(γ5D)† = γ5D ⇔ D† = γ5Dγ5 . (2.56)

The diagonal part of the Wilson action is real, so it is in fact not affected from this
symmetry. The hoping parameter, once again demands a closer look. We can show that
a γ-matrix will transform as

γ5γµγ5 = −γµ . (2.57)

Thus, the hoping term will take the form

±4∑
µ±1

(1+ γµ)αβ Uµ(n)abδn+µ̂,m =
±4∑
µ±1

(1− γµ)αβ U−µ(n)abδn−µ̂,m

=
±4∑
µ±1

(1− γµ)αβ Uµ(n− µ̂)†abδn−µ̂,m =
±4∑
µ±1

(1− γµ)αβ Uµ(m)†abδn,m+µ̂ .

(2.58)

which is identical to its form in Equation 2.47. This property, which holds both for
the Dirac operator and the quark propagator and it turns out to become essential when
calculating hadron correlation functions.

2.6 The path integral of QCD

Having obtained two equations for both actions of our theory, we can write the
Euclidean correlators in the form of a lattice path integral:

⟨O2(t)O1(0)⟩ =
1

Z

∫
D[ψ, ψ̄]D[U ] exp

(
−SF [ψ, ψ̄, U ]− SG[U ]

)
O2[ψ, ψ̄, U ]O1[ψ, ψ̄, U ],with

Z =

∫
D[ψ, ψ̄]D[U ] exp

(
−SF [ψ, ψ̄, U ]− SG[U ]

)
.

(2.59)

The integrations are performed over products of the fermion-antifermion fields and link
variables:

D[ψ, ψ̄] =
∏
n∈Λ

dψ(n) dψ̄(n), D[U ] =
∏
n∈Λ

4∏
µ=1

dUµ(n) . (2.60)
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3 Numerical simulations and Lattice techniques

The analysis of certain observables on the lattice can be done through several proce-
dures using statistical methods applied on the computer. In order to evaluate correctly
the results, one has to follow several steps to ensure the results reach a sufficient equilib-
rium state. In this section we focus on describing the basic ideas of numerical methods
used in lattice QCD.

3.1 Numerical simulations

3.1.1 Monte Carlo importance sampling

The Euclidean path integrals we wish to calculate are high-dimensional integrals over
the field variables. For example, on a 104 space-time lattice, one has to account fro 4×104
link variables. Since in our case we are interested in the SU(3) theory, where each link
variable introduces 8 real parameters, this yields 320,000 integrations to be done, which is
impossible for us to do. Instead, we introduce probability theory, to replace the integral
over a function,f(x) with the average of the function values f(xn) at randomly chosen
xn, according to a distribution with density ρ(xn). The expectation value of the function
f(x) is given by

⟨f⟩ρ =
∫ b
a
ρ(x)f(x)dx∫ b
a
ρ(x)dx

= lim
N→∞

1

N

N∑
n=1

f(xn) . (3.1)

Using this method, we have replaced the exact mean by a sample mean. This is the
general idea of the importance sampling Monte Carlo method, where we approximate the
sum by a small subset of configurations, which are sampled according to a weight factor
- the distribution density. The path integral is of the same form as the left-hand side of
Equation 3.1, so, we can write the expectation value of an operator as

⟨O⟩ = lim
N→∞

1

N

N∑
n=1

O[Un] , (3.2)

where each Un is sampled according to the probability distribution density

dP (U) =
e−S[U ]D[U ]∫
D[U ]e−S[U ]

, (3.3)

where the exponential factor e−S[U ] is the weight factor containing the action of the
theory, similar to the Boltzmann factor in statistical mechanics. It can be proven that
for statistically independent measurements, the mean and error of this result will be
proportional to 1/

√
N and take the exact value when N →∞.

3.1.2 Markov chains

The question that rises now, is how we can calculate the field configurations Un,
which behave according to the probability distribution given in Equation 3.3. We use the
Markov chain, or Markov process, to construct a stochastic sequence of configurations
that will eventually converge to an equilibrium distribution P(U).

U0 −→ U1 −→ U2 −→ · · · . (3.4)
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Each configuration Un of the chain is generated subsequently. The chain starts from an
initial position, U0 and as it progresses, it visits points with higher probabilities (higher
Boltzmann factors e−S) more often. Any Markov process can be characterized by the
conditional transition probability:

P (Un = U ′|Un−1 = U) = T (U |U ′) . (3.5)

This shows that the state the system is transitioning to (U ′), only depends on the one
preceding it (U). The conditional probability is also normalized such that

0 ≤ T (U |U ′) ≤ 1 ,
∑
U ′

T (U ′|U) = 1 . (3.6)

When the Markov chain has reached its equilibrium, the probability of transitioning into
a state U ′, must be equal to the probability of transitioning out of it. This condition is
described by the detailed balance equation, defined as

T (U ′|U)P (U) = T (U |U ′)P (U ′) (3.7)

We can employ the Metropolis algorithm [12] to generate configurations making use of
the detailed balance condition, and the probability, P (U) = e−S[U ]. The steps are:

• We choose an initial candidate, U ′ , based on an initial selection probability,
T0(U

′|U), where U is a starting point for our chain.

• We either accept or discard the candidate, based on the acceptance probability,
TA(U

′|U)

TA(U
′|U) = min

(
1,
T0(U |U ′)e−S[U

′]

T0(U ′|U)e−S[U ]

)
. (3.8)

• Given that the transition is accepted, we use U ′ to evaluate whether the next
generated candidate must be accepted or not. In the case where the transition is
not accepted, we include the unchanged configuration in our measurements and
repeat the first two steps for a different candidate.

3.2 Statistical analysis of simulated data

3.2.1 Analyzing correlated data

When analyzing data produced from a Monte Carlo simulation, one opts to derive
the average value and its corresponding error, as a final value of the observable. There
are two ways of doing this analysis, based on the type of data we have at hand. First,
we assume that we have a set of values of a Markov sequence of Monte Carlo-generated
configurations, (x1, x2, ..., xN). Each of the values corresponds to a random variable Xi.
All of these random variables have the same expectation value and variance:

⟨Xi⟩ = ⟨X⟩, σ2
Xi

=
〈
(Xi − ⟨Xi⟩)

〉2
= σ2

X . (3.9)

For Xi that are uncorrelated and i ̸= j, ⟨XiXj⟩ = ⟨Xi⟩⟨Xj⟩ = ⟨X⟩ also holds.
The estimators of the values we want to compute could be

X̂ =
1

N

N∑
i=1

Xi , σ̂
2
X =

1

N − 1

N∑
i=1

(Xi − X̂)2 . (3.10)
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It is easy to show, then, using Equation 3.9 that the mean and variance of the estimator
are

⟨X̂⟩ = ⟨X⟩, and σ2
X̂
=

1

N
σ2
X , (3.11)

where we have also used the relation for uncorrelated Xi values. So, one can use Equation
3.10 to compute the expectation value and variance of data computed from Monte Carlo
simulations, as

X̂ ± σ , where σ =
σ̂X

.
√
N (3.12)

Unfortunately, it is not often that the observables are not correlated. For data produced
in a Monte-Carlo simulation, we need to take into account the autocorrelation, given be
the auto-correlation function,

CX (Xi, Xi+t) = ⟨(Xi − ⟨Xi⟩) (Xi+t − ⟨Xi+t⟩)⟩ = ⟨XiXi+t⟩ − ⟨Xi⟩⟨Xi+t⟩ , (3.13)

which one must use to compute the autocorrelation time, τ , which affects the statistical
error. In smaller data sizes, (< 1000τ), where the autocorrelation time might not be
easily calculated, we can use appropriate techniques to obtain the correlation in the data.
In this work, we use the jackknife data blocking method, which is described below.

3.2.2 Jackknife resampling

Given that we wish to analyze fitted quantities, it is better and more correct to
determine their means and errors over a set of data, rather than using error propagation.
We do this by using the jackknife method for calculating the mean, error and correlation
of our (fitted) quantities. This reduces the correlation and statistical error in our results.
We start with a set of data, which we divide into blocks of size N. Each data point
resembles an observable, α. We define the resampled mth data point as

ām =
1

N − 1

N∑
i ̸=m

aim = 1 . . . N , (3.14)

where we essentially calculate the mean value of the block after removing the mth entry.
These resampled data can now be used on any function f . The mean and error will
become

F̄ =
1

N

N∑
m=1

f(ām) (3.15)

and

σ2
F =

N − 1

N

N∑
m=1

(f(ām)− f(ā)) , (3.16)

with ᾱm defined in Equation 3.14, and ᾱ the general mean from Equation 3.10.
Lastly, in our analysis, we want to check that the estimated parameters of a fit, {p(i)}, are
the most compatible for each sample. This happens when the residual between the sample
point and the function calculated using the estimated parameters becomes minimum, i.e.,
when |f(x⃗n, {p(i)}) − ᾱ(i)

n | is minimum. This is done by using the least squares method,
and more specifically, by minimizing the χ2 of the fit, which is given by

[χ(i)]2 =
N∑
n=1

N∑
m=1

(
ā(i)n − f(x⃗n, {p(i)})

)
C−1
mn

(
ā(i)m − f(x⃗m, {p(i)})

)
, (3.17)
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where Cmn is the covariance matrix between the data, defined as

Cnm =
N − 1

N

N∑
i=1

(ā(i)n − ān)(ā(i)m − ām) . (3.18)

In the case for uncorrelated analysis, we only make use of the diagonal elements of Cnm.
An indication that our data are well described by the fit comes from the reduced chi
squared values of the fit, in which we divide Equation 3.17 by the degrees of freedom
(d.o.f.) of the fit. A good value for the reduced χ2 is ≈ 1.
Unfortunately, in our analysis, we often want to perform simultaneous analysis of ensem-
bles with different sizes, which contribute more than one data point to our fit. In that
case, we use an appropriate method to account for the correlations between the differ-
ences in the sample size, called superjackknife. As described in [13], using this process,
we essentially create a ”super-sample” of N =

∑M
i Ni super-jackknife blocks, whereM is

the total number of ensembles, with Ni samples each. The blocks are defined as follows:
The first N1 blocks consist of

ã
(i)
α,k =

{
ā
(i)
α,k : k = 1

ā
(i)
α : k ̸= 1

,with i = 1...N1 , k = 1...M, α = 1...n(i) . (3.19)

In the above expression, the notation n(i) represents the number of observables in the ith

ensemble. The index, k represents is the kth super-jackknife block. The next N2 blocks
are defined as

ã
(i)
α,k =

{
ā
(i)
α,k+N1

: k = 2

ā
(i)
α : k ̸= 2

,with i = 1...N2 , k = 1...M, α = 1...n(i) (3.20)

and so on for the rest. The χ2 equation, now can be generalized to

χ2
k =

M∑
i=1

n(i)∑
α=1

n(i)∑
β=1

(
f(x⃗α, {p(i)})− ã(i)α,k

)(
f(x⃗β, {p(i)})− ã(i)β,k

)
(C(i))−1

αβ . (3.21)
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3.3 Hadron two-point correlation functions

The easiest fermion quantity to compute on the lattice is the mass of a hadron. The
calculation of the mass spectrum and its agreement with experimental data prove the
accuracy of lattice QCD and gives the motivation that it can hold for the calculation of
other quantities as well.

Firstly, we must identify the hadron interpolators, J , J̄ , that will create the particle
states we wish to analyze, with the corresponding quantum numbers. Then, we have to
evaluate the Euclidean correlator of the interpolators J (nt), J̄ (0) at time slices n4 = nt
and n4 = 0.

3.3.1 Meson interpolators

Mesons are bound states between a pair of quarks and anti-quarks, q and q̄, generally
different flavors f1and f2. The local interpolator used for such states is given by

J = ψ̄(f1)(n) Γψ(f2)(n) , (3.22)

with Γ a monomial of gamma matrices. For the case where the two flavors differ, one
has to construct appropriate combinations to preserve the flavor symmetries. We usu-
ally drop the flavor superscript and replace it with a unique symbol for each flavor:
u, ū, d, d̄, s, s̄, etc. The gamma matrices used for the most common meson interpolators
are given in Table 2 For example, the iso-triplet interpolators of charged pions, which

State JPC Γ Particles
Scalar 0++

1, γ4 f0, a0, K
∗
0 , · · ·

Pseudoscalar 0−+ γ5, γ4γ5 π±, π0, η,K±, K0, · · ·
Vector 1−− γi, γ4γi ρ±, ρ0, ω,K∗, ϕ, · · ·
Axial vector 1++ γiγ5 a1, f1, · · ·
Tensor 1+− γiγj h1, b1, · · ·

Table 2: Gamma matrices used for the most common meson interpolators, according to the
quantum numbers of the particles, given in the second column.

are made up of u and d quarks, are constructed with combinations that return zero total
spin, negative parity, isospin I = 1, Iz = ±1 and charge Q = ±e (we use summation
convention)

Jπ+(n) = d̄(n)γ5u(n) = d̄(n)cα (γ5)α,β u(n)
c
β ,

Jπ−(n) = ū(n)γ5d(n) = ū(n)cα (γ5)α,β d(n)
c
β .

(3.23)

For the neutral pion, π0, which returns Iz = 0, the iso-singlet interpolator is given by

Jπ0(n) =
1√
2

(
ū(n)γ5u(n)− d̄(n)γ5d(n)

)
. (3.24)

For the iso-singlet, I = 0 case of the η−meson, we get

Jη(n) =
1√
2

(
ū(n)γ5u(n) + d̄(n)γ5d(n)

)
. (3.25)

Interpolators for other meson states can be identified by a similar way.
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To evaluate the correlators, we have to compute the Grassmann integrals of the
expectation value between the fermions. We can utilize Wick’s theorem for this part,
and compute what is known as fermion contractions. It is important to note that only
fermions with the same flavor can be contracted with each other. Thus, for the iso-triplet
case, such as JT = d̄Γu, we find

⟨JT (n)J̄T (m)⟩F = ⟨d̄(n)Γu(n)ū(m)Γd(m)⟩F

= Γα1β1Γα2β2⟨d̄(n)c1α1
u(n)c1β1ū(m)c2α2

d(m)c2β2⟩F

= −Γα1β1Γα2β2⟨u(n)c1β1ū(m)c2α2
⟩u ⟨d(m)c2β2 d̄(n)

c1
α1
⟩d

= −Γα1β1Γα2β2 D
−1
u (n|m)c1c2β1α2

D−1
d (m|n)c2c1β2α1

= −tr[ΓD−1
u (n|m)ΓD−1

d (m|n)] .

(3.26)

We interpret the final result as the propagation of the u(d) quark from point n(m) to
point m(n). This combination is often referred as a connected piece.
On the other hand, for the iso-singlet state operator, such as JS = (ūΓu+ d̄Γd)/

√
2, we

obtain

⟨JS(n)J̄S(m)⟩F =− 1

2
tr[ΓD−1

u (n|m)ΓD−1
d (m|n)]

+
1

2
tr[ΓD−1

u (n|n)] tr[ΓD−1
d (m|m)]

− 1

2
tr[ΓD−1

d (n|n)] tr[ΓD−1
u (m|m)] + u↔ d .

(3.27)

The first line is similar to what we have obtained for the iso-triplet case. However, we
also get quark propagators that transport quarks from point n(m), back to itself. These
parts of the expectation value are called disconnected contributions. The schematic
representation of connected and disconnected contributions is shown in Figure 2.

Figure 2: Schematic representation of connected contributions (left-hand side) and disconnected
contributions (right-hand side) of a pion meson correlator [14].
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3.3.2 Baryon interpolators

Baryons are made up of three quarks, such as protons and neutrons. Like the meson
case, the interpolator we construct has to preserve the quantum numbers of the state we
ae interested. For the proton, for example, the state we have is uud, with electric charge
Q = +e, whereas for the neutron, we have udd, which is electrically neutral. For our
discussion, though, electric charge does not play any role in QCD, and thus, the proton
and neutron are manifested as different Iz components of a single state, referred to as the
nucleon.
The simplest baryon interpolator for the nucleon is

JN(n) = ϵabcu(n)a
(
u(n)b

T
Cγ5d(n)

c
)

(3.28)

The sum over the color indices using the Levi-Civita antisymmetric tensor ensures that the
interpolator is gauge-invariant. The term in the parenthesis is a diquark, a combination
of two quarks using the charge conjugation matrix, C and γ5. It has total isospin I = 0
and spin J = 0 and we stress that it has no dynamical meaning. The full interpolator
has spin J = 1/2, I = 1/2 and Iz = +1/2.
The parity of a nucleon is positive, thus the interpolator transforms as

J P
N (n, n4) = ϵabcγ4u(−n, n4)

au(−n, n4)
bTγT4 Cγ5γ4d(−n, n4)

c

= ϵabcγ4u(−n, n4)
au(−n, n4)

bTCγ5d(−n, n4)
c = γ4JN(−n, n4) .

(3.29)

The transformation of the spinor indices with γ4 can be taken into account by considering
the combination

JN±(n) =
1

2

(
JN(n)± J P

N (n)
)
= ϵabcP±u(n)

a(u(n)b
T

Cγ5d(n)
c) , (3.30)

with P± = 1
2
(1± γ4). JN+ fields have positive parity and represent a state with P = +1,

whereas JN− fields have negative parity and represent a state with P = −1.
We can take the complex conjugate of the interpolating field and find the interpolator
for creating a particle state

J N±(n) = ϵabc

(
ū(n)aCγ5d̄(n)

bT
)
ū(n)cP± . (3.31)

After computing the fermion contraction on the two-point baryon function, we are left
with

⟨JN±(n)αJ̄N±(m)α⟩F = −⟨J̄N±(m)αJN±(n)α⟩F
= −

〈
ϵabcϵa

′b′c′
(
ūa(m)Cγ5(d̄

b(m))T
)
ūc(m)P±u

c′(n)
(
(ua

′
(n))TCγ5d

b′(n)
)〉

F

= ϵabcϵa
′b′c′(Cγ5)βδ(Cγ5)αγ(P±)ρσD

−1
d (n|m)b

′b
δβ×(

D−1
u (n|m)a

′a
α′αD

−1
u (n|m)c

′c
γ′γ −D−1

u (n|m)c
′a
γ′αD

−1
u (n|m)a

′c
α′γ

)
.

(3.32)

It is therefore shown that for the baryon states, only connected parts contribute to
the two-point function.
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3.3.3 Momentum projection

The definition we give to the hadron states has to have definite spatial momentum
p. We are led to define

J̃ (p, nt) =
1√
|Λ3|

∑
n∈Λ3

J (n, nt)e−ian·p . (3.33)

The interpolator J̃ (p, nt) is projected to definite spatial momentum and is located at a
single time slice nt. It is sufficient to only project one of the two interpolators to definite
momentum. The source operator, J̄ (0, 0) can still be in real space and placed at the
origin. We find the final formula for the hadron correlators to be

⟨J̃ (p, nt)J̄ (0, 0)⟩ =
1√
|Λ3|

∑
n∈Λ3

e−ian·p⟨J (n, nt)J̄ (0, 0)⟩

= Ae−antE(p)(1 +O(e−ant∆E)) ,

(3.34)

where the energy E(p) is related to the hadron mass by the relativistic dispersion relation,
which in units where c = 1 reads

E(p) =
√
m2
H + p2(1 +O(ap)) (p=0)

= mH (3.35)

To obtain results for any product of correlators O we evaluate

⟨O⟩ = ⟨⟨O⟩F ⟩G =
1

Z

∫
D[U ]e−SG[U ]D[ψ, ψ̄]e−SF [ψ,ψ̄,U ]O[ψ, ψ̄, U ] . (3.36)

For the case of the nucleon propagator, for example, this integral becomes

⟨JN±(n)J̄N±(m)⟩F =
1

Z

∫
D[U ]e−SG[U ] det[Du[U ]] det[Dd[U ]]⟨JN±(n)J̄N±(m)⟩F . (3.37)

We need to perform Monte Carlo simulations using as the distribution weight for the
fermion fields

1

Z
e−SG[U ] det[Du[U ]] det[Dd[U ]] . (3.38)

One has to be careful in this step, as the computation of the Dirac determinant is not
an easy task. The Dirac matrix contains 12|Λ| rows and columns, with Λ the number of
lattice sites. Its dimension is of the order of millions.

3.4 Hadron three-point correlation functions

Our previous discussion has only included the simplest correlator, the two-point func-
tion, from which one can extract the mass of a particle. For more interesting quantities,
such as the hadron charge radii, hadron decay amplitudes and form factors, one has to
compute three-point functions.

A three-point function is given in its general form by

Cµ(xs;xins; 0) = ⟨Ω|J (xs)Oµ(xins)J̄ (0)|Ω⟩ , (3.39)

where xs is the sink point and xins is the point where the operator Oµ is inserted. This
is connected to the lattice interpretation by setting x = an.

27



3 NUMERICAL SIMULATIONS AND LATTICE TECHNIQUES

Following the same steps we did with the two-point function, we perform momentum
projection by two Fourier transformations over x⃗s and x⃗ins. Due to momentum conser-
vation, the momentum at the source is automatically fixed from the momentum at the
insertion and sink. Thus, after the Fourier transformation we obtain

Cµ(p⃗′, ts; p⃗1, tins) =
∑
x⃗s,x⃗ins

Cµ(x⃗s, ts; x⃗ins, tins)e
−ix⃗s·p⃗′ e+ix⃗ins·p⃗1 . (3.40)

We can use the Heisenberg picture to insert the Hamiltonian and momentum operators
H and P⃗ . The format now becomes

Cµ(p⃗′, ts; p⃗1, tins) =
∑
x⃗s,x⃗ins

e−ix⃗s·p⃗
′
e+ix⃗ins·p⃗1 ×

⟨Ω|J (⃗0, 0)e−Htseix⃗s·P⃗e−ix⃗ins·P⃗eHtinsOµe−Htinseix⃗ins·P⃗J̄ (⃗0, 0)|Ω⟩ .
(3.41)

We now proceed to insert complete states of energy and momentum eigenstates |n, k⃗ ⟩ , |n′, k⃗′ ⟩.
The correlator takes the form

Cµ(p⃗′, ts; p⃗1, tins) =
∑
x⃗s,x⃗ins

∑
n,n′

∑
k⃗,⃗k′

⟨Ω|J |n′, k⃗′⟩⟨n, k⃗|J̄ |Ω⟩×

e−ix⃗s·(p⃗
′−k⃗′) e−ix⃗ins·(k⃗′−k⃗−p⃗1) e−En′ (k⃗′)(ts−tins) e−En(k⃗)tins ⟨n′, k⃗′|Oµ|n, k⃗⟩ .

(3.42)

Taking the limit at large time, where (ts − tins) → ∞ and tins → ∞, the three-point
function becomes

Cµ(p⃗′, ts; p⃗1, tins) =⟨Ω|J |H(p⃗′)⟩ ⟨H(p⃗1)|J̄ |Ω⟩×
⟨H(p⃗′)|Oµ|H(p⃗′ − p⃗1)⟩ e−E(p⃗′)(ts−tins)e−E(p⃗1tins) .

(3.43)

Similarly, the two-point function would become

C(p⃗, ts) = ⟨Ω|J |H(p⃗)⟩ ⟨H(p⃗)|J̄ |Ω⟩e−E(p⃗)ts , (3.44)

with H(p⃗) the eigenstates of the hadron. We are interested in evaluating the matrix
element ⟨H(p⃗′)|Oµ|H(p⃗′ − p⃗1)⟩, thus, we compute appropriate ratios between two- and
three- point functions, that isolate it from the exponential terms.

3.5 Nucleon three-point functions

To compute the three-point function for the nucleon we use the interpolating field

J N
α (x) = ϵabcuaα(x)

(
ubµ(x)(Cγ5)µν d

c
ν(x)

)
. (3.45)

The insertion operator is given by

Gρ(xins) = ūfκ(xins)(γρ)κλ u
f
λ(xins) . (3.46)

The three-point function equation reads

Cρ(xs;xins; 0) =⟨Ω|J (xs)Gρ(xins)J̄ (0)|Ω⟩

=⟨Ω|ϵabcuaα(xs)
(
ubµ(xs)(Cγ5)µν d

c
ν(xs)

)
×

ūfκ(xins) (γρ)κλ u
f
λ(xins)×

ϵa
′b′c′ūc

′

α′(0)d̄b
′

ν′(0) (C̄γ̄5)ν′µ′ū
a′

µ′(0)|Ω⟩ .

(3.47)
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Computing the fermion contractions we derive the final expressions

Cρ(xs;xins; 0) = ϵabcϵa
′b′c′
[
Cγ5D

−1
d (xs|0)C̄γ̄5

]b′b
µν
×[ [

D−1
u (xs|xins)γρD−1

u (xins|0)
]aa′
µµ′

D−1
u (xs|0)cc

′

αα′

−
[
D−1
u (xs|xins)γρD−1

u (xins|0)
]ac′
µα′ D

−1
u (xs|0)ca

′

µµ′

+
[
D−1
u (xs|xins)γρD−1

u (xins|0)
]cc′
αα′ D

−1
u (xs|0)aa

′

µµ′

−
[
D−1
u (xs|xins)γρD−1

u (xins|0)
]ca′
αµ′

D−1
u (xs|0)ac

′

µα′

+
{[
D−1
u (xins|xins)γρ

]ff
λλ
×(

D−1
u (xs|0)cc

′

αα′D−1
u (xs|0)αα

′

µµ′ −D−1
u (xs|0)ac

′

µα′D−1
u (xs|0)ca

′

αµ′

)}]
.

(3.48)

The last two lines in the curly brackets in the above expression represent the disconnected
loop contributions, while the rest are the connected pieces of the three-point function.
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4 Nucleon Generalized Form Factors

The nucleon Generalized Form Factors (GFFs), evaluated from the EMT matrix
elements, give the spin properties of the nucleon. In this chapter we give the methods to
extract and analyze them using numerical simulations, as previously discussed. Finally,
we show our results and discuss them in comparison with other studies.

4.1 Matrix element decomposition

The energy-momentum tensor (EMT) operator is given by

T µν ≡ q̄(x)γ{µi
←→
D ν}q(x) (4.1)

For the isovector combination we have

T µν = ū(x)γ{µi
←→
D ν}u(x) − d̄(x)γ{µi

←→
D ν}d(x) , (4.2)

whereas for the isoscalar combination we have

T µν = ū(x)γ{µi
←→
D ν}u(x) + d̄(x)γ{µi

←→
D ν}d(x) , (4.3)

with u(x) and d(x) the up- and down- quark fermion fields, respectively. The nucleon
matrix elements of the EMT, are decomposed into three generalized form factors (GFFs),
namely A20(q

2), B20(q
2) and C20(q

2). They are expressed in Minkowski space as [15]

⟨N (p′, s′) |T µν;q,g|N (p, s)⟩ = ūN (p′, s′)

[
Aq,g20 (q

2)γ{µP ν} +Bq,g
20 (q

2)
iσ{µρqρP

ν}

2mN

+Cq,g
20 (q

2)
q{µqν}

mN

]
uN(p, s) .

(4.4)

where uN are the nucleon spinors, with initial and final momentum and spin, {p, s} and
{p′, s′} respectively. P and q are defined such that P = p+p′

2
is the total momentum and

q = p− p′ is the total momentum transfer.
In the case of zero momentum transfer, i.e. p = p′, Equation 4.4 reduces to

⟨N (p, s′) |T µν;q,g|N (p, s)⟩ = 1

2
Aq,g20 (0)ūN (p, s′) γ{µpν}uN (p, s) , (4.5)

where Aq,g20 (0) = ⟨x⟩q,g , the quark and gluon average momentum fraction. We are there-
fore unable to determine the rest of the form factors in zero momentum transfer, since the
kinematic factors in front of them disappear. The solution we resolve to, is to compute
B20 and C20 at finite momentum transfer and extrapolate to Q2 = 0, using an appropriate
fit Ansatz. In order to be able to do that, however, one has to isolate B20 and C20 from
the decomposition in Equation 4.4. We construct appropriate ratios of two- and three-
point functions in Euclidean space, with quantum numbers corresponding to the nucleon,
from which we can, using singular value decomposition isolate each form factor.

We use the trace of the projector and compute the two-point functions as

C (Γ0, p⃗; t, t0) =
∑
x⃗s

e−i(x⃗s−x⃗0)·p⃗ × Tr
[
Γ0⟨JN(ts, x⃗s)J̄N(t0, x⃗0)⟩

]
. (4.6)
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Similarly, the three-point function is given by

Cµν(Γρ, q⃗, p⃗
′; ts, tins, t0) =

∑
x⃗ins,x⃗s

ei(x⃗ins−x⃗0)·q⃗e−i(x⃗s−x⃗0)·p⃗
′×

Tr
[
Γρ⟨JN(ts, x⃗s)Oµν(tins, x⃗ins)J̄N(t0, x⃗0)⟩

]
,

(4.7)

where Oµν represents the energy-momentum tensor, x0, xins and xs are the initial lattice
site, where the states are created, referred to as source position, insertion lattice site,
where the operator probes at the quarks and gluons, referred to as insertion point and the
site at which the states are annihilated, referred to as sink position, respectively. Lastly,
we consider the projectors acting on the spin indices: Γ0 =

1
2
(1 + γ0) and Γρ = iΓ0γ5γρ,

as we take the non relativistic representation of γµ.
The interpolating field we use is

JN(t, x⃗) = ϵabcua(x)
[
uTb (x)Cγ5dc(x)

]
, (4.8)

where u(x), d(x) are the up and down quark fields and C is the charge conjugation matrix.
This field does not only create the nucleon ground state, but excited nucleon states as
well, which include multi-particle states. Since we are interested in analyzing the nucleon
state, we employ Gaussian smearing [16],[17] on the quark fields, in order to increase the
overlap between the field and the ground states of the nucleon. The smeared quark fields
are given by

qsmeared(t, x⃗) =
∑
y⃗

(1 + aGH)nG q(t, x⃗) , (4.9)

with H the hopping matrix

H(x⃗, y⃗, U(t)) =
3∑
i=1

[
Ui(x)δx,y−î + U †

i (x− î)δx,y+î
]
. (4.10)

The spectral decomposition of the two- and three- point functions are given by

C(Γ0, p⃗; t, t0) =
∞∑
i=0

ci(p⃗)e
−Ei(p⃗)ts and

Cµν(Γρ, p⃗′, p⃗; ts, tins) =
∞∑

i,j=0

Aµνi,j (Γρ, p⃗′, p⃗) e−Ei(p⃗
′)(ts−tins)−Ej(p⃗)tins .

(4.11)

The coefficients ci are the overlap terms of the two-point function, given by

ci(p⃗) = tr
[
Γ0⟨Ω|JN |Ni(p⃗)⟩ ⟨Ni(p⃗)|J †

N |Ω⟩
]

(4.12)

and Aµνi,j , are respectfully given by

Aµνi,j (Γρ, p⃗′, p⃗) = tr
[
Γρ⟨Ω|JN |Ni(p⃗

′)⟩ ⟨Ni(p⃗
′)|Oµν |Nj(p⃗)⟩ ⟨Nj(p⃗)|J †

N |Ω⟩
]
. (4.13)

The desired matrix element is given by ⟨Ni(p⃗
′)|Oµν |Nj(p⃗)⟩.

In order to benefit from the correlations between two- and three- point functions,
we construct an appropriate ratio between the two, which in large Euclidean time limit
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cancels the time dependence, and the nucleon ground state dominates. In our case, the
choice we opt for is

Rµν(Γρ, p⃗
′, p⃗; ts, tins) =

Cµν(Γρ, p⃗
′, p⃗; ts, tins)

C(Γ0, p⃗ ′; ts)
×

√
C(Γ0, p⃗; ts − tins)C(Γ0, p⃗ ′; tins)C(Γ0, p⃗ ′; ts)

C(Γ0, p⃗ ′; ts − tins)C(Γ0, p⃗; tins)C(Γ0, p⃗; ts)
.

(4.14)

As stated above, this ratio should, at ts − tins ≫ α and tins ≫ α, with α the lattice
spacing, return:

Rµν(Γρ; p⃗
′, p⃗, ts, tins)

ts−tins≫α−−−−−−→
tins≫α

Πµν(Γρ; p⃗
′, p⃗) =

Aµν0,0√
c0(p⃗)c0(p⃗′)

, (4.15)

which yields the nucleon matrix element, independent of time. In our work we sustain to
keeping the momentum sink at zero, i.e., we fix p⃗′ = 0⃗.
Returning back to the extraction of the form factors, in order to isolate A20(q

2; ts, tins),
B20(q

2; ts, tins) and C20(q
2; ts, tins), we first minimize the equation

χ2 =
∑
ρ,µ,ν

∑
p⃗ ′,p⃗∈Q2

[
Gµν(Γρ, p⃗ ′, p⃗)F (q2; ts, tins)−Rµν(Γρ, p⃗

′, p⃗; ts, tins)

wµν(Γρ, p⃗ ′, p⃗; ts, tins)

]
, (4.16)

where R is the ratio as defined in Equation 4.14, w is the statistical error, G are the
kinematical coefficients of the form factors, as defined in Appendix D and, lastly, F is the
vector that gives the three form factors:

F (q2; ts, tins) =

A20(q
2; ts, tins)

B20(q
2; ts, tins)

C20(q
2; ts, tins)

 . (4.17)

The time dependence appearing in Equation 4.17 comes from excited state contributions,
which we will be analyzing using methods described below.
Instead of minimizing Equation 4.16, we can show that Equation 4.17 can be extracted
from

F = V †Σ−1U †R̃ , (4.18)

where

R̃µν(Γρ, p⃗
′, p⃗) = [wµν(Γρ, p⃗

′, p⃗)]
−1
Rµν(Γρ, p⃗

′, p⃗),

G̃µν(Γρ, p⃗ ′, p⃗) = [wµν(Γρ, p⃗
′, p⃗)]

−1 Gµν(Γρ, p⃗ ′, p⃗),

G̃ = UΣV .

(4.19)

In the last line of Equation 4.19 we compute the Singular Value Decomposition (SVD) of

G̃ : U is a hermitian N ×N matrix, with N being the number of nonzero combinations of
µ, ν, ρ that contribute to the same Q2, Σ an N×3 pseudo-diagonal matrix of the singular
values of G̃ and V a hermitian 3× 3 matrix [18].

4.2 Fitting procedure

We employ two- and three- point functions from three different Nf = 2+1+1 ensem-
bles, generated by the Extended Twisted Mass Collaboration (ETMC),the characteristics
of which are shown in Table 3.
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Table 3: Simulation parameters used for the three Nf = 2+ 1 + 1 ensembles of this work. The
first column gives the name of the ensemble, α is the lattice spacing, V is the lattice volume in
lattice units, L is the spatial lattice length in physical units, mπ is the pion mass and mN is
the nucleon mass, both in GeV. The data was taken from [19].

Ensemble Abbreviation α [fm] V L [fm] mπ [GeV] mN [GeV]
cB211.072.64 cB64 0.07951 643 × 128 5.08864 0.14040 0.3810
cC211.060.80 cC80 0.06816 803 × 160 5.4528 0.13605 0.3246
cD211.054.96 cD96 0.05688 963 × 192 5.46048 0.14101 0.27261

4.2.1 Fitting methods

To construct the ratios of Equation 4.14, we use three- and two- point functions with
the same statistics, to benefit from the correlations between them. For the independent
two-point function fits we make use of the two-point function with the higher statistics.
Upon extracting the ratios representing each form factor, the procedure for the analysis
is as follows:

• Two-state method: In order to be able to factor out the excited states, we expand
the two- and three- point functions of Equation 4.11 up-to i, j = 1, considering two
states (the ground and first excited) to our fitting model:

C(p⃗, ts) = c0(p⃗)e
−E0(p⃗)ts + c1(p⃗)e

−E1(p⃗) (4.20)

for the two-point function and

Cµν(Γρ, p⃗
′, p⃗, ts, tins) = Aµν0,0(Γρ, p⃗ ′, p⃗)e−E0(p⃗ ′)(ts−tins)−E0(p⃗)tins

+Aµν0,1(Γρ, p⃗ ′, p⃗)e−E0(p⃗ ′)(ts−tins)−E1(p⃗)tins

+Aµν1,0(Γρ, p⃗ ′, p⃗)e−E1(p⃗ ′)(ts−tins)−E0(p⃗)tins

+Aµν1,1(Γρ, p⃗ ′, p⃗)e−E1(p⃗ ′)(ts−tins)−E1(p⃗)tins

(4.21)

for the three-point function.
The coefficients c0(p⃗) and c1(p⃗) represent the overlaps of the ground and first excited
state with the interpolating field for the two-point function and Aµνi,j are the matrix
elements of the i,j states multiplied by the corresponding parameters. E0(p⃗) and
E1(p⃗) are the energies of the ground and first excited state at momentum p⃗. In the
case of non-zero momentum transfer, Aµν0,1 ̸= A

µν
1,0, whereas for p⃗ = p⃗′ = 0⃗, the two

are the same.

• Plateau method: We write the ratio of Equation 4.14 as a sum of the ground and
excited states of the nucleon, i.e.,

Rµν = Πµν(Γρ; p⃗
′, p⃗) +O(e−∆E(ts−tins)) +O(e−∆Etins) + · · · , (4.22)

where the first term is the time-independent nucleon matrix element that we are
looking for. The rest terms describe the excited states and are suppressed. We
therefore look for tins for which we can neglect the excited state contributions.
More specifically, depending on the parameter we wish to extract, we vary the range
of ts or tins, as follows:
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• Effective mass two-state fits: We perform two-state fits on the effective mass, to
benefit from the correlations between the ratios of C(p⃗,ts+1)

C(p⃗,ts)
. We vary the range of

ts used to fit the two-point function with full statistics to the two-state form of the
effective mass,

Meff = −ln
[
C(p⃗, ts + 1)

C(p⃗, ts)

]
= mN + ln

[
1 + c1(p⃗)

c0(p⃗)
e−∆Ets

1 + c1(p⃗)
c0(p⃗)

e−∆E(ts+1)

]
. (4.23)

• Ratio two-state fits: We make use of the two-state form of Equation 4.11 on Equa-
tion 4.14 and fit to extract the coefficients and matrix elements of the two- and
three- point functions. We perform simultaneous fits of the ratios with ts ≥ tlows ,
where we vary tlows to check the convergence of the extracted nucleon matrix element.
We vary the insertion time slices tins, so that tins ∈ [τ, ts − τ ], where τ ∈ [2, 3].

• Ratio plateau fits: We fit the ratios for each ts to a plateau, varying the number of
insertion time slices, tins, so that tins ∈ [2 + τ, ts − τ − 2], where τ ∈ [0, ts/2 − 1],
for the various ts values.

4.3 Model averaging

Since we adopt the several fitting methods for each jackknife block, we get various
parameters. We average the results from all blocks using the Akaike Information Criterion
(AIC) [20],[21]. Essentially, to each fit, i, we assign a weight, wi defined as

log(wi) = −
χ2
i

2
+Ndof,i , (4.24)

where Ndof = Ndata −Nparams, is the number of degrees of freedom, and χ2 is defined as
in Equation 3.17. From the weights we define the normalized probability for each fit i, as

pi =
wi
Z

withZ =
∑
i

wi . (4.25)

The model-averaged value of an observable, O is calculated as

⟨O⟩ = mean(error)

with mean =
∑
i

Ōipi

and error2 =
∑
i

(σ2
i + Ō2

i )pi −mean2 ,

(4.26)

where Ōi and σi are the central value and error of the observable on the ith fit.

4.4 Excited state analysis

For our results to relate to physical observables, we have to renormalize them. We
note that since we have only analyzed the connected contributions of our data, there are
no mixing parameters involved in the renormalization process. This leads us to calculate
only two components of renormalization: Zµ=ν , for the case where µ = ν and Zµ ̸=ν , which
corresponds to µ ̸= ν. The values for all ensembles are given in Table 4 below.
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Table 4: Renormalization constants used for the three ensembles analyzed in this work.[22]

Ensemble Zµ=ν Z µ̸=ν

cB64 1.1167(4) 1.1262(4)
cC80 1.1460(2) 1.1573(3)
cD96 1.1807(2) 1.1930(2)

4.4.1 Effective mass fits

We first perform the effective mass fits, in order to extract the energy decomposition
for each ensemble, at zero and finite momentum transfer. More specifically, we extract
the nucleon mass, mN , the overlapping factor

c1(p⃗)
c0(p⃗)

, and ∆E(p⃗) = E1(p⃗)−E0(p⃗), where we

compute E0(p⃗) using the dispersion relation and the nucleon mass: E0(p⃗) =
√
m2
N + p⃗2.

0.0 0.2 0.4 0.6 0.8 1.0
q2 [GeV2]

1.0

1.1

1.2

1.3

1.4

1.5

E N
 [G

eV
]

cB64 cC80 cD96

Figure 3: The points represent the nucleon energy, EN in GeV, as extracted from the effective
mass two-state fits for each ensemble. The corresponding bands show the dispersion relation

EN (q
2) =

√
m2
N + q⃗2. The data are plotted as a function of q2 in GeV2. In the header of the

figure we give the symbols used to distinguish between the three ensembles.

4.4.2 Extracting the GFFs: A20(Q
2)

As previously mentioned, we can begin analyzing the isoscalar and isovector contri-
butions of A20(Q

2) at zero momentum transfer. This will yield the average momentum
fraction for each combination. Fixing the energy and coefficient spectrum of the ratio with
the values extracted from the effective mass fits, we perform two-state fits as discussed

above, to acquire the remaining four amplitudes,
Aµν

0,0√
c0(p⃗) c0 (⃗0)

,
Aµν

0,1

Aµν
0,0
,
Aµν

1,0

Aµν
0,0
,
Aµν

1,1

Aµν
0,0

stemming from

the expansion of the three-point function to two states. We analyze the appropriate ratio
for each ensemble independently, and extract the ground state matrix element per q2.
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Figure 4: We show the excited state analysis of the renormalized ratio of Equation 4.14 for
the isovector quantity of A20, at zero momentum transfer, for the cB64 ensemble. Left panel:
The ratio versus tins− ts/2. The coloured bands are calculated using the two-state fits. Middle
panel: The plateau values or middle points when no plateau can be identified, as a function
of ts. The gray band shows the predicted time-dependence of the ratio using the parameters
extracted from the most probable two-state fit, at tins = ts/2.Right panel: We show the values
of the ground state matrix element as a function of tlows . The open symbol shows the most
probable value, which is selected as the gray band spanning all three panels. In the header of
the figure, we give the symbols used to denote the various ts/a values.
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Figure 5: We show the excited state analysis of the renormalized ratio of Equation 4.14 for the
isovector quantity of A20, at zero momentum transfer, for the cC80 ensemble. The format and
documentation of the panels is the same as in Figure 4.
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Figure 6: We show the excited state analysis of the renormalized ratio of Equation 4.14 for the
isovector quantity of A20, at zero momentum transfer, for the cD96 ensemble. The format and
documentation of the panels is the same as in Figure 4.
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4.4.3 Extracting the GFFs: B20(Q
2)

The value of B20 can be used alongside A20, to calculate the nucleon angular momen-
tum of quarks, as shown in Ref. [23]:

J =
1

2
(A20(0) +B20(0)) . (4.27)

Unfortunately, for the case of B20, as stated above, we are only able to derive its value
at non-zero momentum transfer. Upon extracting the ground state matrix elements for
several momentum transfers, we will later employ methods which will yield the necessary
value, to compute the nucleon spin.
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Figure 7: We show the excited state analysis of the renormalized ratio of Equation 4.14 for the
isovector quantity of B20, at momentum transfer 0.05GeV2, for the cB64 ensemble. The format
and documentation of the panels is the same as in Figure 4.
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Figure 8: We show the excited state analysis of the renormalized ratio of Equation 4.14 for the
isovector quantity of B20, at momentum transfer 0.05GeV2, for the cC80 ensemble. The format
and documentation of the panels is the same as in Figure 4.
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Figure 9: We show the excited state analysis of the renormalized ratio of Equation 4.14 for the
isovector quantity of B20, at momentum transfer 0.05GeV2, for the cD96 ensemble. The format
and documentation of the panels is the same as in Fig. 4.

4.5 Q2-dependence of the generalized form factors (GFFs)

The Q2 dependence of the nucleon matrix elements are modeled by a dipole Ansatz
given by

F (Q2) =
F0(

1 + Q2

m2

)2 , (4.28)

where Q2 = −(p′µ − pµ)
2 is the Euclidean momentum transfer. To avoid inaccuracies

coming from the extraction of the dipole mass parameter, we may make use of the relation
between the slope of the form factor and the mean square radius, given by [24]:

〈
r2
〉
= − 6

F0

∂F (Q2)

∂Q2

∣∣∣∣
Q2=0

=
12

m2
. (4.29)

The dipole Ansatz, then becomes

F (Q2) =
F0(

1 + Q2

12
⟨r2⟩

)2 . (4.30)

For some cases the Q2-dependence is very mild for small Q2 and the data become very
noisy for larger values of Q2. Such an example is Bu+d

20 . In this case we fit only the small
Q2 region and expand the dipole to leading order in Q2.

The fits to the Q2-dependence for each ensemble is shown in Figs. 10 and 11 for
isovector and isoscalar A20(Q

2) and B20(Q
2). As can be seen a dipole form provides

a good description of the data. We give the results from the independent fits to each
ensemble in the table that follows.

Table 5: Quantities obtained from the independent fits to each ensemble.

Ensemble Au+d20 Au−d20 Bu+d
20 Bu−d

20

F0 ⟨r2⟩ F0 ⟨r2⟩ F0 F0 ⟨r2⟩
cB64 0.401(22) 3.52(73) 0.170(11) 2.30(90) -0.009(14) 0.133(26) 0.5(1.7)
cC80 0.365(27) 2.55(74) 0.152(12) 0.64(73) -0.0057(82) 0.158(27) 2.7(1.6)
cD96 0.376(19) 2.92(54) 0.1568(78) 1.21(48) 0.0096(69) 0.198(17) 5.2(1.0)
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Figure 10: Preliminary results for the isovector (left) and connected isoscalar (right) GFF
A20(Q

2) of the independent analysis for each ensemble.
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Figure 11: Preliminary results for the isovector (left) and connected isoscalar (right) GFF
B20(Q

2) of the independent analysis for each ensemble.

4.6 Continuum limit

There are three ways to extrapolate our results to the continuum limit α→ 0.

• First perform the Q2 fits to the three ensembles separately and then extrapolate
the two parameters of the dipole fits as a function of α2, namely

F0(α
2) = F̄0 + α2F2 and

r2(α2) = r20 + α2r22 .
(4.31)

• A second approach would be interpolate the results of each ensemble at the same
Q2-value and find its continuum limit by a linear extrapolation in α2. Then one
can fit the the continuum extrapolated Q2-dependence.

• A third approach is to simultaneously fit all three ensembles for Q2 allowing α2-
dependent terms in the two parameters of the dipole fit. In this approach, one
has to use a super-jackknife block of the three ensembles, as discussed in 3.2.2 and
substitute Equation 4.31 to Equation 4.28 as follows

F (Q2, α2) =
F̄0 + α2F2(

1 + Q2

12
(r20 + α2r22)

)2 . (4.32)
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In this work we will use the third approach to determine the continuum limit.
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Figure 12: Preliminary results on the isovector (left) and connected isoscalar (right) GFF
A20(Q

2) using superjackknife. The blue, green and pink curves show the behaviour of each en-
semble per Q2, using the parameters extracted from individual fits for each ensemble. The black
curve is calculated using the parameters extracted from the simultaneous fit on all ensembles.
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Figure 13: Preliminary results on the isovector (left) and connected isoscalar (right) GFF
B20(Q

2) using superjackknife. The notation is the same as in Fig. 12.

For a better comparison, we tabulate our values of the extracted parameters for the
isoscalar and isovector quantities of A20(0) and B20(0) in the table that follows.We pro-
ceed to compare our results with results from other studies.

Table 6: Extracted parameters from the universal analysis for the connected isoscalar and
isovector quantities.

Au+d20 Au−d20 Bu+d
20 Bu−d

20

F0 0.351(44) 0.145(20) 0.025(18) 0.264(43)
⟨r2⟩ 2.3(1.3) 0.4(1.3) - 9.8(2.8)
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Figure 14: The results for Au−d20 of this work compared with previous ETMC results [25],[26],
the values from MAINZ19[27], RQCD19 [28], LHPC14 [29] and LHPC10[30].
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Figure 15: The results for Bu−d
20 of this work compared with previous ETMC results [25],[26],

the values from RQCD19 [28], ,LHPC10 [30], LHPC08 [31] and USQCD07 [32].
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Figure 16: The results for connected Au+d20 of this work compared with previous ETMC results
[26], the values from LHPC10 [30] and LHPC08 [31].
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Figure 17: The results for connected Bu+d
20 of this work compared with previous ETMC results

[26],[33] the values from LHPC10[30] and LHPC08 [31].
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5 Conclusions

In this thesis, we have given a calculation of the nucleon Generalised Form Factors
A20(Q

2) and B20(Q
2), which at Q2 = 0 can be used to extract the average momen-

tum fraction and nucleon spin. We began by giving a brief introduction to the theory
describing strong interactions, Quantum Chromodynamics, and discussed the discrete
lattice formulation of it. Moving on, we gave the fundamental concepts for utilizing nu-
merical methods in order to construct and analyze our data. Finally, we employed three
Nf = 2+1+1 ensembles tuned to physical pion mass, to calculate the nucleon GFFs used
to determine the average momentum fraction and nucleon spin and performed continuum
limit extrapolations to extract their value as α → 0 using a method that combines all
different ensembles into one universal fit.

To eliminate bias, we used model averaging and Akaike Information Criteria to obtain
our final results. We have also employed the use of the generalized version of jackknife,
known as super-jackknife, to be able to simultaneously analyze the three ensembles with
different lattice spacings.

Finally, we have provided comparison between our results and multiple works for the
isovector quantities we have computed. Since our values are in agreement with most cases,
we conclude that the lattice approach can be a useful tool, providing reliable predictions
for fundamental nucleon properties that could be difficult to measure otherwise.
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A Basic properties of Hilbert spaces

A Hilbert space, H is a vector space, which is closed under vector addition and scalar
multiplication. This means that, for any |u⟩ and |υ⟩ ∈ H, and α, β ∈ C, then

α|u⟩+ β|υ⟩ ∈ H . (A.1)

Apart from these, the inner product of two vectors in a Hilbert space produces a scalar,
complex number. This result obeys the following two properties

⟨u|v⟩ = ⟨v|u⟩∗, ⟨u|αv + βw⟩ = α⟨u|v⟩+ β⟨u|w⟩ , (A.2)

where * denotes complex conjugation, α, β ∈ C and |u⟩, |w⟩, |v⟩ ∈ H In the Hilbert spaces
that interest us, have a set of linearly independent (basis) vectors ,such that any vector
included in the Hilbert space can be written as a linear combination of the basis vectors.
In that sense, the Hilbert spaces have a complete basis. A vector can be written as

|u⟩ =
∑
n

αn|en⟩ , (A.3)

where |en⟩ is the nth basis vector, and αn is in general a complex number. The basis is
orthonormal if ⟨en|em⟩ = δnm holds. We can also write the unit operator, 1 as a sum
over the vectors of the complete orthonormal basis as

1 =
∑
n

|en⟩⟨en| . (A.4)

When an operator Ô acts on a vector in the Hilbert space, it maps it onto another vector,
which is also a member of the space,

|v⟩ ∈ H ⇒ Ô|v⟩ ∈ H . (A.5)

The adjoint operator, Ô† is defined so that

⟨u|Ô|v⟩ = ⟨u|Ô†|u⟩∗ . (A.6)

If an operator is equal to its hermitian conjugate, Ô = Ô† we call it hermitian or self-
adjoint. In that case, its eigenvalues are real numbers and its eigenvectors are orthogonal,
so if normalized, they become an orthonormal basis. Lastly, the trace of an operator is
defined as

tr[Ô] =
∑
n

⟨en|Ô|en⟩ , (A.7)

where |en⟩ are vectors of an orthonormal basis.
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B SU(N) Lie groups and Lie algebra

B.1 Properties of the SU(N) group

The SU(N) group consists of N ×N complex, unitary matrices, with det[N ] = 1. It
is closed under matrix multiplication, meaning that the product of any two members of
the group is also a member of it. For example, for any two elements Ω1, Ω2 ∈ SU(N),
such that Ω(x)†i = Ω(x)−1

i , and det[Ω(x)i] = 1, then

(Ω1 · Ω2)
† = (Ω†

2 · Ω
†
1) = (Ω−1

2 · Ω−1
1 ) = (Ω1 · Ω2)

−1 and

det[Ω1 · Ω2] = det[Ω1] · det[Ω2] = 1
(B.1)

is also a member of the group. Since array multiplication is non-commutative, we call
this in general, a non-abelian group.

B.2 Lie algebra

From the two main requirements for the members of the SU(N) group, we conclude
that N2 − 1 real parameters are needed to describe these matrices. We can represent
them by using basis matrices, Tj, known as generators, such that

Ω = exp

(
i
N2−1∑
j=1

ωjTj

)
, with ωj ∈ R . (B.2)

Since Ω depend continuously on the parameters ωj, the SU(N) becomes a Lie group. Its
generators, Tj are traceless, hermitian, complex N ×N matrices that obey commutation
and normalization conditions:

[Tj, Tk] = i fjkl Tl, tr[TjTk] =
1

2
δjk . (B.3)

The linear combinations between the parameters and generators of the group form the
Lie algebra su(N). The elements of the algebra are complex N × N matrices, but they
don’t share the same properties as the group.

B.3 Generators of SU(2) and SU(3)

B.3.1 SU(2) generators

For SU(2) the generators are given by the Pauli σ-matrices:

Tj =
1

2
σj . (B.4)

The anti-symmetric structure constant, fjkl is taken as the Levi-Civita ϵjkl symbol.

B.3.2 SU(3) generators

For SU(3), the generators are given by the Gell-Mann λ-matrices, the 3× 3 general-
izations of the Pauli matrices:

Tj =
1

2
λj . (B.5)
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There are 8 λ-matrices, giving 8 different generators for the SU(3) group:

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =
0 -i 0
i 0 0
0 0 0

 , λ3 =
1 0 0
0 −1 0
0 0 0

 ,
λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =
0 0 -i
0 0 0
i 0 0

 , λ6 =
0 0 0
0 0 1
0 1 0

 ,
λ7 =

0 0 0
0 0 -i
0 i 0

, λ8 = 1√
3

1 0 0
0 1 0
0 0 −2

 .

(B.6)
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C Gamma Matrices

In Minkowski space, the 4× 4 gamma matrices obey the anti-commutating relation

{γMµ , γMν } = 2gµν1 , (C.1)

where the metric tensor is given by gµν = diag(1,−1,−1,−1). The gamma matrices in
Euclidean space,γµ, with µ = 1, 2, 3, 4 are related to the Minkowski gamma matrices, γMµ ,
where µ = 0, 1, 2, 3, by

γn = −iγMn , n = 1, 2, 3 and γ4 = −iγM0 . (C.2)

The anti-commutating relation now is given by

{γµ, γν} = 2δµν1 . (C.3)

As a result, γ2µ = 1. We also define the γ5 matrix as the product

γ5 = γ1γ2γ3γ4 . (C.4)

In addition, the gamma matrices are hermitian and unitary

γµ = γ†µ = γ−1
µ , µ = 1, · · · , 5 . (C.5)

The gamma matrices can be represented using the Pauli 2× 2σ matrices:

γ1,2,3 =

[
0 −iσ1,2,3

iσ1,2,3 0

]
, γ4 =

[
0 1

1 0

]
, γ5 =

[
1 0
0 −1

]
. (C.6)
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D Kinematic factors for GFFs

We provide in Euclidean space the expressions of the GFFs and their kinematic
factors, which are used for the SVD. In the expressions below, EN is the nucleon energy
for q⃗ for the case where p⃗′ = 0. The kinematic factor K =

√
2m2

N/[EN(EN +mN)]. Latin
indices k,j and n take values 1,2,and 3, with k ̸= j while the Greek index ρ takes values
1,2,3, and 4. We note, however, that since in our analysis we use traceless data, Equation
D.3 is taken to be 0.

Π00(Γ0, q⃗) = A20K
(
−3EN

8
− E2

N

4mN

− mN

8

)
+B20K

(
−EN

8
+

E3
N

8m2
N

+
E2
N

16mN

− mN

16

)
+ C20K

(
EN
2
− E3

N

2m2
N

+
E2
N

4mN

− mN

4

)
, (D.1)

Π00(Γn, q⃗) = 0 , (D.2)

Πkk(Γ0, q⃗) = A20K
(
EN
8

+
mN

8
+

q2k
4mN

)
+B20K

(
− E2

N

16mN

+
mN

16
− q2kEN

8m2
N

+
q2k

8mN

)
+ C20K

(
− E2

N

4mN

+
mN

4
+
q2kEN
2m2

N

+
q2k

2mN

)
, (D.3)

Πkk(Γn, q⃗) = A20K
(
−iϵkn0ρqkqρ

4mN

)
+B20K

(
−i ϵkn0ρ

4mN

)
, (D.4)

Πk0(Γ0, q⃗) = A20K
(
−iqk

4
− iqkEN

4mN

)
+B20K

(
−iqk

8
+ q

qkE
2
N

8m2
N

)
+ C20K

(
i
qk
2
− iqkE

2
N

2m2
N

)
, (D.5)

Πk0(Γn, q⃗) = A20K
(
−ϵkn0ρ

(
qρ
8
+
qρEN
8mN

))
+B20K

(
−ϵkn0ρ

(
qρ
8
+
qρEN
8mN

))
, (D.6)

Πkj(Γ0, q⃗) = A20K
qkqj
4mN

+B20K
(
−qkqjEN

8m2
N

+
qkqj
8mN

)
+ C20K

(
qkqjEN
2m2

N

+
qkqj
2mN

)
,

(D.7)

Πkj(Γn, q⃗) = A20K
(
−iϵkn0ρqkqρ

8mN

− iϵjn0ρqkqρ
8mN

)
+B20K

(
−iϵkn0ρqkqρ

8mN

− iϵjn0ρqkqρ
8mN

)
.

(D.8)
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